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Mutual Information Estimation
• General measure of dependence between two RVs X,Z

<latexit sha1_base64="p5Umvavtg1iRFyKaV95XVSohFmE="></latexit>

Ip(X;Z) = H(X)�H(X|Z) = Ep(x,z)[log p(x|z)]� Ep(x)[log p(x)]

• Estimation from joint samples  only 

• Nearest neighbors     (Kraskov et. al 2004) 

• InfoNCE, MINE  (review: Poole et. al 2019)

(x, z)
<latexit sha1_base64="yo8TSrd3lkdbzvAuuAFP6GRq0Ak="></latexit>� (Gao et. al 2015)

<latexit sha1_base64="yo8TSrd3lkdbzvAuuAFP6GRq0Ak="></latexit>� (McAllester & Stratos 2020)

• Exponential sample complexity!
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Figure 1: Schematic of various MI bounds discussed in this paper. Green shading indicates our
contributions, while columns and gold labels indicate single- or multi-sample bounds. Blue arrows
indicate special cases using the indicated proposal distribution. Several bounds with unknown
p(x|z) use learned energy functions, where the optimal energy function reflects the true p(x|z).
Relationships based on energy functions are indicated by red arrows. Bounds with unknown p(x|z)
provide only lower bounds on MI, while we obtain both upper and lower bounds with known p(x|z).
All bounds require a single known marginal p(z) for evaluation, apart from (Structured) INFO-NCE.

using Markov Chain Monte Carlo (MCMC) techniques. Using a general approach for constructing
extended state space bounds on MI, we combine insights from importance-weighted autoencoder
(IWAE) (Burda et al., 2016; Sobolev & Vetrov, 2019) and annealed importance sampling (AIS) (Neal,
2001) to propose Multi-Sample AIS bounds in Sec. 3. We empirically show that this approach can
tightly estimate large values of MI when the full joint distribution is known. RB: Strengthen?

Our importance sampling perspective also suggests improvements upon several existing energy-based
lower bounds on MI, where our proposed methods only assume access to joint samples for optimization
but require a single marginal distribution for evaluation. In Sec. 2.4, we propose Generalized IWAE
(GIWAE), which generalizes both IWAE and INFONCE and highlights how variational learning can
complement multi-sample contrastive estimation to improve MI lower bounds.

Finally, in Sec. 4 we propose MINE-AIS, which optimizes a tighter lower bound than Mutual Informa-
tion Neural Estimation (MINE) (Belghazi et al., 2018) using a stable energy-based training procedure.
We demonstrate that the lower bound used in MINE-AIS corresponds to the infinite-sample limit of
the GIWAE lower bound. However, our training scheme involves only a single ‘negative’ contrastive
sample obtained using MCMC. MINE-AIS then uses Multi-Sample AIS to evaluate a lower bound on
MI for a given energy function and known marginal, and shows notable improvement over existing
variational bounds in the challenging setting of MI estimation for deep generative models.

1.1 PROBLEM SETTING

The mutual information between two random variables x and z with joint distribution p(x, z) is

I(x; z) = Ep(x,z)


log

p(x, z)

p(x)p(z)

�
= H(x)�H(x|z) = Ep(x,z)[log p(x|z)]� Ep(x)[log p(x)], (1)

where H(x|z) denotes the conditional entropy �Ep(x,z) log p(x|z).
While the mutual information methods discussed in this work rely on a variety of different assump-
tions, we primarily focus on bounds which assume that either a single marginal distribution or the
full joint distribution are available. A natural setting where the full joint distribution is available
is estimating the mutual information in deep generative models between the latent variables, with
a known prior z ⇠ p(z), and data x ⇠ p(x) simulated from the model (Alemi & Fischer, 2018).
1 Scenarios where a single marginal distribution is known appear in simulation-based inference

1An alternative, ‘encoding’ MI between the real data and the latent code is often of interest in representation
learning (see App. G), but cannot be directly estimated using our methods due to the unavailability of densities
for the data distribution pd(x) or the ‘aggregated posterior’ q(z) =

R
pd(x)q(z|x)dx.
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p(z)(b) Known        only      MINE-AIS, Generalized IWAE

(a) Known                 Multi-Sample Annealed Importance Sampling 
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Ip(X;Z) = Ep(x,z)

⇥
log p(x|z)

⇤
� Ep(x)

⇥
log p(x)

⇤
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p(x|z), p(z)

unbiased, low variance
intractable 

log partition function

(a) Known                 Multi-Sample Annealed Importance Sampling 



Extended State Space Approach
• Construct ,  such that ratio of normalization constants is         
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ptgt(x, zext)
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qprop(zext|x)
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p(x)
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ptgt(x, zext) = p(x, z)

Standard ELBO and ‘EUBO’
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qprop
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qprop(zext|x) = q✓(z|x)
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Eqprop(zext|x)


log

ptgt(x, zext)

qprop(zext|x)

�

| {z }
elbo(x)

 log p(x)  Eptgt(zext|x)


log

ptgt(x, zext)

qprop(zext|x)
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Extended State Space Approach

Upper Bound Gap 
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⇥
ptgt(zext|x)

��qprop(zext|x)
⇤

Lower Bound Gap   
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Extended State Space Approach
• Construct ,  such that ratio of normalization constants is         
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Importance Weighted Autoencoder 
(Burda et. al 2016, Sobolev & Vetrov 2019)
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Figure 2: Extended state-space probabilistic interpretations of multi-sample AIS bounds. Forward
chains are colored in blue, and backward chains are colored in red. Note that ELBOs and EUBOs are
obtained by taking the expectation of the log unnormalized importance weights log pTGT(·)/qPROP(·)
under either the proposal or target distribution, and can then be translated to MI bounds.

3 MULTI-SAMPLE AIS BOUNDS FOR ESTIMATING MUTUAL INFORMATION

In the previous sections, we derived probabilistic interpretations of extended state space importance
sampling using multiple samples K, as in IWAE. In this section, we first review AIS, which extends
the state space using T intermediate densities We then show that these approaches are complementary,
and derive two practical Multi-Sample AIS methods, which provide tighter bounds by combining
insights from IWAE and AIS.

3.1 ANNEALED IMPORTANCE SAMPLING BACKGROUND

AIS (Neal, 2001) constructs a sequence of intermediate distributions {⇡t(z)}Tt=0, which bridge
between a normalized initial distribution ⇡0(z|x) and target distribution ⇡T (z|x) = p(z|x) with
unnormalized density ⇡T (x, z) = p(x, z) and normalizing constant ZT (x) = p(x). A common
choice for intermediate distributions is the geometric mixture path parameterized by {�t}

T

t=0

⇡t(z|x) =
⇡0(z|x)1��t ⇡T (x, z)

�t

Zt(x)
, where Zt(x) =

Z
⇡0(z|x)1��t

⇡T (x, z)
�t
dz. (11)

In the probabilistic interpretation of AIS, we consider an extended state space proposal qAIS
PROP(z0:T |x),

obtained by sampling from the initial ⇡0(z|x) and constructing transitions Tf (zt+1|zt,x) which leave
⇡t(z|x) invariant. The target distribution p

AIS
TGT(z0:T |x) is given by running the reverse transitions

Tr(zt|zt+1,x) starting from a target or posterior sample ⇡T (z|x), as shown in Fig. 2,

q
AIS
PROP(z0:T |x) := ⇡0(z0|x)

T�1Y

t=0

Tf (zt+1|zt) , p
AIS
TGT(x, z0:T ) := ⇡T (x, zT )

T�1Y

t=0

Tr(zt|zt+1,x) . (12)

Taking expectations of the log importance weights under the proposal and target again yields a lower
and upper bound on the log partition function log p(x) (App. E). These single-chain lower and
upper bounds translate to upper and lower bounds on MI, IAISU (⇡0, T ) and IAISL(⇡0, T ), which were
suggested for MI estimation in the blog post of Sobolev (2019). To characterize the bias reduction for
AIS with increasing T , we prove the following proposition.

