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• One of the main challenges for feature representation in deep learning-based classification is 
the design of appropriate loss functions that exhibit strong discriminative power.

• The classical softmax loss does not explicitly encourage discriminative features.

• A popular direction of research is to incorporate margins in well-established losses.

• We explain the margin-based losses by formulating it as learning towards the largest margins.

• In this work, we introduce two measures: class margin and sample margin.

• The loss function should promote the largest possible margins for both classes and samples.

• Furthermore, we derive a generalized margin softmax loss to draw general conclusions for the 
existing margin-based losses, which can also guide the design of new tools, including sample 
margin regularization and largest margin softmax loss for class-balanced cases, and zero-
centroid regularization for class-imbalanced cases.

Motivations



The Softmax Loss
• With a Labeled dataset 𝐷 = 𝑥! , 𝑦! !"#

$ , the softmax loss for a 𝑘-classification problem is 

formulated as

• where 𝑧! = 𝜙% 𝑥! ∈ ℝ& (usually k ≤ 𝑑 + 1 ) is the learned feature representation vector , 𝜙%
denotes the feature extraction sub-network, 𝑊 = 𝑤#, … , 𝑤' ∈ ℝ&×' denotes the linear 

classifier which is implemented with a linear layer at the end of the network , 𝜃!) denotes the 

angle between 𝑧! and 𝑤), and ⋅ * denotes the Euclidean norm, where 𝑤#, … , 𝑤' can be 

regarded as the class centers or prototypes. For simplicity, we use prototypes to denote the 

weight vectors in the last layer.
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Theorem 0. ∀𝜀 ∈ 0, -
*

, if the domain of 𝑤#, … , 𝑤' , 𝑧#, … , 𝑧$ is ℝ&, then there exist prototypes 
that achieve the infimum of the softmax loss and have the class margin 𝜀.



Class Margin

For the prototypes 𝑤#, … , 𝑤' ∈ ℝ&, we define the class margin 
as the minimal pairwise angle distance, i.e.,

where ∠(𝑤! , 𝑤)) denotes the angle between the vectors 𝑤! and 
𝑤). Notice that we omit the magnitudes of the prototypes in 
the definition, since the magnitudes tend to be very close.

𝑚. 𝑤! !"#' = min
!/)

∠(𝑤! , 𝑤)) = arccos max
!/)
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Figure 1: The curves of ratio between 
maximum and minimum magnitudes 
of prototypes on MNIST and CIFAR-
10/-100 using the softmax loss. The 
ratio is roughly close to 1 (< 1.3).
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where ∠(𝑤! , 𝑤)) denotes the angle between the vectors 𝑤! and 
𝑤). Notice that we omit the magnitudes of the prototypes in 
the definition, since the magnitudes tend to be very close.

To obtain better inter-class separability, we seek the largest 
class margin, which can be formulated as
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$
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Maximization of Class Margin
• W perform ℓ* normalization to effectively restrict the prototypes on the unit sphere 𝕊&1#. 

Under this constraint, the maximization of the class margin is equivalent to the configuration 
of 𝑘 points on 𝕊&1# to maximize their minimum pairwise distance:

arg max
0! !"#

$ ⊂𝕊%&#
min
!/)

∠(𝑤! , 𝑤)) = arg max
0! !"#

$ ⊂𝕊%&#
𝑤! −𝑤) *

.

