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Ehftqd 1. �m dwŁlokd ne Ł bnmshmtntr mdsvnqj vhsgMe ¡ 4 edŁstqd mdtqnmr ŁmcMg ¡ 00 bnlokdw
ldlnqx –ghccdm( mdtqnmr vhsg rxlldsqhb rxmŁoshb bnmmdbshnmr adsvddm sgdl0

sgd bnqqdronmchmf mdtqnmr: rn sgŁs eλ ¡ e’gλ( Łmc fh ¡ f’uh( vhsg rnld mnm/khmdŁq etmbshnmr e’w(
Łmc f’w(0 Hm nsgdq bŁrdr –lncdkr A Łmc B( sgdrd ntsotsr hmunkud bnmsqŁrshud mnqlŁkhyŁshnm: d0f0 Ł
rneslŁw: Łmc bŁm cdodmc nm sgd btqqdmsr ne Łkk sgd mdtqnmr hm sgŁs kŁxdq0 Hm sgdrd bŁrdr eλ ¡ e’!gλ{(
Łmc fh ¡ f’!uh{(0 Enq sgd lnrs oŁqs ne sghr oŁodq nmd bŁm sghmj Łants sgdl Łr zqhmf qŁsdr ne sgd
bnqqdronmchmf mdtqnmr0 Hm rnld khlhshmf bŁrdr: gnvdudq: sgd etmbshnm f’uh( vhkk gŁud ansg onrhshud
Łmc mdfŁshud rhfmr0 Sgdm hs rgntkc ad hmsdqoqdsdc Łr sgd hmots btqqdms eqnl Ł oqd/rxmŁoshb mdtqnm0
Sgd etmbshnmr e’gλ( Łmc f’uh( Łqd sgd nmkx mnmkhmdŁqhshdr sgŁs ŁoodŁq hm ntq lncdk0 EhmŁkkx: sgd shld
bnmrsŁmsr enq sgd svn fqntor ne mdtqnmr Łqd cdmnsdc ax σe Łmc σg0 Vhsg sgdrd mnsŁshnmr ntq lncdk
bŁm ad vqhssdm Łr
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vgdqd Hh cdmnsdr sgd hmots btqqdms hmsn sgd edŁstqd mdtqnmr0

Sgd bnmmdbshuhsx ne ntq mdsvnqj gŁr sgd rsqtbstqd ne Ł ahoŁqshsd fqŁog: rn sgŁs sgd bnmmdbshnmr dwhrs
adsvddm svn fqntor ne mdtqnmr: ats mns vhsghm dŁbg ne sgd svn fqntor0 Sghr cdrhfm ne Ł mdtqŁk
mdsvnqj hr hmrohqdc ax sgd bkŁrr ne lncdkr bŁkkdc Pdrsqhbsdc AnksylŁmm LŁbghmdr –PAL( –Rlnkdm/
rjx: fl875(0 Sgdqd hr Ł ancx ne khsdqŁstqd rstcxhmf sgdqlncxmŁlhb oqnodqshdr ne sgdrd rxrsdlr Łmc
kdŁqmhmf qtkdr enq sgd rxmŁoshb vdhfgsr0 Hm bnmsqŁrs: sgd fnŁk ne ntq vnqj hr sn vqhsd cnvm Ł fdmdqŁk
cxmŁlhbŁk rxrsdl Łmc Łm dmdqfx etmbshnm rn sgŁs sgd mdsvnqj gŁr trdetk oqnodqshdr ne ŁrrnbhŁshud
ldlnqhdr vhsg Ł kŁqfd ldlnqx rsnqŁfd bŁoŁbhsx: hr cdrbqhaŁakd nmkx hm sdqlr ne lŁmhedrskx svn/
ancx rxmŁordr: Łmc hr rtezbhdmskx fdmdqŁk rn sgŁs hs bŁm ad qdctbdc sn uŁqhntr lncdkr ne sghr bkŁrr
oqduhntrkx chrbtrrdc hm sgd khsdqŁstqd0 Vd Łkrn mnsd sgŁs Łksgntfg vd trd sgd mnsŁshnm uh –u rsŁmcr
enq uhrhakd mdtqnmr(: bnllnmkx trdc hm sgd PAL khsdqŁstqd: hs hr lnqd ŁooqnoqhŁsd sn sghmj Łants uh
Łr ghfgdq kdudk edŁstqdr0 Enq dwŁlokd sgd hmots sn ntq mdsvnqj bŁm ad Ł kŁsdms qdoqdrdmsŁshnm oqn/
ctbdc ax Ł bnmunktshnmŁk mdtqŁk mdsvnqj nq Ł kŁsdms qdoqdrdmsŁshnm ne Ł ADPS/khjd rxrsdl –Cdukhm
ds Łk0: 19fl7( qŁsgdq sgŁm qŁv hmots cŁsŁ0 �cchshnmŁkkx: ntq fdmdqŁk enqltkŁshnm lŁjdr hs onrrhakd sn
trd Ł ltbg aqnŁcdq bkŁrr ne ŁbshuŁshnm etmbshnmr –d0f0 hmunkuhmf bnmsqŁrshud nq rogdqhbŁk mnqlŁkhyŁ/
shnm( sgŁm sgnrd sxohbŁkkx trdc hm sgd PAL khsdqŁstqd0 Vd Łkrn mnsd sgŁs sgd qdkŁshnmrgho adsvddm
Cdmrd �rrnbhŁshud Ldlnqhdr Łmc PALr gŁr addm oqduhntrkx rstchdc hm –AŁqqŁ ds Łk0: 19fl7, �fkhŁqh
) Cd LŁqyn: 1919(0