Proposition 3.1 (Complexity in T ). Assuming perfect transitions and a geometric annealing path
with linearly-spaced {�t}

T

t=1, the sum of the gaps in the AIS sandwich bounds on MI, IAISU (⇡0, T )�
IAISL(⇡0, T ), reduces linearly with increasing T .

See App. D.1 for a proof. In our experiments in Sec. 5, we will find that this linear bias reduction in
T is crucial for achieving tight MI estimation when both p(z) and p(x|z) are known. However, we
can further tighten these AIS bounds using multiple annealing chains (K > 1), and we present two
practical extended state space approaches in the following sections.

3.2 INDEPENDENT MULTI-SAMPLE AIS BOUNDS

To derive Independent Multi-Sample AIS (IM-AIS), we construct an extended state space proposal by
running K independent AIS forward chains z(k)0:T ⇠ q

AIS
PROP in parallel. Similarly to the IWAE upper

bound (Eq. (5)), the extended state space target involves selecting a index s uniformly at random, and
running a backward AIS chain z(s)0:T ⇠ p

AIS
TGT starting from a true posterior sample zT ⇠ p(z|x). The

remaining K � 1 samples are obtained by running forward AIS chains, as visualized in Fig. 2
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under either the proposal or target distribution, and can then be translated to MI bounds.
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the state space using T intermediate densities We then show that these approaches are complementary,
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obtained by sampling from the initial ⇡0(z|x) and constructing transitions Tf (zt+1|zt,x) which leave
⇡t(z|x) invariant. The target distribution p
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Taking expectations of the log importance weights under the proposal and target again yields a lower
and upper bound on the log partition function log p(x) (App. E). These single-chain lower and
upper bounds translate to upper and lower bounds on MI, IAISU (⇡0, T ) and IAISL(⇡0, T ), which were
suggested for MI estimation in the blog post of Sobolev (2019). To characterize the bias reduction for
AIS with increasing T , we prove the following proposition.
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See App. D.1 for a proof. In our experiments in Sec. 5, we will find that this linear bias reduction in
T is crucial for achieving tight MI estimation when both p(z) and p(x|z) are known. However, we
can further tighten these AIS bounds using multiple annealing chains (K > 1), and we present two
practical extended state space approaches in the following sections.
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To derive Independent Multi-Sample AIS (IM-AIS), we construct an extended state space proposal by
running K independent AIS forward chains z(k)0:T ⇠ q
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PROP in parallel. Similarly to the IWAE upper

bound (Eq. (5)), the extended state space target involves selecting a index s uniformly at random, and
running a backward AIS chain z(s)0:T ⇠ p
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TGT starting from a true posterior sample zT ⇠ p(z|x). The
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and upper bound on the log partition function log p(x) (App. E). These single-chain lower and
upper bounds translate to upper and lower bounds on MI, IAISU (⇡0, T ) and IAISL(⇡0, T ), which were
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obtained by taking the expectation of the log unnormalized importance weights log pTGT(·)/qPROP(·)
under either the proposal or target distribution, and can then be translated to MI bounds.

3 MULTI-SAMPLE AIS BOUNDS FOR ESTIMATING MUTUAL INFORMATION

In the previous sections, we derived probabilistic interpretations of extended state space importance
sampling using multiple samples K, as in IWAE. In this section, we first review AIS, which extends
the state space using T intermediate densities We then show that these approaches are complementary,
and derive two practical Multi-Sample AIS methods, which provide tighter bounds by combining
insights from IWAE and AIS.

3.1 ANNEALED IMPORTANCE SAMPLING BACKGROUND

AIS (Neal, 2001) constructs a sequence of intermediate distributions {⇡t(z)}Tt=0, which bridge
between a normalized initial distribution ⇡0(z|x) and target distribution ⇡T (z|x) = p(z|x) with
unnormalized density ⇡T (x, z) = p(x, z) and normalizing constant ZT (x) = p(x). A common
choice for intermediate distributions is the geometric mixture path parameterized by {�t}

T

t=0

⇡t(z|x) =
⇡0(z|x)1��t ⇡T (x, z)

�t

Zt(x)
, where Zt(x) =

Z
⇡0(z|x)1��t

⇡T (x, z)
�t
dz. (11)

In the probabilistic interpretation of AIS, we consider an extended state space proposal qAIS
PROP(z0:T |x),

obtained by sampling from the initial ⇡0(z|x) and constructing transitions Tf (zt+1|zt,x) which leave
⇡t(z|x) invariant. The target distribution p

AIS
TGT(z0:T |x) is given by running the reverse transitions

Tr(zt|zt+1,x) starting from a target or posterior sample ⇡T (z|x), as shown in Fig. 2,

q
AIS
PROP(z0:T |x) := ⇡0(z0|x)

T�1Y

t=0

Tf (zt+1|zt) , p
AIS
TGT(x, z0:T ) := ⇡T (x, zT )

T�1Y

t=0

Tr(zt|zt+1,x) . (12)

Taking expectations of the log importance weights under the proposal and target again yields a lower
and upper bound on the log partition function log p(x) (App. E). These single-chain lower and
upper bounds translate to upper and lower bounds on MI, IAISU (⇡0, T ) and IAISL(⇡0, T ), which were
suggested for MI estimation in the blog post of Sobolev (2019). To characterize the bias reduction for
AIS with increasing T , we prove the following proposition.

Proposition 3.1 (Complexity in T ). Assuming perfect transitions and a geometric annealing path
with linearly-spaced {�t}

T

t=1, the sum of the gaps in the AIS sandwich bounds on MI, IAISU (⇡0, T )�
IAISL(⇡0, T ), reduces linearly with increasing T .

See App. D.1 for a proof. In our experiments in Sec. 5, we will find that this linear bias reduction in
T is crucial for achieving tight MI estimation when both p(z) and p(x|z) are known. However, we
can further tighten these AIS bounds using multiple annealing chains (K > 1), and we present two
practical extended state space approaches in the following sections.

3.2 INDEPENDENT MULTI-SAMPLE AIS BOUNDS

To derive Independent Multi-Sample AIS (IM-AIS), we construct an extended state space proposal by
running K independent AIS forward chains z(k)0:T ⇠ q

AIS
PROP in parallel. Similarly to the IWAE upper

bound (Eq. (5)), the extended state space target involves selecting a index s uniformly at random, and
running a backward AIS chain z(s)0:T ⇠ p