• The right-hand side is well known as the 𝑘 –points best-packing problem on spheres, whose 
solution leads to the optimal separation of points. And the best-packing problem turns to be 
the limiting case of the minimal Riesz energy problem:

min
0! !"#

$ ⊂𝕊%&#
lim
4→6

7
!/)

1

𝑤! −𝑤) *
4 = arg max

0! !"#
$ ⊂𝕊%&#

𝑤! −𝑤) *

[1] Sergiy V Borodachov, Douglas P Hardin, and Edward B Saff. Discrete energy on rectifiable sets. Springer, 2019. 
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• Lemma 1.[Optimality of Maximizing Class Margin] For any 𝑤#, … , 𝑤' ∈ 𝕊&1#, 𝑑 ≥ 2, and 
2 ≤ 𝑘 ≤ 𝑑 + 1, the solution of minimal Riesz 𝑡-energy and 𝑘–points best-packing 
configurations are uniquely given by the vertices of regular (𝑘 − 1)-simplices inscribed in 
𝕊&1#. Furthermore, 𝑤!,𝑤) = − #

'1#
, ∀𝑖 ≠ 𝑗.

[1] Sergiy V Borodachov, Douglas P Hardin, and Edward B Saff. Discrete energy on rectifiable sets. Springer, 2019. 



Sample Margin
According to the definition in Koltchinskii et al.[2], for the network 𝑓(𝑥; Θ,𝑊) = 𝑊,𝜙% 𝑥 :ℝ7 →
ℝ' that outputs 𝑘 logits, the margin of a sample (𝑥, 𝑦) is defined as

𝛾 𝑥, 𝑦 = 𝑓 𝑥 + −max)/+
𝑓 𝑥 ) = 𝑤+,𝑧 − max)/+

𝑤),𝑧 ,

where 𝑧 = 𝜙% 𝑥 denotes the corresponding feature. Let 𝑛) be the number of samples in class 𝑗
and 𝑆) = {𝑖: 𝑦! = 𝑗} denote the sample indices corresponding to class 𝑗. We can define the sample 
margin for samples in class 𝑗 as

𝛾) = min
!∈9'

𝛾(𝑥! , 𝑦!) ,

and the minimal sample margin over the entire dataset is 𝛾7!: = min{𝛾#, … , 𝛾'}.

[2] Koltchinskii V, Panchenko D. Empirical margin distributions and bounding the generalization error of combined classifiers[J]. The Annals of Statistics, 2002, 30(1): 1-50.
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𝛾) = min
!∈9'
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and the minimal sample margin over the entire dataset is 𝛾7!: = min{𝛾#, … , 𝛾'}.

Theorem 2. For any 𝑤#, … , 𝑤' ∈ 𝕊&1# (where 𝑛)>0 ), the optimal solution 𝑤!∗ !"#
' , 𝑧!∗ !"#

$ of 
maximizing 𝛾7!: is obtained if and only if 𝑤!∗ !"#

' maximizes the class margin 𝑚. 𝑤! !"#' , and 

𝑧!∗ =
0(!
∗ 1<0(!

∗

0(!
∗ 1<0(!

∗
*

, where a𝑤+!
∗ denotes the centroid of the vectors {𝑤): 𝑗 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒𝑠 𝑤),𝑤+!

∗ , 𝑗 ≠ 𝑦!}.

[2] Koltchinskii V, Panchenko D. Empirical margin distributions and bounding the generalization error of combined classifiers[J]. The Annals of Statistics, 2002, 30(1): 1-50.



Maximization of Sample Margin
Proposition 3. For any 𝑤#, … , 𝑤' , 𝑧#, … , 𝑧$ ∈ 𝕊&1#, 𝑑 ≥ 2, and 2 ≤ 𝑘 ≤ 𝑑 + 1, the maximum of 
𝛾7!: is '

'1#
, which is obtained if and only if ∀𝑖 ≠ 𝑗, 𝑤!,𝑤) = − #

'1#
, and 𝑧! = 𝑤+! .

Theorem 2 and Proposition 3 show that the best separation of prototypes is obtained when 
maximizing the minimal sample margin 𝛾7!:.