LŁsgdlŁshbŁkkx: dptŁshnmr –fl( cdrbqhad sdlonqŁk dunktshnm ne svn fqntor ne mdtqnmr0 Enq dŁbg
mdtqnm hsr sdlonqŁk tocŁsdr Łqd cdsdqlhmdc ax sgd hmotsr eqnl nsgdq mdtqnmr Łmc hsr nvm rsŁsd –sgd
cdbŁx sdql nm sgd qhfgs gŁmc rhcd ne sgd cxmŁlhbŁk dptŁshnmr(0 Enq sghr qdŁrnm: Łm dmdqfx etmbshnm enq
sghr rxrsdl hr dwodbsdc sn ad qdoqdrdmsdc Łr Ł rtl ne sgqdd sdqlr. svn sdqlr cdrbqhahmf sgd mdtqnmr
hm dŁbg rodbhzb fqnto: Łmc sgd hmsdqŁbshnm sdql adsvddm sgd svn fqntor ne mdtqnmr0 Vd gŁud bgnrdm
sgd rodbhzb lŁsgdlŁshbŁk enql ne sgdrd sgqdd sdqlr rn sgŁs sgd dmdqfx etmbshnm cdbqdŁrdr nm sgd
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cxmŁlhbŁk sqŁidbsnqx0 Vhsg sgdrd bgnhbdr sgd dmdqfx etmbshnm enq sgd mdsvnqj –fl( bŁm ad vqhssdm Łr

D’s( ¡
˜ Mν∨

h¡0

’uh � Hh(fh � Ku

[
*
˜ Mf∨

λ¡0

gλeλ � Kg

[
�

∨

λ.h

eλνλhfh –1(

Gdqd vd hmsqnctbdc svn KŁfqŁmfhŁm etmbshnmrKu’!uh{( ŁmcKg’!gλ{( enq sgd edŁstqd Łmc sgd ghccdm
mdtqnmr0 Sgdx Łqd cdzmdc sgqntfg sgd enkknvhmf dptŁshnmr: rn sgŁs cdqhuŁshudr ne sgd KŁfqŁmfhŁm
etmbshnmr bnqqdronmc sn sgd ntsotsr ne mdtqnmr
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hbr rsqtbstqd ne sgd Kdfdmcqd sqŁmrenql adsvddm Ł KŁfqŁmfhŁm Łmc Łm dmdqfx etmbshnm0 Ax sŁjhmf
shld cdqhuŁshud ne sgd dmdqfx Łmc trhmf cxmŁlhbŁk dptŁshnmr –fl( nmd bŁm rgnv –rdd Łoodmchw enq
cdsŁhkr( sgŁs sgd dmdqfx lnmnsnmhbŁkkx cdbqdŁrdr nm sgd cxmŁlhbŁk sqŁidbsnqx
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Sgd kŁrs hmdptŁkhsx rhfm gnkcr oqnuhcdc sgŁs sgd GdrrhŁm lŁsqhbdr ne sgd KŁfqŁmfhŁm etmbshnmr Łqd
onrhshud rdlh/cdzmhsd0

Hm Łcchshnm sn cdbqdŁrd ne sgd dmdqfx etmbshnm nm sgd cxmŁlhbŁk sqŁidbsnqx hs hr hlonqsŁms sn bgdbj sgŁs
enq Ł rodbhzb bgnhbd ne sgd ŁbshuŁshnm etmbshnmr –nq KŁfqŁmfhŁm etmbshnmr( sgd bnqqdronmchmf dmdqfx
hr antmcdc eqnl adknv0 Sghr bŁm ad Łbghdudc enq dwŁlokd ax trhmf antmcdc ŁbshuŁshnm etmbshnm enq
sgd edŁstqd mdtqnmr f’uh(: d0f0 gxodqankhb sŁmfdms nq Ł rhflnhc0 Oqnuhcdc sgŁs sgd dmdqfx hr antmcdc:
sgd cxmŁlhbr ne sgd mdtqŁk mdsvnqj vhkk dudmstŁkkx qdŁbg Ł zwdc onhms: vghbg bnqqdronmcr sn nmd ne
sgd knbŁk lhmhlŁ ne sgd dmdqfx etmbshnm10

Sgd oqnonrdc dmdqfx etmbshnm gŁr sgqdd sdqlr hm hs. sgd zqrs sdql cdodmcr nmkx nm sgd edŁstqd mdt/
qnmr: sgd rdbnmc sdql cdodmcr nmkx nm sgd ghccdm mdtqnmr: Łmc sgd sghqc sdql hr sgd ”hmsdqŁbshnm;
sdql adsvddm sgd svn fqntor ne mdtqnmr0 Mnsd: sgŁs sghr sghqc sdql hr lŁmhedrskx cdrbqhaŁakd ax svn/
ancx rxmŁordr / Ł etmbshnm ne sgd Łbshuhsx ne sgd edŁstqd mdtqnmr hr bntokdc sn Łmnsgdq etmbshnm ne sgd
Łbshuhsx ne sgd ldlnqx mdtqnmr: Łmc sgd rsqdmfsg ne sghr bntokhmf hr bgŁqŁbsdqhydc ax sgd oŁqŁldsdqr
νλh0 Sgd Łardmbd ne lŁmx/ancx hmsdqŁbshnm sdqlr hm sgd dmdqfx etmbshnm qdrtksr hm sgd bnmudmshnmŁk
rsqtbstqd –vhsg tmbnmudmshnmŁk ŁbshuŁshnm etmbshnmr( ne sgd cxmŁlhbŁk dptŁshnmr –fl(0 DŁbg mdtqnm
bnkkdbsr ntsotsr ne nsgdq mdtqnmr: vdhfgsr sgdl vhsg bndezbhdmsr ν Łmc fdmdqŁsdr hsr nvm ntsots0
Sgtr: sgd mdsvnqj cdrbqhadc ax dptŁshnmr –fl( hr ahnknfhbŁkkx okŁtrhakd Łbbnqchmf sn ntq cdzmhshnm
–rdd Hmsqnctbshnm(0