AIS
TGT starting from a true posterior sample zT ⇠ p(z|x). The

remaining K � 1 samples are obtained by running forward AIS chains, as visualized in Fig. 2
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and upper bound on the log partition function log p(x) (App. E). These single-chain lower and
upper bounds translate to upper and lower bounds on MI, IAISU (⇡0, T ) and IAISL(⇡0, T ), which were
suggested for MI estimation in the blog post of Sobolev (2019). To characterize the bias reduction for
AIS with increasing T , we prove the following proposition.
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See App. D.1 for a proof. In our experiments in Sec. 5, we will find that this linear bias reduction in
T is crucial for achieving tight MI estimation when both p(z) and p(x|z) are known. However, we
can further tighten these AIS bounds using multiple annealing chains (K > 1), and we present two
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In the previous sections, we derived probabilistic interpretations of extended state space importance
sampling using multiple samples K, as in IWAE. In this section, we first review AIS, which extends
the state space using T intermediate densities We then show that these approaches are complementary,
and derive two practical Multi-Sample AIS methods, which provide tighter bounds by combining
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Taking expectations of the log importance weights under the proposal and target again yields a lower
and upper bound on the log partition function log p(x) (App. E). These single-chain lower and
upper bounds translate to upper and lower bounds on MI, IAISU (⇡0, T ) and IAISL(⇡0, T ), which were
suggested for MI estimation in the blog post of Sobolev (2019). To characterize the bias reduction for
AIS with increasing T , we prove the following proposition.
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See App. D.1 for a proof. In our experiments in Sec. 5, we will find that this linear bias reduction in
T is crucial for achieving tight MI estimation when both p(z) and p(x|z) are known. However, we
can further tighten these AIS bounds using multiple annealing chains (K > 1), and we present two
practical extended state space approaches in the following sections.
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To derive Independent Multi-Sample AIS (IM-AIS), we construct an extended state space proposal by
running K independent AIS forward chains z(k)0:T ⇠ q
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bound (Eq. (5)), the extended state space target involves selecting a index s uniformly at random, and
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TGT starting from a true posterior sample zT ⇠ p(z|x). The
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In the previous sections, we derived probabilistic interpretations of extended state space importance
sampling using multiple samples K, as in IWAE. In this section, we first review AIS, which extends
the state space using T intermediate densities We then show that these approaches are complementary,
and derive two practical Multi-Sample AIS methods, which provide tighter bounds by combining
insights from IWAE and AIS.
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PROP(z0:T |x),

obtained by sampling from the initial ⇡0(z|x) and constructing transitions Tf (zt+1|zt,x) which leave
⇡t(z|x) invariant. The target distribution p
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Taking expectations of the log importance weights under the proposal and target again yields a lower
and upper bound on the log partition function log p(x) (App. E). These single-chain lower and
upper bounds translate to upper and lower bounds on MI, IAISU (⇡0, T ) and IAISL(⇡0, T ), which were
suggested for MI estimation in the blog post of Sobolev (2019). To characterize the bias reduction for
AIS with increasing T , we prove the following proposition.

Proposition 3.1 (Complexity in T ). Assuming perfect transitions and a geometric annealing path
with linearly-spaced {�t}

T

t=1, the sum of the gaps in the AIS sandwich bounds on MI, IAISU (⇡0, T )�
IAISL(⇡0, T ), reduces linearly with increasing T .

See App. D.1 for a proof. In our experiments in Sec. 5, we will find that this linear bias reduction in
T is crucial for achieving tight MI estimation when both p(z) and p(x|z) are known. However, we
can further tighten these AIS bounds using multiple annealing chains (K > 1), and we present two
practical extended state space approaches in the following sections.

3.2 INDEPENDENT MULTI-SAMPLE AIS BOUNDS

To derive Independent Multi-Sample AIS (IM-AIS), we construct an extended state space proposal by
running K independent AIS forward chains z(k)0:T ⇠ q
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PROP in parallel. Similarly to the IWAE upper

bound (Eq. (5)), the extended state space target involves selecting a index s uniformly at random, and
running a backward AIS chain z(s)0:T ⇠ p

AIS
TGT starting from a true posterior sample zT ⇠ p(z|x). The
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AIS with increasing T , we prove the following proposition.

Proposition 3.1 (Complexity in T ). Assuming perfect transitions and a geometric annealing path
with linearly-spaced {�t}

T

t=1, the sum of the gaps in the AIS sandwich bounds on MI, IAISU (⇡0, T )�
IAISL(⇡0, T ), reduces linearly with increasing T .

See App. D.1 for a proof. In our experiments in Sec. 5, we will find that this linear bias reduction in
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3 MULTI-SAMPLE AIS BOUNDS FOR ESTIMATING MUTUAL INFORMATION

In the previous sections, we derived probabilistic interpretations of extended state space importance
sampling using multiple samples K, as in IWAE. In this section, we first review AIS, which extends
the state space using T intermediate densities We then show that these approaches are complementary,
and derive two practical Multi-Sample AIS methods, which provide tighter bounds by combining
insights from IWAE and AIS.

3.1 ANNEALED IMPORTANCE SAMPLING BACKGROUND

AIS (Neal, 2001) constructs a sequence of intermediate distributions {⇡t(z)}Tt=0, which bridge
between a normalized initial distribution ⇡0(z|x) and target distribution ⇡T (z|x) = p(z|x) with
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PROP(z0:T |x),
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Taking expectations of the log importance weights under the proposal and target again yields a lower
and upper bound on the log partition function log p(x) (App. E). These single-chain lower and
upper bounds translate to upper and lower bounds on MI, IAISU (⇡0, T ) and IAISL(⇡0, T ), which were
suggested for MI estimation in the blog post of Sobolev (2019). To characterize the bias reduction for
AIS with increasing T , we prove the following proposition.

Proposition 3.1 (Complexity in T ). Assuming perfect transitions and a geometric annealing path
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T

t=1, the sum of the gaps in the AIS sandwich bounds on MI, IAISU (⇡0, T )�
IAISL(⇡0, T ), reduces linearly with increasing T .

See App. D.1 for a proof. In our experiments in Sec. 5, we will find that this linear bias reduction in
T is crucial for achieving tight MI estimation when both p(z) and p(x|z) are known. However, we
can further tighten these AIS bounds using multiple annealing chains (K > 1), and we present two
practical extended state space approaches in the following sections.

3.2 INDEPENDENT MULTI-SAMPLE AIS BOUNDS

To derive Independent Multi-Sample AIS (IM-AIS), we construct an extended state space proposal by
running K independent AIS forward chains z(k)0:T ⇠ q

AIS
PROP in parallel. Similarly to the IWAE upper

bound (Eq. (5)), the extended state space target involves selecting a index s uniformly at random, and
running a backward AIS chain z(s)0:T ⇠ p

AIS
TGT starting from a true posterior sample zT ⇠ p(z|x). The

remaining K � 1 samples are obtained by running forward AIS chains, as visualized in Fig. 2
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Method MNIST-VAE10 MNIST-VAE100 MNIST-GAN10 MNIST-GAN100
AIS

(T=500) (34.16, 34.29) (80.19, 82.34) (21.60, 23.06) (25.58, 29.53)
AIS

(T=30K) (34.21, 34.21) (80.77, 80.80) (22.01, 22.01) (26.53, 26.54)

IWAE
(K=1K) (31.69, 34.24) (51.44, 85.30) (11.14, 52.73) (10.14, 201.18)

IWAE
(K=1M) (34.10, 34.22) (58.35, 83.39) (17.76, 30.88) (16.98, 58.04)

Method CIFAR-GAN10 CIFAR-GAN100
AIS

T=500 (48.16, 136.15) (145.19, 2786.53)

AIS
T=100K (72.85, 73.54) (479.27, 484.84)

IWAE
K=1K (23.58, 74.00) (26.98, 5283.13)

IWAE
K=1M (30.73, 73.36) (33.81, 5271.56)

Table 1: Mutual information (MI) Estimation with importance-weighted autoencoder (IWAE) (with
varying K) and Multi-Sample annealed importance sampling (AIS) (with varying T ) on MNIST (left)
and CIFAR (right). Tight estimates, with gap of less than 2 nats, are in bold.

