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Introduction Symmetric-Skew Hidden-to-Hidden Matrices Results
Motivation: Many interesting problems exhibit temporal structures that can The hidden-to-hidden matrices are of the form: S
be modeled with recurrent neural networks (RNNs), including problems in i i — i VT 7 5 Name ordered permuted N  # params
robotics, vision, natural language processing, and machine learning control. pava =1 —Ba)(Ma+ A;+ Ba(Ma— My) ; A (2a) LSTM baseline by (Arjovsky et al.| 2016 973%  927% 128 ~68K
W = (1 = Mw + M) + Mw — M = I 2b MomentumLSTM (Nguyen et al. 99.1% 94.7% 256 =270K
swow = (1= Bw)(Mw w) + Pw (Mw w) = wl, (2b) Unitary RNN (Arjovsky et al.|2016) 951%  914% 512  ~9K
Challenge: RNNs are known to have stability issues and are difficult to train, lgulfl Caﬁaci;tgm n{;ary RNN ( ;86%511__7@ al.|2016) gg-?;/o 3‘}52’;’ ?;é %2178015
. H H H H . o1t orth. orontsov et al. ) 170 A7/ ~
most notably due to the vanishing and exploding gradients problem. p controls the width of the spectrum, while increasing y shifts the spectrum Kronecker RNN (Jose ot al. m%‘b 96.4%  945% 512 ~lIK
to the left, thus enforcing eigenvalues with non-positive real parts. Antisymmteric RNN (Chang et al.| 2019) 98.0%  958% 128  =I0K
Incremental RNN (Kag et al. ) 98.1% 95.6% 128 =~4K/8K
Solution: In this work, we address these challenges by viewing RNNs as Exponential RNN (Cezcano-Casado & Martinez-Rubio|[2019)  98.4%  96.2% 360  ~69K
. _ , _ ; : : _ ; Sequential NAIS-Net (Ciccone et al.| 2018 94.3% 90.8% 128 ~18K
dynamical systems whose temporal evolution is governed by an abstract [/ e | ([ EGEE | (L B | — _
] ] ] _ ) i | i Lipschitz RNN using Euler (ours) 99.0% 94.2% 64 ~9K
system of differential equations with an external input. ; ; Lipschitz RNN using RK2 (ours) 99.1%  942% 64 ~9K
g :e g g Lipschitz RNN using Euler (ours) 99.4% 96.3 % 128 ~34K
- ,'5* 2 A . . . Lipschitz RNN using RK2 (ours) 99.3%  962% 128  ~34K

