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• Neural Ordinary Differential Equations (NODEs) are 
not universal, cannot represent some maps, such as 
the reflections or the concentric annuli

• NODEs are not suitable to model the underlying 
system with the delay effect, such as Mackey-Glass 
system 

Dupont et al.,  Augmented neural odes. NeurIPS 2019
Zhang et al., Approximation capabilities of neural odes and invertible residual networks. ICML 2020
Mackey, M. and Glass, L. Oscillation and chaos in physiological control systems. Science, 1977

Why Neural Delay Differential Equations (NDDEs)



𝑔1𝑑 1 = −1,
𝑔1𝑑 −1 = 1Dupont et al., Augmented Neural ODEs, NeurIPS, 2019:

Limitations of Neural ODEs 

reflections



• Neural Ordinary Differential Equations (ODEs):

ⅆℎ(𝑡)

ⅆ𝑡
= 𝑓 ℎ 𝑡 , 𝑤 , ℎ 0 = ℎ0

• Neural Delay Differential Equations (DDEs):

ⅆℎ(𝑡)

ⅆ𝑡
= 𝑓 ℎ 𝑡 , ℎ 𝑡 − 𝜏 ,𝑤 , 𝑖𝑓 𝑡 ≤ 0, ℎ 𝑡 = ℎ0

Neural Delay Differential Equations (NDDEs)



Universal approximation and adjoint dynamics of NDDEs

Adjoint: 𝜆 𝑡 =
𝜕𝐿(𝑥(𝑇))

𝜕𝑥 𝑡
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Example: concentric annuli



Example: 2-dimentional DDEs
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• x(t) is the number of 
the blood cells,

• β, n, τ, γ are the 
parameters of 
biological 
significance

Mackey, M. and Glass, L. Oscillation and chaos in physiological control systems. 
Science, 1977

Example: Mackey-Glass system



Example: Image datasets



• Applications
– Continuous-time series modelling (Irregular-sampled, physics models)
– Generative modelling (continuous normalizing flows)
– Applications to traditional mathematical modelling (SIR, . . . ), and traditional machine learning 

problems

• Differential Equations
– Higher-Order Differential Equations
– Stochastic Differential Equations
– Partial differential equations

• Numerical optimization of Neural ODEs
– Regularizing learned dynamics to be faster to solve

• And …

Conclusion and future directions

Future directions

Conclusion

NDDEs with dependency on a time delay  allow to model a larger class of physical systems, 
in particular adding the possibility of crossing paths in phase space.



Thank you !