1 INTRODUCTION

MI is among the most general measures of dependence between two random variables. Among other
applications in machine learning, MI has been used for both training (Alemi et al., 2016; 2018; Chen
et al., 2016; Zhao et al., 2018) and evaluating (Alemi & Fischer, 2018; Huang et al., 2020) generative
models. Furthermore, successes in neural network function approximation have encouraged a wave
of variational or contrastive methods for MI estimation from samples only (Belghazi et al., 2018;
van den Oord et al., 2018; Poole et al., 2019). However, McAllester & Stratos (2020) have shown
strong theoretical limitations on any estimator based on direct sampling without an analytic form of
at least one marginal distribution. In light of these limitations, we consider MI estimation in settings
where a single marginal or full joint distribution are known.

In this work, we view MI estimation from the perspective of importance sampling. Using a general
approach for constructing extended state space bounds on MI, we combine insights from IWAE (Burda
et al., 2016; Sobolev & Vetrov, 2019) and AIS (Neal, 2001) to propose Multi-Sample AIS bounds in
Sec. 3. We empirically show that this approach can tightly estimate large values of MI when the full
joint distribution is known.

Our importance sampling perspective also suggests improvements upon several existing energy-
based lower bounds on MI, where our proposed methods only assume access to joint samples for
optimization but require a single marginal distribution for evaluation. In Sec. 2.4, we propose
Generalized IWAE (GIWAE), which generalizes both IWAE and INFONCE (Poole et al., 2019) and
highlights how variational learning can complement multi-sample contrastive estimation to improve
MI lower bounds. Finally, in Sec. 4 we propose MINE-AIS, which optimizes a tighter lower bound than
Mutual Information Neural Estimation (MINE) (Belghazi et al., 2018) using a stable energy-based
training procedure. We demonstrate that the lower bound used in MINE-AIS corresponds to the
infinite-sample limit of the GIWAE lower bound, although training involves only a single ‘negative’
contrastive sample obtained using Markov Chain Monte Carlo (MCMC). MINE-AIS then uses Multi-
Sample AIS to evaluate a lower bound on MI, and shows notable improvement over existing variational
bounds in the challenging setting of MI estimation for deep generative models. We summarize the MI
bounds discussed in this paper and the relationships between them in Fig. 1.

1.1 PROBLEM SETTING

The mutual information between two random variables x and z with joint distribution p(x, z) is

I(x; z) = Ep(x,z)


log

p(x, z)

p(x)p(z)

�
= H(x)�H(x|z) = Ep(x,z)[log p(x|z)]� Ep(x)[log p(x)], (1)

where H(x|z) denotes the conditional entropy �Ep(x,z) log p(x|z). We primarily focus on bounds
that assume either a single marginal distribution or the full joint distribution are available. A natural
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van den Oord et al., 2018; Poole et al., 2019). However, McAllester & Stratos (2020) have shown
strong theoretical limitations on any estimator based on direct sampling without an analytic form of
at least one marginal distribution. In light of these limitations, we consider MI estimation in settings
where a single marginal or full joint distribution are known.

In this work, we view MI estimation from the perspective of importance sampling. Using a general
approach for constructing extended state space bounds on MI, we combine insights from IWAE (Burda
et al., 2016; Sobolev & Vetrov, 2019) and AIS (Neal, 2001) to propose Multi-Sample AIS bounds in
Sec. 3. We empirically show that this approach can tightly estimate large values of MI when the full
joint distribution is known.

Our importance sampling perspective also suggests improvements upon several existing energy-
based lower bounds on MI, where our proposed methods only assume access to joint samples for
optimization but require a single marginal distribution for evaluation. In Sec. 2.4, we propose
Generalized IWAE (GIWAE), which generalizes both IWAE and INFONCE (Poole et al., 2019) and
highlights how variational learning can complement multi-sample contrastive estimation to improve
MI lower bounds. Finally, in Sec. 4 we propose MINE-AIS, which optimizes a tighter lower bound than
Mutual Information Neural Estimation (MINE) (Belghazi et al., 2018) using a stable energy-based
training procedure. We demonstrate that the lower bound used in MINE-AIS corresponds to the
infinite-sample limit of the GIWAE lower bound, although training involves only a single ‘negative’
contrastive sample obtained using Markov Chain Monte Carlo (MCMC). MINE-AIS then uses Multi-
Sample AIS to evaluate a lower bound on MI, and shows notable improvement over existing variational
bounds in the challenging setting of MI estimation for deep generative models. We summarize the MI
bounds discussed in this paper and the relationships between them in Fig. 1.

1.1 PROBLEM SETTING

The mutual information between two random variables x and z with joint distribution p(x, z) is

I(x; z) = Ep(x,z)


log

p(x, z)

p(x)p(z)

�
= H(x)�H(x|z) = Ep(x,z)[log p(x|z)]� Ep(x)[log p(x)], (1)

where H(x|z) denotes the conditional entropy �Ep(x,z) log p(x|z). We primarily focus on bounds
that assume either a single marginal distribution or the full joint distribution are available. A natural
setting where the full joint distribution is available is estimating MI in deep generative models between
the latent variables, with a known prior z ⇠ p(z), and data x ⇠ p(x) simulated from the model
(Alemi & Fischer, 2018).1 Settings where only a single marginal is known appear, for example, in
simulation-based inference (Cranmer et al., 2020), where information about input parameters ✓ is
known and a simulator can generate x for a given ✓, but the likelihood p(x|✓) is intractable.

1An alternative, ‘encoding’ MI between the real data and the latent code is often of interest in representation learning (see
App. M), but cannot be directly estimated using our methods due to the unavailability of densities for the data distribution
pd(x) or the ‘aggregated posterior’ q(z) =

R
pd(x)q(z|x)dx.
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Method MNIST-VAE10 MNIST-VAE100 MNIST-GAN10 MNIST-GAN100
AIS

(T=500) (34.16, 34.29) (80.19, 82.34) (21.60, 23.06) (25.58, 29.53)
AIS

(T=30K) (34.21, 34.21) (80.77, 80.80) (22.01, 22.01) (26.53, 26.54)

IWAE
(K=1K) (31.69, 34.24) (51.44, 85.30) (11.14, 52.73) (10.14, 201.18)

IWAE
(K=1M) (34.10, 34.22) (58.35, 83.39) (17.76, 30.88) (16.98, 58.04)

Method CIFAR-GAN10 CIFAR-GAN100
AIS

T=500 (48.16, 136.15) (145.19, 2786.53)

AIS
T=100K (72.85, 73.54) (479.27, 484.84)

IWAE
K=1K (23.58, 74.00) (26.98, 5283.13)

IWAE
K=1M (30.73, 73.36) (33.81, 5271.56)

Table 1: Mutual information (MI) Estimation with importance-weighted autoencoder (IWAE) (with
varying K) and Multi-Sample annealed importance sampling (AIS) (with varying T ) on MNIST (left)
and CIFAR (right). Tight estimates, with gap of less than 2 nats, are in bold.

1 INTRODUCTION

MI is among the most general measures of dependence between two random variables. Among other
applications in machine learning, MI has been used for both training (Alemi et al., 2016; 2018; Chen
et al., 2016; Zhao et al., 2018) and evaluating (Alemi & Fischer, 2018; Huang et al., 2020) generative
models. Furthermore, successes in neural network function approximation have encouraged a wave
of variational or contrastive methods for MI estimation from samples only (Belghazi et al., 2018;
van den Oord et al., 2018; Poole et al., 2019). However, McAllester & Stratos (2020) have shown
strong theoretical limitations on any estimator based on direct sampling without an analytic form of
at least one marginal distribution. In light of these limitations, we consider MI estimation in settings
where a single marginal or full joint distribution are known.

