
Lipschitz Recurrent Neural Networks

Introduction
Motivation: Many interesting problems exhibit temporal structures that can 
be modeled with recurrent neural networks (RNNs), including problems in 
robotics, vision, natural language processing, and machine learning control. 

Challenge: RNNs are known to have stability issues and are difficult to train, 
most notably due to the vanishing and exploding gradients problem.

Solution: In this work, we address these challenges by viewing RNNs as 
dynamical systems whose temporal evolution is governed by an abstract 
system of differential equations with an external input. 

Model Formulation
Based on insights from dynamical systems theory, we propose a 
continuous-time Lipschitz RNN  that describes the hidden state’s evolution 
with two parts: a well-understood linear component plus a Lipschitz 
nonlinearity. Lipschitz recurrent neural network with the functional form:

This particular functional form facilitates stability analysis of the long-term 
behavior of the recurrent unit using tools from nonlinear systems theory.

N. Benjamin Erichson (UC Berkeley), Omri Azencot (Ben-Gurion University), Alejandro Queiruga (Google Research), Liam Hodgkinson (UC Berkeley), Michael W. Mahoney (UC Berkeley) 

Training Continuous-time Recurrent Units

Results
The hidden-to-hidden matrices are of the form:

β controls the width of the spectrum, while increasing γ shifts the spectrum 
to the left, thus enforcing eigenvalues with non-positive real parts. 

Symmetric-Skew Hidden-to-Hidden Matrices 

Vector fields of hidden states that are governed by Eq. (1) trained for simple pendulum dynamics. In (a), an 
unstable model is shown. In (b) and (c), it can be seen that we yield models that are asymptotically stable,i.e., all 
trajectories are attracted by an equilibrium point. In contrast,in (d), a skew-symmetric parameterization leads to a 

stable model without an attracting equilibrium.

To learn the weights A, W, U and b, we discretize the continuous model 
using one step of a numerical integrator between sequence entries

where scheme represents one step of a numerical integration scheme. 

Sketch Implementation in PyTorch

Sensitivity with respect to different input perturbations.

One of the key contributions in this work is that we prove that model (1) is 
globally exponentially stable under some mild conditions on A and W.  

● For any initial hidden state we can guarantee that our Lipschitz unit 
converges to an equilibrium if it exists. Hence gradients can’t explode.

● Intuitively, global exponential stability is guaranteed if the matrix A has 
eigenvalues with real parts sufficiently negative to counteract expanding 
trajectories in the nonlinearity. 

Stability Analysis of Lipschitz Recurrent Units 

Our symmetric-skew scheme allows us to construct hidden-to-hidden matrices that exhibit
dynamics with moderate decay and growth behavior.