On the other hand, let 𝐿=,) 𝑓 = Pr[max
)+/)

𝑓 𝑥 )+ > 𝑓 𝑥 ) − 𝛾] denote the hard margin loss on 

samples from class 𝑗, and let i𝐿=,) denote its empirical variant. When the training dataset is 
separable, Cao et al.[3] provide a class-balanced generalization error bound, i.e., for 𝛾) > 0 and all 
𝑓 ∈ ℱ, with a high probability we have

Pr max
)+/)

𝑓 𝑥 )+ > 𝑓 𝑥 + ≤
1
𝑘7
)"#

'

i𝐿=,) 𝑓 +
4
𝛾)
lℜ) ℱ + 𝜀) 𝛾) .

where lℜ) ℱ denotes the empirical Rademacher complexity.

[3] Cao K, Wei C, Gaidon A, et al. Learning Imbalanced Datasets with Label-Distribution-Aware Margin Loss[J]. Advances in Neural Information Processing Systems, 2019, 32: 1567-1578.



Margin-based Losses
What loss can learn towards the largest margins? Can CE?

Theorem 4. ∀𝜀 ∈ 0, -
*

, if the domain of 𝑤#, … , 𝑤' , 𝑧#, … , 𝑧$ is ℝ&, then there exists prototypes that 
achieve the infimum of the softmax loss and have the class margin 𝜀.

This theorem reveals that, the original softmax loss may produce an arbitrary small class margin.

Therefore, many works emphasize the normalization of both features and prototypes.

A unified framework8] that covers A-Softmax[4] with feature normalization, NormFace[5], CosFace[6] /AM-
Softmax[7] and ArcFace[8] as a special cases can be formulated with hyper-parameters 𝑚#, 𝑚*, 𝑚?:

𝐿!@ = − log
exp 𝑠 cos(𝑚#𝜃!+! +𝑚*) − 𝑚?

exp 𝑠 cos(𝑚#𝜃!+! +𝑚*) − 𝑚? + ∑)/+! exp 𝑠 cos 𝜃!)
.

[4] Liu et al. SphereFace: Deep hypersphere embedding for face recognition. In Proceedings of the IEEE conference on computer vision and pattern recognition, pp. 212–220, 2017. 
[5] Wang et al. NormFace: L2 hypersphere embed- ding for face verification. In Proceedings of the 25th ACM international conference on Multimedia, pp. 1041–1049, 2017. 
[6] Wang et al. CosFace: Large margin cosine loss for deep face recognition. In Proceedings of the IEEE conference on computer vision and pattern recognition, pp. 5265–5274, 2018b. 
[7] Wang et al. Additive margin softmax for face verification. IEEE Signal Processing Letters, 25(7):926–930, 2018a. 
[8] Deng et al. ArcFace: Additive angular margin loss for deep face recognition. In Proceedings of the IEEE Conference on Computer Vision and Pattern Recognition, pp. 4690–4699, 2019. 



Margin-based Losses
The setting of these hyper-parameters always guarantees that cos(𝑚#𝜃!+! +𝑚*) ≤
cos𝑚* cos 𝜃!+! , and 𝑚* usually set to satisfy ≥ #

*
. Let 𝛼 = cos𝑚* and 𝛽 = −𝑚? < 0, we have

𝐿!@ ≥ − log
exp 𝑠 𝛼 cos 𝜃!+! + 𝛽

exp 𝑠 𝛼 cos 𝜃!+! + 𝛽 + ∑)/+! exp 𝑠 cos 𝜃!)
,

which indicates that the existing well-designed normalized softmax loss functions are all 
considered as the upper bound of the RHS, and the equality holds if and only if 𝜃!+! = 0.