In this work, we view MI estimation from the perspective of importance sampling. Using a general
approach for constructing extended state space bounds on MI, we combine insights from IWAE (Burda
et al., 2016; Sobolev & Vetrov, 2019) and AIS (Neal, 2001) to propose Multi-Sample AIS bounds in
Sec. 3. We empirically show that this approach can tightly estimate large values of MI when the full
joint distribution is known.

Our importance sampling perspective also suggests improvements upon several existing energy-
based lower bounds on MI, where our proposed methods only assume access to joint samples for
optimization but require a single marginal distribution for evaluation. In Sec. 2.4, we propose
Generalized IWAE (GIWAE), which generalizes both IWAE and INFONCE (Poole et al., 2019) and
highlights how variational learning can complement multi-sample contrastive estimation to improve
MI lower bounds. Finally, in Sec. 4 we propose MINE-AIS, which optimizes a tighter lower bound than
Mutual Information Neural Estimation (MINE) (Belghazi et al., 2018) using a stable energy-based
training procedure. We demonstrate that the lower bound used in MINE-AIS corresponds to the
infinite-sample limit of the GIWAE lower bound, although training involves only a single ‘negative’
contrastive sample obtained using Markov Chain Monte Carlo (MCMC). MINE-AIS then uses Multi-
Sample AIS to evaluate a lower bound on MI, and shows notable improvement over existing variational
bounds in the challenging setting of MI estimation for deep generative models. We summarize the MI
bounds discussed in this paper and the relationships between them in Fig. 1.

1.1 PROBLEM SETTING

The mutual information between two random variables x and z with joint distribution p(x, z) is

I(x; z) = Ep(x,z)


log

p(x, z)

p(x)p(z)

�
= H(x)�H(x|z) = Ep(x,z)[log p(x|z)]� Ep(x)[log p(x)], (1)

where H(x|z) denotes the conditional entropy �Ep(x,z) log p(x|z). We primarily focus on bounds
that assume either a single marginal distribution or the full joint distribution are available. A natural
setting where the full joint distribution is available is estimating MI in deep generative models between
the latent variables, with a known prior z ⇠ p(z), and data x ⇠ p(x) simulated from the model
(Alemi & Fischer, 2018).1 Settings where only a single marginal is known appear, for example, in
simulation-based inference (Cranmer et al., 2020), where information about input parameters ✓ is
known and a simulator can generate x for a given ✓, but the likelihood p(x|✓) is intractable.

1An alternative, ‘encoding’ MI between the real data and the latent code is often of interest in representation learning (see
App. M), but cannot be directly estimated using our methods due to the unavailability of densities for the data distribution
pd(x) or the ‘aggregated posterior’ q(z) =

R
pd(x)q(z|x)dx.
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Figure 1: Schematic of various MI bounds discussed in this paper. Green shading indicates our
contributions, while columns and gold labels indicate single- or multi-sample bounds. Blue arrows
indicate special cases using the indicated proposal distribution. Several bounds with unknown
p(x|z) use learned energy functions, where the optimal energy function reflects the true p(x|z).
Relationships based on energy functions are indicated by red arrows. Bounds with unknown p(x|z)
provide only lower bounds on MI, while we obtain both upper and lower bounds with known p(x|z).
All bounds require a single known marginal p(z) for evaluation, apart from (Structured) INFO-NCE.

using Markov Chain Monte Carlo (MCMC) techniques. Using a general approach for constructing
extended state space bounds on MI, we combine insights from importance-weighted autoencoder
(IWAE) (Burda et al., 2016; Sobolev & Vetrov, 2019) and annealed importance sampling (AIS) (Neal,
2001) to propose Multi-Sample AIS bounds in Sec. 3. We empirically show that this approach can
tightly estimate large values of MI when the full joint distribution is known. RB: Strengthen?

Our importance sampling perspective also suggests improvements upon several existing energy-based
lower bounds on MI, where our proposed methods only assume access to joint samples for optimization
but require a single marginal distribution for evaluation. In Sec. 2.4, we propose Generalized IWAE
(GIWAE), which generalizes both IWAE and INFONCE and highlights how variational learning can
complement multi-sample contrastive estimation to improve MI lower bounds.

Finally, in Sec. 4 we propose MINE-AIS, which optimizes a tighter lower bound than Mutual Informa-
tion Neural Estimation (MINE) (Belghazi et al., 2018) using a stable energy-based training procedure.
We demonstrate that the lower bound used in MINE-AIS corresponds to the infinite-sample limit of
the GIWAE lower bound. However, our training scheme involves only a single ‘negative’ contrastive
sample obtained using MCMC. MINE-AIS then uses Multi-Sample AIS to evaluate a lower bound on
MI for a given energy function and known marginal, and shows notable improvement over existing
variational bounds in the challenging setting of MI estimation for deep generative models.

1.1 PROBLEM SETTING

The mutual information between two random variables x and z with joint distribution p(x, z) is

I(x; z) = Ep(x,z)


log

p(x, z)

p(x)p(z)

�
= H(x)�H(x|z) = Ep(x,z)[log p(x|z)]� Ep(x)[log p(x)], (1)

where H(x|z) denotes the conditional entropy �Ep(x,z) log p(x|z).
While the mutual information methods discussed in this work rely on a variety of different assump-
tions, we primarily focus on bounds which assume that either a single marginal distribution or the
full joint distribution are available. A natural setting where the full joint distribution is available
is estimating the mutual information in deep generative models between the latent variables, with
a known prior z ⇠ p(z), and data x ⇠ p(x) simulated from the model (Alemi & Fischer, 2018).
1 Scenarios where a single marginal distribution is known appear in simulation-based inference

1An alternative, ‘encoding’ MI between the real data and the latent code is often of interest in representation
learning (see App. G), but cannot be directly estimated using our methods due to the unavailability of densities
for the data distribution pd(x) or the ‘aggregated posterior’ q(z) =

R
pd(x)q(z|x)dx.
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Figure 1: Schematic of various MI bounds discussed in this paper. Green shading indicates our
contributions, while columns and gold labels indicate single- or multi-sample bounds. Blue arrows
indicate special cases using the indicated proposal distribution. Several bounds with unknown
p(x|z) use learned energy functions, where the optimal energy function reflects the true p(x|z).
Relationships based on energy functions are indicated by red arrows. Bounds with unknown p(x|z)
provide only lower bounds on MI, while we obtain both upper and lower bounds with known p(x|z).
All bounds require a single known marginal p(z) for evaluation, apart from (Structured) INFO-NCE.

using Markov Chain Monte Carlo (MCMC) techniques. Using a general approach for constructing
extended state space bounds on MI, we combine insights from importance-weighted autoencoder
(IWAE) (Burda et al., 2016; Sobolev & Vetrov, 2019) and annealed importance sampling (AIS) (Neal,
2001) to propose Multi-Sample AIS bounds in Sec. 3. We empirically show that this approach can
tightly estimate large values of MI when the full joint distribution is known. RB: Strengthen?

Our importance sampling perspective also suggests improvements upon several existing energy-based
lower bounds on MI, where our proposed methods only assume access to joint samples for optimization
but require a single marginal distribution for evaluation. In Sec. 2.4, we propose Generalized IWAE
(GIWAE), which generalizes both IWAE and INFONCE and highlights how variational learning can
complement multi-sample contrastive estimation to improve MI lower bounds.