KŁrskx: mnsd sgŁs sgd ldlnqx oŁssdqmr νλh ne ntq mdsvnqj –fl( bŁm ad hmsdqoqdsdc Łr sgd rsqdmfsgr
ne sgd rxmŁordr bnmmdbshmf edŁstqd Łmc ldlnqx mdtqnmr0 Sghr hmsdqoqdsŁshnm hr cheedqdms eqnl
sgd bnmudmshnmŁk hmsdqoqdsŁshnm: hm vghbg sgd rsqdmfsgr ne sgd rxmŁordr hr cdsdqlhmdc ax lŁsqhbdr
Shi ¡

⊗
λ νλhνλi –rdd Ehf0 fl(: vghbg Łqd ntsdq oqnctbsr ne sgd ldlnqx udbsnqr –nq ghfgdq nqcdq

fdmdqŁkhyŁshnmr ne sgd ntsdq oqnctbsr(0

2 DEEDBSHUD SGDNPX ENP ED�STPD MDTPNMR

Hm sghr rdbshnm vd rsŁqs vhsg sgd fdmdqŁk sgdnqx oqnonrdc hm sgd oqduhntr rdbshnm Łmc hmsdfqŁsd nts
ghccdm mdtqnmr0 Vd rgnv sgŁs cdodmchmf nm sgd bgnhbd ne sgd ŁbshuŁshnm etmbshnmr sghr fdmdqŁk
sgdnqx qdctbdr sn rnld ne sgd lncdkr ne ŁrrnbhŁshud ldlnqx oqduhntrkx rstchdc hm sgd khsdqŁstqd:
rtbg Łr bkŁrrhbŁk Gnozdkc mdsvnqjr: Cdmrd �rrnbhŁshud Ldlnqhdr: Łmc lncdqm Gnozdkc mdsvnqjr0
Sgd tocŁsd qtkd hm sgd kŁssdq bŁrd gŁr sgd rŁld lŁsgdlŁshbŁk rsqtbstqd Łr sgd cns/oqnctbs Łssdmshnm
–AŁgcŁmŁt ds Łk0: 19fl3( Łmc hr Łkrn trdc hm SqŁmrenqldq mdsvnqjr –UŁrvŁmh ds Łk0: 19fl6(0

1Sgdqd hr Łkrn Ł anqcdq bŁrd onrrhahkhsx sgŁs sgd cxmŁlhbr bxbkdr vhsgnts cdbqdŁrhmf sgd dmdqfx –khlhs bxbkd(:
ats sghr qdpthqdr sgŁs sgd GdrrhŁm lŁsqhw hm –3( gŁr Ł ydqn lncd dudqxvgdqd Łknmf sgd sqŁidbsnqx0 Sghr anqcdq
bŁrd onrrhahkhsx rgntkc ad bgdbjdc enq Ł rodbhzb bgnhbd ne sgd ŁbshuŁshnm etmbshnmr0

4

Microscopic theory of modern Hopfield networks or 
Dense Associative Memories



Standard  Associative Memory 

classical Hopfield network

Dense Associative Memory 

modern Hopfield network

�i - dynamical variables

- memorized patterns

- number of feature neurons

- number of memories

F (x) = exp(x)
<latexit sha1_base64="j14Ti7HSI7sdeQg8eDU5XGnJz/0=">AAAB9XicbZDLSgNBEEVrfMb4irp00xiEuAkzUdCNEBTEZQTzgGQMPZ1K0qTnQXePJgz5DzcuFHHrv7jzb+wks9DECw2HW1VU9fUiwZW27W9raXlldW09s5Hd3Nre2c3t7ddUGEuGVRaKUDY8qlDwAKuaa4GNSCL1PYF1b3A9qdcfUSoeBvd6FKHr017Au5xRbayHm8LwhFySFg4jQ+1c3i7aU5FFcFLIQ6pKO/fV6oQs9jHQTFClmo4daTehUnMmcJxtxQojyga0h02DAfVRucn06jE5Nk6HdENpXqDJ1P09kVBfqZHvmU6f6r6ar03M/2rNWHcv3IQHUawxYLNF3VgQHZJJBKTDJTItRgYok9zcSlifSsq0CSprQnDmv7wItVLROS2W7s7y5as0jgwcwhEUwIFzKMMtVKAKDCQ8wyu8WU/Wi/Vufcxal6x05gD+yPr8ATd4kQg=</latexit>

F (x) = xn, with n � 2
<latexit sha1_base64="6uKKuIIPEHNq72lVejCI4eF8AG8=">AAACE3icbVBNSwMxEM3W7/pV9eglWIQqUnaroBdBFMSjglWhrSWbTtvQbHZNZrVl6X/w4l/x4kERr168+W9MPw7a+oaBx3szJPP8SAqDrvvtpCYmp6ZnZufS8wuLS8uZldUrE8aaQ5GHMtQ3PjMghYIiCpRwE2lggS/h2m+d9Pzre9BGhOoSOxFUAtZQoi44QytVM9unufYWPaTtW7VDy4NCaGPyILDZHQiq3IA7Wqhmsm7e7YOOE29IsmSI82rmq1wLeRyAQi6ZMSXPjbCSMI2CS+imy7GBiPEWa0DJUsUCMJWkf1OXblqlRuuhtq2Q9tXfGwkLjOkEvp0MGDbNqNcT//NKMdYPKolQUYyg+OCheiwphrQXEK0JDRxlxxLGtbB/pbzJNONoY0zbELzRk8fJVSHv7eYLF3vZo+NhHLNknWyQHPHIPjkiZ+ScFAknj+SZvJI358l5cd6dj8FoyhnurJE/cD5/AJ7Ym4U=</latexit>

