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Deep Learning Revolution

Deep learning models:
qoften provide the best performance due to their large capacity

o challenging to train
qare complex black-box systems based on non-convex optimization

o hard to interpret what the model is actually learning



Prior Work on Convex Neural Networks
Our work
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𝑛: #of samples
𝑑: #of features
ℎ: filter size
𝐾: #of patches



Standard 2-layer CNN Training Problem
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𝒖' ∈ ℝ1: Filter weights
𝑤' ∈ ℝ ∶ Output layer weights
𝑿+ ∈ ℝ2 ×1 : Patch matrix
𝛽 > 0 ∶ Regularization parameter
< -: ReLU activation
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Convex Duality
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𝐿𝑒𝑡 𝑚 𝑏𝑒 𝑎 𝑛𝑢𝑚𝑏𝑒𝑟 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑚 ≥ 𝑚∗ 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑚∗ ∈ ℕ,𝑚∗ ≤ 𝑛 + 1,
𝑡ℎ𝑒𝑛 𝑠𝑡𝑟𝑜𝑛𝑔 𝑑𝑢𝑎𝑙𝑖𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 , 𝑖. 𝑒. , 𝑝∗ = 𝑑∗, 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑐𝑜𝑛𝑣𝑒𝑥 𝑝𝑟𝑜𝑔𝑟𝑎𝑚 𝑖𝑠
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Our Convex Model
𝑝∗ = min
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Hyperplane Arrangements
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Convolutional Hyperplane Arrangements
Given a data matrix 𝑿 ∈ ℝ2 ×1 partitioned into the patches as 𝑿), 𝑿., … , 𝑿, ∈ ℝ2 ×<
we define convolutional hyperplane arrangements as

{𝕀(𝑿+𝒖) : 𝒖 ∈ ℝ<} +(), , where 𝕀 (𝑥) = _1, 𝑥 ≥ 0
0, 𝑥 < 0

𝑃=>2? ≤ 𝑂
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Convex optimization complexity:   𝑂 ℎ@ 2,
<

:<
polynomial in all the problem parameters 𝒏, 𝒎, and 𝒅

ℎ: filter size
𝐾: #of patches
𝑛: #of samples



3-layer CNNs
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Numerical Results





Conclusion and Open Problems

qWe can train ReLU CNNs in polynomial time using convex solvers
o No need for complex hyperparameter optimization: learning rate & initialization
o No need for heuristics: batch norm & dropout
o Interpretable training results

qReLU CNNs are convex in a higher dimensional space

qSparsity is promoted via group sparse regularization

qPossible extensions: autoencoders, RNNs, GANs, ResNets, 
deeper architectures