Finally, in Sec. 4 we propose MINE-AIS, which optimizes a tighter lower bound than Mutual Informa-
tion Neural Estimation (MINE) (Belghazi et al., 2018) using a stable energy-based training procedure.
We demonstrate that the lower bound used in MINE-AIS corresponds to the infinite-sample limit of
the GIWAE lower bound. However, our training scheme involves only a single ‘negative’ contrastive
sample obtained using MCMC. MINE-AIS then uses Multi-Sample AIS to evaluate a lower bound on
MI for a given energy function and known marginal, and shows notable improvement over existing
variational bounds in the challenging setting of MI estimation for deep generative models.

1.1 PROBLEM SETTING

The mutual information between two random variables x and z with joint distribution p(x, z) is

I(x; z) = Ep(x,z)


log

p(x, z)

p(x)p(z)

�
= H(x)�H(x|z) = Ep(x,z)[log p(x|z)]� Ep(x)[log p(x)], (1)

where H(x|z) denotes the conditional entropy �Ep(x,z) log p(x|z).
While the mutual information methods discussed in this work rely on a variety of different assump-
tions, we primarily focus on bounds which assume that either a single marginal distribution or the
full joint distribution are available. A natural setting where the full joint distribution is available
is estimating the mutual information in deep generative models between the latent variables, with
a known prior z ⇠ p(z), and data x ⇠ p(x) simulated from the model (Alemi & Fischer, 2018).
1 Scenarios where a single marginal distribution is known appear in simulation-based inference

1An alternative, ‘encoding’ MI between the real data and the latent code is often of interest in representation
learning (see App. G), but cannot be directly estimated using our methods due to the unavailability of densities
for the data distribution pd(x) or the ‘aggregated posterior’ q(z) =

R
pd(x)q(z|x)dx.
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Figure 1: Schematic of various MI bounds discussed in this paper. Green shading indicates our
contributions, while columns and gold labels indicate single- or multi-sample bounds. Blue arrows
indicate special cases using the indicated proposal distribution. Several bounds with unknown
p(x|z) use learned energy functions, where the optimal energy function reflects the true p(x|z).
Relationships based on energy functions are indicated by red arrows. Bounds with unknown p(x|z)
provide only lower bounds on MI, while we obtain both upper and lower bounds with known p(x|z).
All bounds require a single known marginal p(z) for evaluation, apart from (Structured) INFO-NCE.

using Markov Chain Monte Carlo (MCMC) techniques. Using a general approach for constructing
extended state space bounds on MI, we combine insights from importance-weighted autoencoder
(IWAE) (Burda et al., 2016; Sobolev & Vetrov, 2019) and annealed importance sampling (AIS) (Neal,
2001) to propose Multi-Sample AIS bounds in Sec. 3. We empirically show that this approach can
tightly estimate large values of MI when the full joint distribution is known. RB: Strengthen?

Our importance sampling perspective also suggests improvements upon several existing energy-based
lower bounds on MI, where our proposed methods only assume access to joint samples for optimization
but require a single marginal distribution for evaluation. In Sec. 2.4, we propose Generalized IWAE
(GIWAE), which generalizes both IWAE and INFONCE and highlights how variational learning can
complement multi-sample contrastive estimation to improve MI lower bounds.

Finally, in Sec. 4 we propose MINE-AIS, which optimizes a tighter lower bound than Mutual Informa-
tion Neural Estimation (MINE) (Belghazi et al., 2018) using a stable energy-based training procedure.
We demonstrate that the lower bound used in MINE-AIS corresponds to the infinite-sample limit of
the GIWAE lower bound. However, our training scheme involves only a single ‘negative’ contrastive
sample obtained using MCMC. MINE-AIS then uses Multi-Sample AIS to evaluate a lower bound on
MI for a given energy function and known marginal, and shows notable improvement over existing
variational bounds in the challenging setting of MI estimation for deep generative models.

1.1 PROBLEM SETTING

The mutual information between two random variables x and z with joint distribution p(x, z) is

I(x; z) = Ep(x,z)


log

p(x, z)

p(x)p(z)

�
= H(x)�H(x|z) = Ep(x,z)[log p(x|z)]� Ep(x)[log p(x)], (1)

where H(x|z) denotes the conditional entropy �Ep(x,z) log p(x|z).
While the mutual information methods discussed in this work rely on a variety of different assump-
tions, we primarily focus on bounds which assume that either a single marginal distribution or the
full joint distribution are available. A natural setting where the full joint distribution is available
is estimating the mutual information in deep generative models between the latent variables, with
a known prior z ⇠ p(z), and data x ⇠ p(x) simulated from the model (Alemi & Fischer, 2018).
1 Scenarios where a single marginal distribution is known appear in simulation-based inference

1An alternative, ‘encoding’ MI between the real data and the latent code is often of interest in representation
learning (see App. G), but cannot be directly estimated using our methods due to the unavailability of densities
for the data distribution pd(x) or the ‘aggregated posterior’ q(z) =

R
pd(x)q(z|x)dx.
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Figure 1: Schematic of various MI bounds discussed in this paper. Green shading indicates our
contributions, while columns and gold labels indicate single- or multi-sample bounds. Blue arrows
indicate special cases using the indicated proposal distribution. Several bounds with unknown
p(x|z) use learned energy functions, where the optimal energy function reflects the true p(x|z).
Relationships based on energy functions are indicated by red arrows. Bounds with unknown p(x|z)
provide only lower bounds on MI, while we obtain both upper and lower bounds with known p(x|z).
All bounds require a single known marginal p(z) for evaluation, apart from (Structured) INFO-NCE.

using Markov Chain Monte Carlo (MCMC) techniques. Using a general approach for constructing
extended state space bounds on MI, we combine insights from importance-weighted autoencoder
(IWAE) (Burda et al., 2016; Sobolev & Vetrov, 2019) and annealed importance sampling (AIS) (Neal,
2001) to propose Multi-Sample AIS bounds in Sec. 3. We empirically show that this approach can
tightly estimate large values of MI when the full joint distribution is known. RB: Strengthen?

Our importance sampling perspective also suggests improvements upon several existing energy-based
lower bounds on MI, where our proposed methods only assume access to joint samples for optimization
but require a single marginal distribution for evaluation. In Sec. 2.4, we propose Generalized IWAE
(GIWAE), which generalizes both IWAE and INFONCE and highlights how variational learning can
complement multi-sample contrastive estimation to improve MI lower bounds.

Finally, in Sec. 4 we propose MINE-AIS, which optimizes a tighter lower bound than Mutual Informa-
tion Neural Estimation (MINE) (Belghazi et al., 2018) using a stable energy-based training procedure.
We demonstrate that the lower bound used in MINE-AIS corresponds to the infinite-sample limit of
the GIWAE lower bound. However, our training scheme involves only a single ‘negative’ contrastive
sample obtained using MCMC. MINE-AIS then uses Multi-Sample AIS to evaluate a lower bound on
MI for a given energy function and known marginal, and shows notable improvement over existing
variational bounds in the challenging setting of MI estimation for deep generative models.

