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Graph neural networks (GNNSs)

Extending deep neural networks
to graph structured data
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Graph kernels (GKs)
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: I Measures for estimating pairwise
, Social networks Communication systems Molecules : similarities between graphs
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i Fixed Dimensional
G.o f /\ [ [ Representation
!
* 4 o U | Downstream
® : 4 ) ® ’: ) classification/regression
o X ” X ” « Multi-Layer
® ¢S Perceptron
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Node embedding, h(-) Pooling, ¢ ()

e.g., Avg Pooling
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Togninalli, Matteo, et al. "Wasserstein Weisfeiler-Lehman Graph Kernels." NeurlPS 2019.
h(G;)

e \ * . T\ T Treat node

d | embeddings as Kernel Methods
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Node embedding, h(-) Calculate Wasserstein

Distance, W(G;, G;)

M(M-1)
2

For a dataset of M graphs, WWL requires calculations of the Wasserstein distance for training, and

generally speaking M distance calculations for testing
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Main idea
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Euclidean Embedding for

¢(h(G;)) the Wasserstein distance
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Node embedding, h(+)
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» Fix a reference probability measure u, with density p,.

« Let f; denote the Monge map that pushes y, into a
measure y;.

« Define ¢(u;) = (f; — identity)./p, , Which satisfies the
following important properties:

1. ¢(uy) = 0, reference distribution mapped to zero

2. o), = W, (u;, up): preserves distances to
reference

3 |lo@) — d(w)ll, = Wa(ui ): The L, distance
between

¢ (w;) and ¢(u;) approximates W, (u;, 1) [p(pi) — d(po)ll2 = [|¢(pi)ll2 = Wa(pis, po)

o (i) — d(pi)ll2 = Wa(pi, i)
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Monge Coupling Transport A
h(G;) A Displacements
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a ~ h(Gj)
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Node embedding, h(-) Linear Wasserstein Embedding, ¢(-)

For a dataset of M graphs, WEGL requires M calculations of the Wasserstein distance for training, and 1
distance calculation for testing

© 2021 HRL Laboratories, LLC. All Rights Reserved 7



Experimental evaluation U I}’I%ECI;}IS\TIR

=<

LABORATORIES

Method Validation ROC-AUC (%)  Test ROC-AUC (%)
GCN (Kipf & Welling|2016) 83.8 0.9 76.0 £ 1.2
o~ - GIN + Virtual Node (Xu et al., 2019 84.8 + 0.7 771 £ 1.5
‘ B Z.  DeeperGCN (Li et al.| 2020 84.3 + 0.6 786 £ 1.2
O \..7 © HIMP (Fey etal} 2020 - 78.8 + 0.8
GCN + GraphNorm (Cai et al.|[2020 79.0 £ 1.1 78.8 £ 1.0
molhiv — WEGL + Random Forest 792 £22 755 £ 1.5
g WEGL + Virtual Node + Random Forest 819+ 1.3 76.5 £ 1.8
WEGL + Virtual Node + AutoML 81.6 4+ 0.6 79.1 £ 0.3

GAP + Virtual Node + Random Forest 749 + 2.4 721+ 1.7

Method IMDB-B IMDB-M COLLAB RE-B RE-M5K PTC-MR ENZYMES PROTEINS
DGCNN (Zhang et al}, 2018a) 69.243.0 456434 712419 87.8425 492412 586  38.9+57 729435
GraphSAGE (Hamilton et al}2017) | 68.844.5 47.643.5 73.9+1.7 843+1.9 50.04+1.3 63.947.7 - 75.943.2
Z GIN (Xuetal.|2019 751451 23428 802+19 924425 575415 64.6+7.0 - 76.242.8
& GNTK [Ductal 2019) 76.9+3.6 52.8+4.6 83.6+1.0 - - 67.9+6.9 - 75.644.2
CapsGNN (Xinyi & Chen, (2019 73.144.8 503426 79.6+0.9 - 52.9+1.5 - 547457 76.3+3.6
GraphNorm (Cai et al.|[2020) 76.0+3.7 - 80.2+1.0 93.5+2.1 - 64.9+7.5 - 77.4+4.9
- DGK (Yanardag & Vishwanathan|2015) | 67.04£0.6 44.6+£0.5 73.1£03 78.0+04 41.3+02 573+1.1 27.1+£08 71.74+0.5
/} TUDataset WL (Shervashidze ot al|201 738439 49.8+0.5 748402 682402 512403 57.042.0 532411  72.9+0.6
& RetGK (Zhang ct al, 2018b 71.040.6 46.7+0.6 73.6+£0.3 90.8+0.2 542403 67.9+14 59.1+1.1 752403
AWE (Ivanov & Burnaev||2018 74.5458 51.543.6 73.9+£19 87.9+25 50.5+1.9 - 35.845.9 -
WWL (Togninalli et al;[2019) 74.4-+0.8 - - - - 66.3+1.2 59.1+0.8 74.3+0.6
_ WEGL + SVM-RBF 734425 517431 78.6+£1.0 92.1+19 56.1+2.3 63.4+53 57.3+42 76.0+4.4
2 WEGL + Random Forest 754450 52.0+4.1 79.8+15 92.0+0.8 551425 67.5+7.7 60.5£59 76.5+4.2
WEGL + GBDT 752450 523429 80.6+2.0 92.9+19 554+1.6 662469 60.0£63 76.3+3.9
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Average wall-clock time comparison
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100X faster training and 10-100X faster testing (on CPU)
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Our code is available!
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O GitHub https://github.com/navid-naderi/WEGL
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Linear Wasserstein Embedding, ¢ (-)
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