Modern Hopfield networks have a very 
large memory storage capacity

Tij =
NhX

µ=1

⇠µi⇠µj
<latexit sha1_base64="NYh/RaiAYFyOGzAeJh9OO6RuN5o=">AAACInicbZDLSsNAFIYnXmu9VV26GSyCq5JUQV0Uim5cSYXeoKlhMp20084kYWYilpBnceOruHGhqCvBh3GaBtHWHwY+/nMOZ87vhoxKZZqfxsLi0vLKam4tv76xubVd2NltyiASmDRwwALRdpEkjPqkoahipB0KgrjLSMsdXU7qrTsiJA38uhqHpMtR36cexUhpyymc152YDhNYgbaMuM0op0o6sc2jipXcxtfOIIH2PU0dSJMfHCZOoWiWzFRwHqwMiiBTzSm8270AR5z4CjMkZccyQ9WNkVAUM5Lk7UiSEOER6pOORh9xIrtxemICD7XTg14g9PMVTN3fEzHiUo65qzs5UgM5W5uY/9U6kfLOujH1w0gRH08XeRGDKoCTvGCPCoIVG2tAWFD9V4gHSCCsdKp5HYI1e/I8NMsl67hUvjkpVi+yOHJgHxyAI2CBU1AFV6AGGgCDB/AEXsCr8Wg8G2/Gx7R1wchm9sAfGV/fUh+kyA==</latexit>

E = �
NhX

µ=1

F
⇣X

i

⇠µi�i

⌘

<latexit sha1_base64="chEIWpbRx1cunN0kh1QQVMebFhQ="></latexit>

E = �
NfX

i,j=1

�iTij�j

<latexit sha1_base64="qSCtEukxQB72blGrLK1GcFvGSEg=">AAACIHicbVDLSgMxFM3UV62vUZdugkVwoWWmCnVTKIrgSir0BW0dMmmmTZvMDElGKMN8iht/xY0LRXSnX2PazkJbD1w4Oedecu9xQ0alsqwvI7O0vLK6ll3PbWxube+Yu3sNGUQCkzoOWCBaLpKEUZ/UFVWMtEJBEHcZabqjq4nffCBC0sCvqXFIuhz1fepRjJSWHLN0DcvwFHZkxDuMcqqkE9OTYdlO7uNbx0u0Q/scORTWtDFM0ufQMfNWwZoCLhI7JXmQouqYn51egCNOfIUZkrJtW6HqxkgoihlJcp1IkhDhEeqTtqY+4kR24+mBCTzSSg96gdDlKzhVf0/EiEs55q7u5EgN5Lw3Ef/z2pHyLrox9cNIER/PPvIiBlUAJ2nBHhUEKzbWBGFB9a4QD5BAWOlMczoEe/7kRdIoFuyzQvHuPF+5TOPIggNwCI6BDUqgAm5AFdQBBo/gGbyCN+PJeDHejY9Za8ZIZ/bBHxjfP9jaotk=</latexit>

⇠µi
<latexit sha1_base64="bXf8W7f+xJj7r0nngmUiHWwH77c=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAdklzA7mSRDZmaXeYhhyW948aCIV3/Gm3/jJNmDJhY0FFXddHfFKWfa+P63V1hb39jcKm6Xdnb39g/Kh0ctnVhFaJMkPFGdGGvKmaRNwwynnVRRLGJO2/H4dua3H6nSLJEPZpLSSOChZANGsHFSGD6xXhYKixia9soVv+rPgVZJkJMK5Gj0yl9hPyFWUGkIx1p3Az81UYaVYYTTaSm0mqaYjPGQdh2VWFAdZfObp+jMKX00SJQradBc/T2RYaH1RMSuU2Az0sveTPzP61ozuI4yJlNrqCSLRQPLkUnQLADUZ4oSwyeOYKKYuxWREVaYGBdTyYUQLL+8Slq1anBRrd1fVuo3eRxFOIFTOIcArqAOd9CAJhBI4Rle4c2z3ov37n0sWgtePnMMf+B9/gCs3pFx</latexit>

Nf
<latexit sha1_base64="IjAFpFHM7+ob3tQ2KpNV0Fmz6jI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04kkq2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91hPXRsTqEccJ9yM6UCIUjKKVHu56Ya9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdKsVrzzSvX+oly7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx8dVo2v</latexit>

Nmem
<latexit sha1_base64="z4oWUoPJwn9PaV0CnrmXqhRD1p8=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04kkq2A9oStlsJ+3S3STsTsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUc2jwWMa6HTADUkTQQIES2okGpgIJrWB0M/Vbj6CNiKMHHCfQVWwQiVBwhlby73o+whNmCtSkVyq7FXcGuky8nJRJjnqv9OX3Y54qiJBLZkzHcxPsZkyj4BImRT81kDA+YgPoWBoxBaabzW6e0FOr9GkYa1sR0pn6eyJjypixCmynYjg0i95U/M/rpBhedTMRJSlCxOeLwlRSjOk0ANoXGjjKsSWMa2FvpXzINONoYyraELzFl5dJs1rxzivV+4ty7TqPo0COyQk5Ix65JDVyS+qkQThJyDN5JW9O6rw4787HvHXFyWeOyB84nz9+KZH7</latexit>

E = �
NhX

µ=1

⇣ NfX

i=1

⇠µi�i

⌘2

<latexit sha1_base64="QjT5EVTUtdNqrV5oNfOm4DQNe2w="></latexit>

Nmem ⇡ 0.14Nf
<latexit sha1_base64="Io47ZQgYJ4tsG4hxoXs5ohVcyx0=">AAACBnicbVA9SwNBEN3zM8avqKUIi0GwCndR0DJoYxUiGBNIwrG3mUuW7N4du3NiOFLZ+FdsLBSx9TfY+W/cxBSa+GDg8d4MM/OCRAqDrvvlLCwuLa+s5tby6xubW9uFnd1bE6eaQ53HMtbNgBmQIoI6CpTQTDQwFUhoBIPLsd+4A21EHN3gMIGOYr1IhIIztJJfOKj6bYR7zBSoEW2zJNHxPXVL3imt+qFfKLoldwI6T7wpKZIpan7hs92NeaogQi6ZMS3PTbCTMY2CSxjl26mBhPEB60HL0ogpMJ1s8saIHlmlS8NY24qQTtTfExlTxgxVYDsVw76Z9cbif14rxfC8k4koSREi/rMoTCXFmI4zoV2hgaMcWsK4FvZWyvtMM442ubwNwZt9eZ7clkveSal8fVqsXEzjyJF9ckiOiUfOSIVckRqpE04eyBN5Ia/Oo/PsvDnvP60LznRmj/yB8/ENxX6YAg==</latexit>