1.1 PROBLEM SETTING

The mutual information between two random variables x and z with joint distribution p(x, z) is

I(x; z) = Ep(x,z)


log

p(x, z)

p(x)p(z)

�
= H(x)�H(x|z) = Ep(x,z)[log p(x|z)]� Ep(x)[log p(x)], (1)

where H(x|z) denotes the conditional entropy �Ep(x,z) log p(x|z).
While the mutual information methods discussed in this work rely on a variety of different assump-
tions, we primarily focus on bounds which assume that either a single marginal distribution or the
full joint distribution are available. A natural setting where the full joint distribution is available
is estimating the mutual information in deep generative models between the latent variables, with
a known prior z ⇠ p(z), and data x ⇠ p(x) simulated from the model (Alemi & Fischer, 2018).
1 Scenarios where a single marginal distribution is known appear in simulation-based inference

1An alternative, ‘encoding’ MI between the real data and the latent code is often of interest in representation
learning (see App. G), but cannot be directly estimated using our methods due to the unavailability of densities
for the data distribution pd(x) or the ‘aggregated posterior’ q(z) =

R
pd(x)q(z|x)dx.
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Figure 1: Schematic of various MI bounds discussed in this paper. Green shading indicates our
contributions, while columns and gold labels indicate single- or multi-sample bounds. Blue arrows
indicate special cases using the indicated proposal distribution. Several bounds with unknown
p(x|z) use learned energy functions, where the optimal energy function reflects the true p(x|z).
Relationships based on energy functions are indicated by red arrows. Bounds with unknown p(x|z)
provide only lower bounds on MI, while we obtain both upper and lower bounds with known p(x|z).
All bounds require a single known marginal p(z) for evaluation, apart from (Structured) INFO-NCE.

using Markov Chain Monte Carlo (MCMC) techniques. Using a general approach for constructing
extended state space bounds on MI, we combine insights from importance-weighted autoencoder
(IWAE) (Burda et al., 2016; Sobolev & Vetrov, 2019) and annealed importance sampling (AIS) (Neal,
2001) to propose Multi-Sample AIS bounds in Sec. 3. We empirically show that this approach can
tightly estimate large values of MI when the full joint distribution is known. RB: Strengthen?

Our importance sampling perspective also suggests improvements upon several existing energy-based
lower bounds on MI, where our proposed methods only assume access to joint samples for optimization
but require a single marginal distribution for evaluation. In Sec. 2.4, we propose Generalized IWAE
(GIWAE), which generalizes both IWAE and INFONCE and highlights how variational learning can
complement multi-sample contrastive estimation to improve MI lower bounds.

Finally, in Sec. 4 we propose MINE-AIS, which optimizes a tighter lower bound than Mutual Informa-
tion Neural Estimation (MINE) (Belghazi et al., 2018) using a stable energy-based training procedure.
We demonstrate that the lower bound used in MINE-AIS corresponds to the infinite-sample limit of
the GIWAE lower bound. However, our training scheme involves only a single ‘negative’ contrastive
sample obtained using MCMC. MINE-AIS then uses Multi-Sample AIS to evaluate a lower bound on
MI for a given energy function and known marginal, and shows notable improvement over existing
variational bounds in the challenging setting of MI estimation for deep generative models.

1.1 PROBLEM SETTING

The mutual information between two random variables x and z with joint distribution p(x, z) is

I(x; z) = Ep(x,z)
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log

p(x, z)

p(x)p(z)

�
= H(x)�H(x|z) = Ep(x,z)[log p(x|z)]� Ep(x)[log p(x)], (1)

where H(x|z) denotes the conditional entropy �Ep(x,z) log p(x|z).
While the mutual information methods discussed in this work rely on a variety of different assump-
tions, we primarily focus on bounds which assume that either a single marginal distribution or the
full joint distribution are available. A natural setting where the full joint distribution is available
is estimating the mutual information in deep generative models between the latent variables, with
a known prior z ⇠ p(z), and data x ⇠ p(x) simulated from the model (Alemi & Fischer, 2018).
1 Scenarios where a single marginal distribution is known appear in simulation-based inference

1An alternative, ‘encoding’ MI between the real data and the latent code is often of interest in representation
learning (see App. G), but cannot be directly estimated using our methods due to the unavailability of densities
for the data distribution pd(x) or the ‘aggregated posterior’ q(z) =

R
pd(x)q(z|x)dx.
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Figure 1: Schematic of various MI bounds discussed in this paper. Green shading indicates our
contributions, while columns and gold labels indicate single- or multi-sample bounds. Blue arrows
indicate special cases using the indicated proposal distribution. Several bounds with unknown
p(x|z) use learned energy functions, where the optimal energy function reflects the true p(x|z).
Relationships based on energy functions are indicated by red arrows. Bounds with unknown p(x|z)
provide only lower bounds on MI, while we obtain both upper and lower bounds with known p(x|z).
All bounds require a single known marginal p(z) for evaluation, apart from (Structured) INFO-NCE.

using Markov Chain Monte Carlo (MCMC) techniques. Using a general approach for constructing
extended state space bounds on MI, we combine insights from importance-weighted autoencoder
(IWAE) (Burda et al., 2016; Sobolev & Vetrov, 2019) and annealed importance sampling (AIS) (Neal,
2001) to propose Multi-Sample AIS bounds in Sec. 3. We empirically show that this approach can
tightly estimate large values of MI when the full joint distribution is known. RB: Strengthen?

Our importance sampling perspective also suggests improvements upon several existing energy-based
lower bounds on MI, where our proposed methods only assume access to joint samples for optimization
but require a single marginal distribution for evaluation. In Sec. 2.4, we propose Generalized IWAE
(GIWAE), which generalizes both IWAE and INFONCE and highlights how variational learning can
complement multi-sample contrastive estimation to improve MI lower bounds.

Finally, in Sec. 4 we propose MINE-AIS, which optimizes a tighter lower bound than Mutual Informa-
tion Neural Estimation (MINE) (Belghazi et al., 2018) using a stable energy-based training procedure.
We demonstrate that the lower bound used in MINE-AIS corresponds to the infinite-sample limit of
the GIWAE lower bound. However, our training scheme involves only a single ‘negative’ contrastive
sample obtained using MCMC. MINE-AIS then uses Multi-Sample AIS to evaluate a lower bound on
MI for a given energy function and known marginal, and shows notable improvement over existing
variational bounds in the challenging setting of MI estimation for deep generative models.

1.1 PROBLEM SETTING

The mutual information between two random variables x and z with joint distribution p(x, z) is

I(x; z) = Ep(x,z)


log

p(x, z)

p(x)p(z)

�
= H(x)�H(x|z) = Ep(x,z)[log p(x|z)]� Ep(x)[log p(x)], (1)

where H(x|z) denotes the conditional entropy �Ep(x,z) log p(x|z).
While the mutual information methods discussed in this work rely on a variety of different assump-
tions, we primarily focus on bounds which assume that either a single marginal distribution or the
full joint distribution are available. A natural setting where the full joint distribution is available
is estimating the mutual information in deep generative models between the latent variables, with
a known prior z ⇠ p(z), and data x ⇠ p(x) simulated from the model (Alemi & Fischer, 2018).
1 Scenarios where a single marginal distribution is known appear in simulation-based inference

1An alternative, ‘encoding’ MI between the real data and the latent code is often of interest in representation
learning (see App. G), but cannot be directly estimated using our methods due to the unavailability of densities
for the data distribution pd(x) or the ‘aggregated posterior’ q(z) =

R
pd(x)q(z|x)dx.
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Figure 5: (a) Comparison of energy-based bounds (GIWAE and MINE-AIS) with other MI bounds.
(b) Visualization of various energy-based lower bounds and their relationships.

lower overall bound than IWAE, which uses the optimal energy function and has access to the full
joint distribution (Cor. 2.4). GIWAE exhibits similar tradeoffs between the variational and contrastive
terms as IWAE, with the contribution of the contrastive term increasing for more complex posteriors.