Model Formulation

Based on insights from dynamical systems theory, we propose a

Table 2: Evaluation on TIMIT using 1 layer models. The mean squared error (MSE) 1s computes the
distance between the predicted and actual log-magnitudes of each predicted frame in the sequence.
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continuous-time Lipschitz RNN that describes the hidden state’s evolution g = 08, =0 (B B 075, 5=0.00 () 5= 075, =0.1 m— VAL MSE stMSE N # params
with two parts: a well-understood linear component plus a Lipschitz Our symmetric-skew scheme allows us to construct hidden-to-hidden matrices that exhibit LSTM (Helfrich et al.| 2018 13.66 12.62 158 ~200K
nonlinearity. Lipschitz recurrent neural network with the functional form: dynamics with moderate decay and growth behavior. LSTM (Nguyen et al. 9.33 9.37 158 ~200K
MomentumLSTM uyen et al.|[2020) 5.86 5.87 158 =~200K
SRLSTM (Nguyen et al. I 5.81 5.83 158 =200K
L == Full-capacity Unitary RN 1sdom et al.|[2016) 14.41 14.45 256 =~200K
h = Ap,yah+tanh(Way, 4 b+ Uz +b), (1a) = 75 M7l 7 =W\ Cayley RNN (Helfrich et al.. 2018} 7.97 736 425 ~200K
_ ' 4 e Exponential RNN (Lezcano-Casado & Martinez-Rubio|[2019) 552 5.48 425 ~200K
y = Dh, (1b) /%
Lipschitz RNN using Euler (ours) 2.95 2.82 256 ~198K
f (/@ } Lipschitz RNN using RK2 (ours) 2.86 2.76 256 ~198K
This particular functional form facilitates stability analysis of the long-term ' = 7
behavior of the recurrent unit using tools from nonlinear systems theory. R e NS - NN—— . L[5 |
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Vector fields of hidden states that are governed by Eq. (1) trained for simple pendulum dynamics. In (a), an é’ \ -~ Unitary RNN - W
"y . - - . unstable model is shown. In (b) and (c), it can be seen that we yield models that are asymptotically stable,i.e., all = 06 } i : ‘.‘.“‘.\
Sta b | I |t Anal SlS Of Ll SCh |tZ ReCU rrent U n |tS trajectories are attracted by an equilibrium point. In contrast,in (d), a skew-symmetric parameterization leads to a 3 "V )
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stable model without an attracting equilibrium. 2 04 W O 1 ;
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One of the key contributions in this work is that we prove that model (1) is 0.2] e . i o NI
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globally exponentially stable under some mild conditions on Aand W. 9 00 05 10 1> 20 25 30 35 40 0.0 02 04 06 08 10
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Theorem 1 : : : : TP . : :
using one step of a numerical integrator between sequence entries Sensitivity with respect to different input perturbations.
Let h* be an equilibrium point of a DE of the form h = Ah + o(Wh + Uz + b) B 5
for some x € RP. The point h* is globally exponentially stable if the eigenvalues of S At : i
, . : . . . Hgig = h h(s),s)ds = h; + Ah(s) + tanh(Wh(s) + Uz(s) + b)ds (7
AR — %(A -+ AT) are strictly negative, W is non-singular, and either vl e+ > f(h(s), s) E i (5) ( (5) (5) ) ) SketCh Implementatlon IN PyTOrCh
(a) O'min(ASym) > MO'max(W); or ~ ht + At - scheme [f, ht, At] ; (8) clas; IE"Lpth?Eer(lN(rz;.Mgduli)c:j_ N el 5 di
ef __init__(self, input_dim, output_classes, n_units=128, eps=0.01,
(b) o is monotone non-decreasing, W + W7 is negative definite, and A”W + W' A i beta=s. 8, gamr;}a;@.e.l,.giz(&)io, gated=False, init_std=1):
: o . super(LipschitzRNN, self)._ _init__
I5: oSy afimte. where scheme represents one step of a numerical integration scheme. celf.E = nn.Linear(input dim, n_units)

self.D = nn.Linear(n_units, output_classes)
self.I = torch.eye(n_units).to(get_device())
Iht ht ht ht self.C = nn.Parameter(gaussian_init_(n_units, std=init_std))

—_ self.B = nn.Parameter(gaussian_init_(n_units, std=init_std))
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e For any initial hidden state we can guarantee that our Lipschitz unit |( |{ I{ Jf B s J h |( 7 def forward(sel/, x):
e rr - : ; 5 hi = h. .sh , self.n_units).to(which_devi 1
converges to an equilibrium if it exists. Hence gradients can’t explode. | 10 | ! = | AR tereiasnap s slepaliil. BRtpEvIbiel el )
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ign . - . . . | l I At At At f | f t I = self.gamma * self.I
e Intuitively, global exponential stability is guaranteed if the matrix A has | W | N/ I TNV A = self.beta * (self.B - self.B.t()) + (1-self.beta) * (self.B + self.B.t()) - I
. ] o ] . \ \ * \ ) k \ 8 , W = self.beta * (self.C - self.C.t()) + (1-self.beta) * (self.C + self.C.t()) - I
eigenvalues with real parts sufficiently negative to counteract expanding ‘%Af \,@Af —— *% A6 - _ a8 e B il e e s st fop el 160 s 257
trajectories in the nonlinearity. hi+1 ® hiy1 hit1 ®hi 1 out = self.D(h)

Euler Midpoint RK4-Classic RK4-3/8 return out