Nmem ⇡ min(Nn�1
f , Nh)

<latexit sha1_base64="6Q4+FlGxj9tLl+mRnYINVHObwSE=">AAACEnicbVA9SwNBEN3z2/gVtbRZDIKChjsVtBRtrIKCUSEXj73NnFmyu3fszonhyG+w8a/YWChia2Xnv3ETU/j1YODx3gwz8+JMCou+/+GNjI6NT0xOTZdmZufmF8qLS+c2zQ2HOk9lai5jZkEKDXUUKOEyM8BULOEi7hz1/YsbMFak+gy7GTQVu9YiEZyhk6LyRi0KEW6xUKB6NGRZZtJbGiqh12tRclXoraC3SWtReyMqV/yqPwD9S4IhqZAhTqLye9hKea5AI5fM2kbgZ9gsmEHBJfRKYW4hY7zDrqHhqGYKbLMYvNSja05p0SQ1rjTSgfp9omDK2q6KXadi2La/vb74n9fIMdlvFkJnOYLmX4uSXFJMaT8f2hIGOMquI4wb4W6lvM0M4+hSLLkQgt8v/yXn29Vgp7p9uls5OBzGMUVWyCpZJwHZIwfkmJyQOuHkjjyQJ/Ls3XuP3ov3+tU64g1nlskPeG+fEL2dCw==</latexit>

Nmem ⇡ min
⇥
exp(↵Nf ), Nh

⇤
<latexit sha1_base64="iR3or6pT3F0Pmop/3HrKgoGcSeY="></latexit>

↵ < ln(2)/2
<latexit sha1_base64="MtFDsOLoc76PwOhhPTYKR5HcFSQ=">AAAB+HicbVBNS8NAEJ34WetHox69LBahXmoSBT14KHrxWMF+QBPKZrtpl242YXcj1NJf4sWDIl79Kd78N27bHLT1wcDjvRlm5oUpZ0o7zre1srq2vrFZ2Cpu7+zulez9g6ZKMklogyQ8ke0QK8qZoA3NNKftVFIch5y2wuHt1G89UqlYIh70KKVBjPuCRYxgbaSuXfIxTwf42uei4p2eeV277FSdGdAycXNShhz1rv3l9xKSxVRowrFSHddJdTDGUjPC6aToZ4qmmAxxn3YMFTimKhjPDp+gE6P0UJRIU0Kjmfp7YoxjpUZxaDpjrAdq0ZuK/3mdTEdXwZiJNNNUkPmiKONIJ2iaAuoxSYnmI0MwkczcisgAS0y0yapoQnAXX14mTa/qnle9+4ty7SaPowBHcAwVcOESanAHdWgAgQye4RXerCfrxXq3PuatK1Y+cwh/YH3+APwIkf0=</latexit>

•Krotov & Hopfield  “Dense Associative Memory for pattern 
recognition” NeurIPS 2016

•Demircigil et al. “On a model of associative memory with huge 
storage capacity” Journal of Statistical Physics 2017

•Ramsauer et al. “Hopfield networks is all you need” ICLR 2021



Effective theory for feature neurons
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� vi

<latexit sha1_base64="D59enV120jy1hlcEOSOQeNsWU8E="></latexit>

Model A Model B Model C

Lagrangian 

functions

energy

effective

update


rule


E =
1

2

NfX

i=1

v2i � log
⇣X

µ

exp(
X

i

⇠µivi)
⌘

<latexit sha1_base64="0q6l8lp+bGDJdTbbXAPBODNIcDA="></latexit>
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� vi

<latexit sha1_base64="qPYFdaazzw1FlSZrWTDGCpm7JTI="></latexit>
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<latexit sha1_base64="KVMmVlfCU30l5OqGwF10eCwY1m0="></latexit>
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<latexit sha1_base64="HItAfPMAb87oDRbLw2DN8BG5rzU="></latexit>

E = �
NhX

µ=1

F
⇣X

i

⇠µi�i

⌘

<latexit sha1_base64="chEIWpbRx1cunN0kh1QQVMebFhQ="></latexit>

Lh =
X

µ

F (hµ)
<latexit sha1_base64="YJNDIZyGqSj2BYBOlec5c8drJ7w=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUTUmqoBuhKIgLFxXsA5oQJtNJM3RmEmYmQglduvFX3LhQxK2f4M6/MWmz0NYDl3s4515m7vFjRpW2rG9jYXFpeWW1tFZe39jc2jZ3dtsqSiQmLRyxSHZ9pAijgrQ01Yx0Y0kQ9xnp+MOr3O88EKloJO71KCYuRwNBA4qRziTPPLj1QngBHZVwh1FOtfIcnsDrapj347JnVqyaNQGcJ3ZBKqBA0zO/nH6EE06Exgwp1bOtWLspkppiRsZlJ1EkRniIBqSXUYE4UW46OWQMjzKlD4NIZiU0nKi/N1LElRpxP5vkSIdq1svF/7xeooNzN6UiTjQRePpQkDCoI5inAvtUEqzZKCMIS5r9FeIQSYR1ll0egj178jxp12v2Sa1+d1ppXBZxlMA+OARVYIMz0AA3oAlaAINH8AxewZvxZLwY78bHdHTBKHb2wB8Ynz+p+Jh3</latexit>