InfoNCE and Structured InfoNCE Finally, note that INFONCE and Structured INFONCE are
special cases of GIWAE and IWAE where the BA term is equal to 0, as discussed in Sec. 2.3-2.4. While
this removes the need for access to an analytical marginal distribution p(z) for evaluation, we observe
that these contrastive bounds saturate to logK in all of our experiments.

MINE-AIS Lower Bound In Fig. 5a, we observe that MINE-AIS improves over BA due to its
more flexible variational family, and improves upon GIWAE and INFONCE since it is their limiting
behavior (see Prop. 4.2).3 For a more complex posterior in the GAN-20 model, we see that MINE-AIS
can significantly outperform IWAE, which assumes access to the true conditional p(x|z) but uses a
Gaussian q✓(z|x).

6 CONCLUSION

In this work, we have provided a unifying view of mutual information estimation from the perspective
of importance sampling. We derived probabilistic interpretations of each bound, which shed light
on the limitations of existing estimators and motivated our novel GIWAE, Multi-Sample AIS, and
MINE-AIS bounds. When the conditional is not known, our GIWAE bounds highlights how variational
learning can complement contrastive bounds such as INFO-NCE to improve lower bounds on MI.
When the full joint distribution is known, our Multi-Sample AIS bounds are the only practical bounds
which have been demonstrated to estimate large values of MI without exponential sample complexity,
and thus should be considered the gold standard for MI estimation in these settings. Finally, MINE-AIS
extends Multi-Sample AIS evaluation to unknown conditional densities, and can be viewed as the
infinite-sample behavior of GIWAE and existing contrastive bounds. Our MINE-AIS and Multi-Sample
AIS methods highlight how MCMC techniques can be used to improve mutual information estimation
when a single analytic marginal or conditional density is available. While the focus of this work
was purely on estimating MI, in the future we plan to investigate the usefulness of our bounds in
applications such as information bottleneck or self-supervised representation learning methods (see
App. G) which utilize MI bounds in their training objectives.

REFERENCES

Felix Agakov. Variational information maximization in stochastic environments. PhD thesis, Univer-
sity of Edinburgh, 2006.
3Note that our MINE-AIS results use p(z) as the base distribution, which is the limiting behavior of INFONCE.

We might expect further improvement by jointly learning the variational base distribution q✓(z|x) and energy
T� as described in Sec. 4.2.1.

16

Published as a conference paper at ICLR 2022

Input
Used

XXXXXXXXXBound
Model Linear

VAE10
MNIST
VAE20

MNIST
GAN20

p(x, z) Analytical 23.22 N/A N/A

p(x, z)
Joint
Samples

Multi-Sample AIS Sandwich Bound (23.21, 23.25) (36.51, 36.66) (53.69, 53.73)

IWAE LB (K = 1000) 20.5 + 2.6 = 23.2 22.6 + 6.6 = 29.2 20.4 + 6.9 = 27.3

IWAE LB (K = 100) 21.4 + 1.7 = 23.1 24.2 + 4.6 = 28.8 20.9 + 4.6 = 25.5

Structured InfoNCE LB (K = 1000) 6.90 6.90 6.90

Structured InfoNCE LB (K = 100) 4.60 4.60 4.60

p(z)
Joint
Samples

MINE-AIS Sandwich Bound on IBAL (23.04, 23.05) (30.05, 30.05) (38.61, 38.61)

Generalized IWAE LB (K = 100) 22.7 + 0.1 = 22.8 23.1 + 3.9 = 27.0 20.3 + 4.6 = 24.9

Barber-Agakov LB 22.76 24.48 20.98

Joint
Samples

InfoNCE LB (K = 1000) 6.90 6.90 6.90

InfoNCE LB (K = 100) 4.60 4.60 4.60

(a) (b)

Figure 5: (a) Comparison of energy-based bounds (GIWAE and MINE-AIS) with other MI bounds.
(b) Visualization of various energy-based lower bounds and their relationships.
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joint distribution (Cor. 2.4). GIWAE exhibits similar tradeoffs between the variational and contrastive
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behavior (see Prop. 4.2).3 For a more complex posterior in the GAN-20 model, we see that MINE-AIS
can significantly outperform IWAE, which assumes access to the true conditional p(x|z) but uses a
Gaussian q✓(z|x).

6 CONCLUSION

In this work, we have provided a unifying view of mutual information estimation from the perspective
of importance sampling. We derived probabilistic interpretations of each bound, which shed light
on the limitations of existing estimators and motivated our novel GIWAE, Multi-Sample AIS, and
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Figure 1: Schematic of various MI bounds discussed in this paper. Green shading indicates our
contributions, while columns and gold labels indicate single- or multi-sample bounds. Blue arrows
indicate special cases using the indicated proposal distribution. Several bounds with unknown
p(x|z) use learned energy functions, where the optimal energy function reflects the true p(x|z).
Relationships based on energy functions are indicated by red arrows. Bounds with unknown p(x|z)
provide only lower bounds on MI, while we obtain both upper and lower bounds with known p(x|z).
All bounds require a single known marginal p(z) for evaluation, apart from (Structured) INFO-NCE.

using Markov Chain Monte Carlo (MCMC) techniques. Using a general approach for constructing
extended state space bounds on MI, we combine insights from importance-weighted autoencoder
(IWAE) (Burda et al., 2016; Sobolev & Vetrov, 2019) and annealed importance sampling (AIS) (Neal,
2001) to propose Multi-Sample AIS bounds in Sec. 3. We empirically show that this approach can
tightly estimate large values of MI when the full joint distribution is known. RB: Strengthen?

Our importance sampling perspective also suggests improvements upon several existing energy-based
lower bounds on MI, where our proposed methods only assume access to joint samples for optimization
but require a single marginal distribution for evaluation. In Sec. 2.4, we propose Generalized IWAE
(GIWAE), which generalizes both IWAE and INFONCE and highlights how variational learning can
complement multi-sample contrastive estimation to improve MI lower bounds.

Finally, in Sec. 4 we propose MINE-AIS, which optimizes a tighter lower bound than Mutual Informa-
tion Neural Estimation (MINE) (Belghazi et al., 2018) using a stable energy-based training procedure.
We demonstrate that the lower bound used in MINE-AIS corresponds to the infinite-sample limit of
the GIWAE lower bound. However, our training scheme involves only a single ‘negative’ contrastive
sample obtained using MCMC. MINE-AIS then uses Multi-Sample AIS to evaluate a lower bound on
MI for a given energy function and known marginal, and shows notable improvement over existing
variational bounds in the challenging setting of MI estimation for deep generative models.

1.1 PROBLEM SETTING

The mutual information between two random variables x and z with joint distribution p(x, z) is

I(x; z) = Ep(x,z)


log

p(x, z)

p(x)p(z)

�
= H(x)�H(x|z) = Ep(x,z)[log p(x|z)]� Ep(x)[log p(x)], (1)

where H(x|z) denotes the conditional entropy �Ep(x,z) log p(x|z).
While the mutual information methods discussed in this work rely on a variety of different assump-
tions, we primarily focus on bounds which assume that either a single marginal distribution or the
full joint distribution are available. A natural setting where the full joint distribution is available
is estimating the mutual information in deep generative models between the latent variables, with
a known prior z ⇠ p(z), and data x ⇠ p(x) simulated from the model (Alemi & Fischer, 2018).
1 Scenarios where a single marginal distribution is known appear in simulation-based inference

1An alternative, ‘encoding’ MI between the real data and the latent code is often of interest in representation
learning (see App. G), but cannot be directly estimated using our methods due to the unavailability of densities
for the data distribution pd(x) or the ‘aggregated posterior’ q(z) =

R
pd(x)q(z|x)dx.
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