Generalized Margin Softmax Loss. We can derive a more general formulation:

𝐿! = − log
exp 𝑠 𝛼!# cos 𝜃!+! + 𝛽!#

exp 𝑠 𝛼!* cos 𝜃!+! + 𝛽!* + ∑)/+! exp 𝑠 cos 𝜃!)
,

where 𝛼!#, 𝛼!*, 𝛽!# and 𝛽!* are the hyper-parameters to handle the margins in training, which are 
set specifically for each sample. We also require that 𝛼!# ≥

#
*
, 𝛼!* ≤ 𝛼!#, 𝑠 > 0, 𝛽!#, 𝛽!* ∈ ℝ.



Learning Towards the Largest for 
Class-balanced Cases
Theorem 5. For balanced datasets (i.e., each class has the same number of samples), 𝑤#, … , 𝑤' ,
𝑧#, … , 𝑧$ ∈ 𝕊&1# , 𝑑 ≥ 2, and 2 ≤ 𝑘 ≤ 𝑑 + 1, learning with GM-Softmax (where 𝛼!# = 𝛼#, 𝛼!* =
𝛼*, 𝛽!# = 𝛽#, 𝛽!* = 𝛽*) leads to maximizing both the class margin and the sample margin. More 
specifically, the optimal solutions

𝑤!∗ !"#
' , 𝑧!∗ !"#

$ = arg min
{0'}, C! ⊂𝕊%&#

1
𝑁
7
!"#

:

− log
exp 𝑠 𝛼!# cos 𝜃!+! + 𝛽!#

exp 𝑠 𝛼!* cos 𝜃!+! + 𝛽!* + ∑)/+! exp 𝑠 cos 𝜃!)
has the largest class margins 𝑚.

∗ = arccos 1#
'1#

, and the largest sample margin 𝛾7!: =
'
'1#

. The 

lower bound of the risk is log exp 𝑠 𝛼# + 𝛽# − 𝛼* − 𝛽* + 𝑘 − 1 exp(−𝑠( 1#
'1#

+ 𝛼# + 𝛽#)) , 

which is obtained if and only if ∀𝑖 ≠ 𝑗, 𝑤!,𝑤) = − #
'1#

, and 𝑧! = 𝑤+! .
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'1#

, and 𝑧! = 𝑤+! .

Proposition 6. For the balanced dataset, 𝑤#, … , 𝑤' , 𝑧#, … , 𝑧$ ∈ 𝕊&1# , 𝑑 ≥ 2, and 2 ≤ 𝑘 ≤ 𝑑 + 1, 
learning with the loss functions A-Softmax with feature normalization, NormFace, CosFace/AM-
Softmax, and ArcFace share the same optimal solution.



Sample Margin Regularization
In order to encourage learning towards the largest margins, we try to explicitly leverage the sample 
margin as the loss function, which is defined as

𝑅D7 𝑥, 𝑦 = − 𝑤+,𝑧 − max)/+!
𝑤),𝑧 .

The empirical risk #
$
∑!"#$ 𝑅D7 𝑥! , 𝑦! is a lower-bound surrogate of −𝛾7!:, i.e., −𝛾7!: ≥

#
$
∑!"#$ 𝑅D7 𝑥! , 𝑦! , while directly minimizing −𝛾7!: is too difficult to optimize a neural network. 

When 𝑘 ≤ 𝑑 + 1, learning with new loss would promote the learning towards the largest margins:

Theorem 7. For the balanced dataset, 𝑤#, … , 𝑤' , 𝑧#, … , 𝑧$ ∈ 𝕊&1# , 𝑑 ≥ 2, and 2 ≤ 𝑘 ≤ 𝑑 + 1, 
learning with 𝑅D7 leads to the maximization of the class margin and the sample margin.

Although learning with 𝑅D7 theoretically achieves the largest margins, in practical implementation, 
the optimization by the gradient-based methods shows unstable and non-convergent results for 
large scale datasets. Alternatively, we turn to combine 𝑅D7 as a regularization or complementary 
term with commonly-used losses.



Sample Margin Regularization



Largest Margin Softmax Loss
Theorem 2 provides a theoretical guarantee that maximizing 𝛾7!: would lead to maximizing the 
class margin regardless of the feature dimension, the class number, and class balancedness. 
However, directly maximizing 𝛾7!: is difficult to optimize a neural network with only one sample 
margin. As a consequence, we introduce an appropriate surrogate loss, which is called Largest 
Margin Softmax (LM-Softmax) loss:

𝐿 𝑥, 𝑦; 𝑠 = −
1
𝑠 log

exp 𝑠𝑤+,𝑧
∑)/+ exp 𝑠𝑤),𝑧

.