Lv =
X

i

|vi|
<latexit sha1_base64="64oVxeWeBGQ5rG/CkfRtr41xEBQ=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRV0I1QdOPCRQX7gCaEyXTSDp2ZhJlJoaTFjb/ixoUibv0Kd/6N0zYLbT1w4XDOvdx7T5gwqrTjfFtLyyura+uFjeLm1vbOrr2331BxKjGp45jFshUiRRgVpK6pZqSVSIJ4yEgz7N9M/OaASEVj8aCHCfE56goaUYy0kQL78C4YwCvoqZR7jHKqVUDhaBDQUWCXnLIzBVwkbk5KIEctsL+8ToxTToTGDCnVdp1E+xmSmmJGxkUvVSRBuI+6pG2oQJwoP5u+MIYnRunAKJamhIZT9fdEhrhSQx6aTo50T817E/E/r53q6NLPqEhSTQSeLYpSBnUMJ3nADpUEazY0BGFJza0Q95BEWJvUiiYEd/7lRdKolN2zcuX+vFS9zuMogCNwDE6BCy5AFdyCGqgDDB7BM3gFb9aT9WK9Wx+z1iUrnzkAf2B9/gC6gJcE</latexit>

Lh = log
⇣X

µ

ehµ

⌘

<latexit sha1_base64="a2LsmmS/XCm184SFKW6BIup67OA=">AAACFnicbZDLSsNAFIYn9VbrLerSzWAR6sKSVEE3QqkbFy4q2As0MUymk3ToTBJmJkIJfQo3voobF4q4FXe+jZO2C209MPDx/+dw5vx+wqhUlvVtFJaWV1bXiuuljc2t7R1zd68t41Rg0sIxi0XXR5IwGpGWooqRbiII4j4jHX94lfudByIkjaM7NUqIy1EY0YBipLTkmSc33gBeQofFodOgYcWRKXcY5VRJz+EpJPfZIIdx7h57ZtmqWpOCi2DPoAxm1fTML6cf45STSGGGpOzZVqLcDAlFMSPjkpNKkiA8RCHpaYwQJ9LNJmeN4ZFW+jCIhX6RghP190SGuJQj7utOjtRAznu5+J/XS1Vw4WY0SlJFIjxdFKQMqhjmGcE+FQQrNtKAsKD6rxAPkEBY6SRLOgR7/uRFaNeq9mm1dntWrjdmcRTBATgEFWCDc1AH16AJWgCDR/AMXsGb8WS8GO/Gx7S1YMxm9sGfMj5/AGDhnug=</latexit>

Lv =
1

2

X

i

v2i
<latexit sha1_base64="Bf0c9ASf1APphcbayzQXVHyhkIE=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiRR0I1QdOPCRQX7gCaGyXTSDp1JwsykUEK+wI2/4saFIm5du/NvnLZZaOuBC4dz7uXee4KEUaks69sorayurW+UNytb2zu7e+b+QVvGqcCkhWMWi26AJGE0Ii1FFSPdRBDEA0Y6weh66nfGREgaR/dqkhCPo0FEQ4qR0pJv1m79MbyEbigQzuw8c3LoypS7jHKqpE/h2KcPjm9Wrbo1A1wmdkGqoEDTN7/cfoxTTiKFGZKyZ1uJ8jIkFMWM5BU3lSRBeIQGpKdphDiRXjZ7J4c1rfRhGAtdkYIz9fdEhriUEx7oTo7UUC56U/E/r5eq8MLLaJSkikR4vihMGVQxnGYD+1QQrNhEE4QF1bdCPEQ6GaUTrOgQ7MWXl0nbqdundefurNq4KuIogyNwDE6ADc5BA9yAJmgBDB7BM3gFb8aT8WK8Gx/z1pJRzByCPzA+fwAPTJt/</latexit>

Lv =

sX

i

v2i
<latexit sha1_base64="F66rDMRT8T7XWq0X5bnsHEVm6IA=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRV0I1QdOPCRQX7gCaGyXTSDp2ZxJlJoYTixl9x40IRt36FO//GaZuFth64cDjnXu69J0wYVdpxvq2FxaXlldXCWnF9Y3Nr297Zbag4lZjUccxi2QqRIowKUtdUM9JKJEE8ZKQZ9q/GfnNApKKxuNPDhPgcdQWNKEbaSIG9fxMM4AX01IPUmadSHlA4COh9ZRTYJafsTADniZuTEshRC+wvrxPjlBOhMUNKtV0n0X6GpKaYkVHRSxVJEO6jLmkbKhAnys8mL4zgkVE6MIqlKaHhRP09kSGu1JCHppMj3VOz3lj8z2unOjr3MyqSVBOBp4uilEEdw3EesEMlwZoNDUFYUnMrxD0kEdYmtaIJwZ19eZ40KmX3pFy5PS1VL/M4CuAAHIJj4IIzUAXXoAbqAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz9mZ5bM</latexit>

Lh =
X

µ

F (hµ)
<latexit sha1_base64="YJNDIZyGqSj2BYBOlec5c8drJ7w=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUTUmqoBuhKIgLFxXsA5oQJtNJM3RmEmYmQglduvFX3LhQxK2f4M6/MWmz0NYDl3s4515m7vFjRpW2rG9jYXFpeWW1tFZe39jc2jZ3dtsqSiQmLRyxSHZ9pAijgrQ01Yx0Y0kQ9xnp+MOr3O88EKloJO71KCYuRwNBA4qRziTPPLj1QngBHZVwh1FOtfIcnsDrapj347JnVqyaNQGcJ3ZBKqBA0zO/nH6EE06Exgwp1bOtWLspkppiRsZlJ1EkRniIBqSXUYE4UW46OWQMjzKlD4NIZiU0nKi/N1LElRpxP5vkSIdq1svF/7xeooNzN6UiTjQRePpQkDCoI5inAvtUEqzZKCMIS5r9FeIQSYR1ll0egj178jxp12v2Sa1+d1ppXBZxlMA+OARVYIMz0AA3oAlaAINH8AxewZvxZLwY78bHdHTBKHb2wB8Ynz+p+Jh3</latexit>

Otakhrgdc Łr Ł bnmedqdmbd oŁodq Łs HBKP 191fl

νλh νhλ

ed‘stqd mdtqnmr uh

ldlnqx mdtqnmr gλ

! !"#$#%"&'$

Ehftqd 1. �m dwŁlokd ne Ł bnmshmtntr mdsvnqj vhsgMe ¡ 4 edŁstqd mdtqnmr ŁmcMg ¡ 00 bnlokdw
ldlnqx –ghccdm( mdtqnmr vhsg rxlldsqhb rxmŁoshb bnmmdbshnmr adsvddm sgdl0

sgd bnqqdronmchmf mdtqnmr: rn sgŁs eλ ¡ e’gλ( Łmc fh ¡ f’uh( vhsg rnld mnm/khmdŁq etmbshnmr e’w(
Łmc f’w(0 Hm nsgdq bŁrdr –lncdkr A Łmc B( sgdrd ntsotsr hmunkud bnmsqŁrshud mnqlŁkhyŁshnm: d0f0 Ł
rneslŁw: Łmc bŁm cdodmc nm sgd btqqdmsr ne Łkk sgd mdtqnmr hm sgŁs kŁxdq0 Hm sgdrd bŁrdr eλ ¡ e’!gλ{(
Łmc fh ¡ f’!uh{(0 Enq sgd lnrs oŁqs ne sghr oŁodq nmd bŁm sghmj Łants sgdl Łr zqhmf qŁsdr ne sgd
bnqqdronmchmf mdtqnmr0 Hm rnld khlhshmf bŁrdr: gnvdudq: sgd etmbshnm f’uh( vhkk gŁud ansg onrhshud
Łmc mdfŁshud rhfmr0 Sgdm hs rgntkc ad hmsdqoqdsdc Łr sgd hmots btqqdms eqnl Ł oqd/rxmŁoshb mdtqnm0
Sgd etmbshnmr e’gλ( Łmc f’uh( Łqd sgd nmkx mnmkhmdŁqhshdr sgŁs ŁoodŁq hm ntq lncdk0 EhmŁkkx: sgd shld
bnmrsŁmsr enq sgd svn fqntor ne mdtqnmr Łqd cdmnsdc ax σe Łmc σg0 Vhsg sgdrd mnsŁshnmr ntq lncdk
bŁm ad vqhssdm Łr






σe
cuh
cs ¡

Mf⊗
λ¡0

νhλeλ � uh * Hh

σg
cg�
cs ¡

Mν⊗
h¡0

νλhfh � gλ

–fl(

vgdqd Hh cdmnsdr sgd hmots btqqdms hmsn sgd edŁstqd mdtqnmr0

Sgd bnmmdbshuhsx ne ntq mdsvnqj gŁr sgd rsqtbstqd ne Ł ahoŁqshsd fqŁog: rn sgŁs sgd bnmmdbshnmr dwhrs
adsvddm svn fqntor ne mdtqnmr: ats mns vhsghm dŁbg ne sgd svn fqntor0 Sghr cdrhfm ne Ł mdtqŁk
mdsvnqj hr hmrohqdc ax sgd bkŁrr ne lncdkr bŁkkdc Pdrsqhbsdc AnksylŁmm LŁbghmdr –PAL( –Rlnkdm/
rjx: fl875(0 Sgdqd hr Ł ancx ne khsdqŁstqd rstcxhmf sgdqlncxmŁlhb oqnodqshdr ne sgdrd rxrsdlr Łmc
kdŁqmhmf qtkdr enq sgd rxmŁoshb vdhfgsr0 Hm bnmsqŁrs: sgd fnŁk ne ntq vnqj hr sn vqhsd cnvm Ł fdmdqŁk
cxmŁlhbŁk rxrsdl Łmc Łm dmdqfx etmbshnm rn sgŁs sgd mdsvnqj gŁr trdetk oqnodqshdr ne ŁrrnbhŁshud
ldlnqhdr vhsg Ł kŁqfd ldlnqx rsnqŁfd bŁoŁbhsx: hr cdrbqhaŁakd nmkx hm sdqlr ne lŁmhedrskx svn/
ancx rxmŁordr: Łmc hr rtezbhdmskx fdmdqŁk rn sgŁs hs bŁm ad qdctbdc sn uŁqhntr lncdkr ne sghr bkŁrr
oqduhntrkx chrbtrrdc hm sgd khsdqŁstqd0 Vd Łkrn mnsd sgŁs Łksgntfg vd trd sgd mnsŁshnm uh –u rsŁmcr
enq uhrhakd mdtqnmr(: bnllnmkx trdc hm sgd PAL khsdqŁstqd: hs hr lnqd ŁooqnoqhŁsd sn sghmj Łants uh
Łr ghfgdq kdudk edŁstqdr0 Enq dwŁlokd sgd hmots sn ntq mdsvnqj bŁm ad Ł kŁsdms qdoqdrdmsŁshnm oqn/
ctbdc ax Ł bnmunktshnmŁk mdtqŁk mdsvnqj nq Ł kŁsdms qdoqdrdmsŁshnm ne Ł ADPS/khjd rxrsdl –Cdukhm
ds Łk0: 19fl7( qŁsgdq sgŁm qŁv hmots cŁsŁ0 �cchshnmŁkkx: ntq fdmdqŁk enqltkŁshnm lŁjdr hs onrrhakd sn
trd Ł ltbg aqnŁcdq bkŁrr ne ŁbshuŁshnm etmbshnmr –d0f0 hmunkuhmf bnmsqŁrshud nq rogdqhbŁk mnqlŁkhyŁ/
shnm( sgŁm sgnrd sxohbŁkkx trdc hm sgd PAL khsdqŁstqd0 Vd Łkrn mnsd sgŁs sgd qdkŁshnmrgho adsvddm
Cdmrd �rrnbhŁshud Ldlnqhdr Łmc PALr gŁr addm oqduhntrkx rstchdc hm –AŁqqŁ ds Łk0: 19fl7, �fkhŁqh
) Cd LŁqyn: 1919(0