Actually, based on the limiting case of the log-sum-exp operator, we have

−𝛾7!: = lim
D→6

1
𝑠
log7

!"#

$

7
)/+!

exp 𝑠 𝑤),𝑧! −𝑤+!
, 𝑧! .

Since log is strictly concave, we can derive the following inequality:

1
𝑠 log7

!"#

$

7
)/+!

exp 𝑠 𝑤),𝑧! −𝑤+!
, 𝑧! ≥

1
𝑠𝑁7

!"#

$

𝐿 𝑥! , 𝑦!; 𝑠 +
1
𝑠 log𝑁 .

Thus, we can achieve the maximizing of 𝛾7!: by learning with 𝐿 𝑥, 𝑦; 𝑠 .



Largest Margin Softmax Loss

Figure 1: Visualization of the learned prototypes (red arrows) and features (green points) using NormFace, CosFace, 
ArcFace and LM-Softmax on 𝕊, for eight classes. The optimal solution of Tammes problem[3] for 𝑁 = 8 have the 
class margin 74.86∘[4], where the class margin of learning with the losses NormFace, CosFace, ArcFace and LM-
Softmax are 68.50∘, 71.86∘, 67.74∘ and 74.46∘, respectively.

[9]“Tammes Problem” (2021) Wikipedia. Available at https://en.wikipedia.org/wiki/Tammes_problem (Accessed: 8 March 2022)
[10] L. L. Whyte. Unique arrangements of points on a sphere. The American Mathematical Monthly, 59 (9):606–611, 1952. ISSN 00029890, 19300972. 

https://en.wikipedia.org/wiki/Tammes_problem


Learning Towards the Largest for 
Class-Imbalanced Cases
Theorem 8. For balanced or imbalanced cases, 𝑤#, … , 𝑤' , 𝑧#, … , 𝑧$ ∈ 𝕊&1# , 𝑑 ≥ 2, and 2 ≤ 𝑘 ≤
𝑑 + 1, if ∑!"#' 𝑤! = 0, then learning with GM-Softmax leads to maximizing both the class margin 
and the sample margin. More specifically, the optimal solutions 𝑤!∗ !"#

' , 𝑧!∗ !"#
$ has the largest 

class margins 𝑚.
∗ = arccos 1#

'1#
, and the largest sample margin 𝛾7!: =

'
'1#

. The lower bound of the 

risk is #
$
∑!"#$ log[exp 𝑠 𝛼!# + 𝛽!# − 𝛼!* − 𝛽!* + 𝑘 − 1 exp(−𝑠( #

'1#
+ 𝛼!#+𝛽!#))], which is 

obtained if and only if ∀𝑖 ≠ 𝑗, 𝑤!,𝑤) = − #
'1#

, and 𝑧! = 𝑤+! .
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∗ = arccos 1#

'1#
, and the largest sample margin 𝛾7!: =
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. The lower bound of the 

risk is #
$
∑!"#$ log[exp 𝑠 𝛼!# + 𝛽!# − 𝛼!* − 𝛽!* + 𝑘 − 1 exp(−𝑠( #

'1#
+ 𝛼!#+𝛽!#))], which is 

obtained if and only if ∀𝑖 ≠ 𝑗, 𝑤!,𝑤) = − #
'1#

, and 𝑧! = 𝑤+! .

Zero-Centroid Regularization. As a consequence, we propose a straight regularization term as 
follows, which can be combined with commonly-used losses to remedy the class-imbalanced 
problem:

𝑅E 𝑤) )"#
' = 𝜆

1
𝑘7
)"#

'

𝑤)
*

*

The zero centroid regularization only applies to the prototypes at the last inner-product layer.
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