LŁsgdlŁshbŁkkx: dptŁshnmr –fl( cdrbqhad sdlonqŁk dunktshnm ne svn fqntor ne mdtqnmr0 Enq dŁbg
mdtqnm hsr sdlonqŁk tocŁsdr Łqd cdsdqlhmdc ax sgd hmotsr eqnl nsgdq mdtqnmr Łmc hsr nvm rsŁsd –sgd
cdbŁx sdql nm sgd qhfgs gŁmc rhcd ne sgd cxmŁlhbŁk dptŁshnmr(0 Enq sghr qdŁrnm: Łm dmdqfx etmbshnm enq
sghr rxrsdl hr dwodbsdc sn ad qdoqdrdmsdc Łr Ł rtl ne sgqdd sdqlr. svn sdqlr cdrbqhahmf sgd mdtqnmr
hm dŁbg rodbhzb fqnto: Łmc sgd hmsdqŁbshnm sdql adsvddm sgd svn fqntor ne mdtqnmr0 Vd gŁud bgnrdm
sgd rodbhzb lŁsgdlŁshbŁk enql ne sgdrd sgqdd sdqlr rn sgŁs sgd dmdqfx etmbshnm cdbqdŁrdr nm sgd
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•Dense Associative Memory for pattern recognition

•On a model of associative memory with huge 

storage capacity

•Hopfield networks is all you need



Some examples of problems in AI and biology

Cnrsqnurjx 0860(- OkZbd bdkkr Zqd entmc hm qdfhnmr B@2 Zmc
B@0 'vhsg rlZkkdq okZbd ehdkcr hm sgd cdmsZsd fqZmtkd bdkkr:
Mdtmtdadk Zmc Jmhdqhl 1/01: rdd Ehf- 1Z enq sgd Zqbghsdbstqd

ne sgd ghoonbZlotr(- Sgd qdoqdrdmsZshnm hr Zkknbdmsqhb 'Zr
bnmsqZrsdc vhsg dfnbdmsqhb( hm sgZs sgd mdtqnmr ehqd vgdmdudq
sgd qZs hr hm sgd okZbd ehdkc) sxohbZkkx hmcdodmcdmskx ne sgd gdZc
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Pattern memorization. Consider a small gray scale image 64x64 pixels. If one 
treats the intensity of each pixel as an input to a feature neuron the standard 
Hopfield network would be able to only memorize approximately 573 distinct 
patters (0.14 times 4096). Yet, the number of all possible patterns of this size 
that one can imagine is far bigger. For instance, Kuzushiji-Kanji dataset includes 
over 140,000 characters representing 3832 classes with most of the characters 
recognizable by humans. A well educated Japanese person can recognize 
about 3000-5000 character classes, which means that those classes are 
represented in his/her memory. In addition, for many characters a person would 
be able to complete it if only a portion of that character is shown.

Cortical-hippocampal system. The hippocampus has long been hypothesised to 
be responsible for formation and retrieval of associative memories. One 
candidate for associative memory network in the hippocampus is the CA3 area, 
which consists of a large population of pyramidal neurons in conjunction with an 
inhibitory network that keeps the firing rates under control. There is a 
substantial recurrent connectivity among the pyramidal neurons, which is 
necessary for an associative memory network. There are also several classes of 
responses of those neurons in behaving animals, one class being place cells. In 
addition to place cells it contains other neurons that do not respond in 
experiments designed to drive place cells, but presumably are useful for other 
tasks.  One possible way of connecting the mathematical model proposed in 
this paper with the existing anatomical network in the brain is to assume that 
some of the pyramidal cells in CA3 correspond to the feature neurons in our 
model, while the remaining pyramidal cells are the memory neurons. For 
example, place cells are believed to emerge as a result of aggregating inputs 
from the grid cells and environmental features, e.g. landmark objects, 
environment boundaries, visual and olfactory cues, etc. Thus, it is tempting to 
think about them as memory neurons (which aggregate information from feature 
neurons to form a stable memory) in the proposed model.

Another area of the hippocampus potentially related to the mathematical model 
described in this paper is the area CA1, which, in addition to receiving inputs 
from CA3, also receives inputs directly from the entorhinal cortex, and projects 
back to it. In this interpretation pyramidal cells of the CA1 would be interpreted 
as the memory neurons in our mathematical model, while the cells in the layer III 
of the entorhinal cortex would be the feature neurons. The feedback projections 
from CA1 go primarily to layer V of the entorhinal cortex, but there are also 
projections to layers II and III. While it is possible to connect the proposed 
mathematical model of Dense Associative Memory with existing networks in the 
hippocampus, it is important to emphasize that the hippocampus is involved in 
many tasks, for example imagining the future, and not only in retrieving the 
memories about the past. For this reason it is difficult at present to separate the 
network motifs responsible for memory retrievals from the circuitry required for 
other functions. 

Clanuwat, et al., “Deep learning for classical Japanese literature”

Rolls, E.T. The storage and recall of memories in the hippocampo-cortical 
system. Cell Tissue Res 373, 577–604 (2018)



Conclusions
•We have proposed a general microscopic theory of Dense Associative Memories 

or modern Hopfield networks that on one hand has a large memory storage 
capacity (much greater than the number of input neurons), and, at the same 
time, is manifestly describable in terms of only two-body synapses.


•This theory is described by an energy function, which decreases on the 
dynamical trajectories, and a system of non-linear differential equations with 
fixed point attractors.


•Excluding degrees of freedom associated with hidden neurons from this theory 
results in many effective models previously discussed in the literature, such as 
conventional Hopfield networks with binary and continuous states, Dense 
Associative Memories with binary states, modern Hopfield networks for the 
feature neurons, attention mechanism, as well as some new models.


•We discuss potential applications in machine learning and neuroscience in 
which it might be useful to have a recurrent neural network capable of pattern 
completion with guaranteed convergence properties to the fixed points and a 
large number of those fixed points.


