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Mutual Information Estimation

e General measure of dependence between two RVs X,Z

p(z)
1,(X; Z2) = H(X) = H(X|Z) = Epiua 108 p(x|2)] — By 108 ()]
@ p(x|z)
e Estimation from joint samples (x, z) only e Exponential sample complexity!

e Nearest neighbors  (Kraskov et. al 2004) — (Gao et. al 2015)

e InfoNCE, MINE (review: Poole et. al 2019) — (McAllester & Stratos 2020)



Our Contributions

(a) Known p(x|z), p(z)  Multi-Sample Annealed Importance Sampling

(b) Known p(z) only ~ MINE-AIS, Generalized IWAE
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Known Joint Distribution

(a) Known p(x|z), p(z)  Multi-Sample Annealed Importance Sampling

Ip<X7 Z) — ]Ep(x,z) [logp(X|Z)} T EP(X) [lng(X)} I(x; z)

unbiased, low variance

intractable
log partition function

AIS chain
proposal K>1
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Lower and Upper Bound on MI



Extended State Space Approach

e Construct Pror(XZext) rror(Zext|X) sych that ratio of normalization constants is P(X)

Prer (X7 Zext) ] Prer (X7 Zext)
B (e x) | log < logp(x) < Ep.(a txllog
e e >[ Goror (Zext ) | e s e |
ELBO(X) EUBO(x)

Standard ELBO and ‘EUBOQO’
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drrop (ZeXt |X) = dqp (Z ‘X> gdproP @




Extended State Space Approach

e Construct Pror(XZext) rror(Zext|X) sych that ratio of normalization constants is P(X)
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Extended State Space Approach

e Construct Pror(XZext) rror(Zext|X) sych that ratio of normalization constants is P(X)

]EqPI{OP (Zext|x) [ log
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Importance Weighted Autoencoder Annealed Importance Sampling
(Burda et. al 2016, Sobolev & Vetrov 2019) (Neal 2001, Grosse et al 2015)
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Multi-Sample AlS

e Construct Pror(XZext) rror(Zext|X) sych that ratio of normalization constants is P(X)

Prer (X7 Zext) ]

drrop (Zext ‘X) |

Prer\X; Zex
EC]PROP(Zext|X) llog . ( t)] S logp(x) S ]EpTGT(Zextlx) llog
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Importance Weighted Autoencoder Annealed Importance Sampling Multi-Sample AIS
(Burda et. al 2016, Sobolev & Vetrov 2019) (Neal 2001, Grosse et al 2015) (ours)
@
Prar Prer Prar
@)
@
dpropr gdrropr dpropr
@ | G =)=




Bidirectional Monte Carlo (BDMC)

e Construct Pror(XZext) rror(Zext|X) sych that ratio of normalization constants is P(X)

Prer (X7 Zext) ]
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EC]PIiOP(Zext|X) [log . ( t)] S logp(x) S ]EpTGT(zextlx) llog
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e Evaluating MI between latent z and generated data x in VAEs, GANs

Results

p(x|z)

O

using learned Gaussian

Method | MNIST-VAE10 MNIST-VAE100 | MNIST-GAN10 MNIST-GAN100 Method | CIFAR-GAN10 CIFAR-GAN100
AIS AIS

(T=500) | (34.16,34.29) (80.19, 82.34) | (21.60,23.06) (25.58,29.53) T=500 | (48.16,136.15) (145.19,2786.53)
AIS AIS

(T=30K) | (34.21, 34.21) (80.77,80.80) | (22.01,22.01) (26.53,26.54) T=100K | (72.85,73.54) (479.27,484.84)
IWAE IWAE

(K=1K) | (31.69,34.24) [(51.44,\85.30) |/(11.14,%2.73) [(10.14,201.18) K=1K 8,74.00) /(26.98,%283.13)
IWAE IWAE

(K=1M) | (34.10, 34.22) \(58.35/83.39) 17.76,/30.88) \(16.98/58.04) K=1M | \(30.73/73.36) 33.81,/5271.56)

IWAE lower bound improves
Alog K = 6.91

at rate of at most log K
(# importance samples)



Results

o Evaluating MI between latent z and generated data x in VAEs, GANs @ p(xz)

using learned Gaussian

Method | MNIST-VAE10 MNIST-VAE100 | MNIST-GAN10 MNIST-GAN100 Method | CIFAR-GAN10 CIFAR-GAN100
AIS AIS

(T=500) | (34.16,34.29) (80.19, 82.34) | (21.60,23.06) (25.58,29.53) T=500 | (48.16,136.15) (145.19,2786.53)
AIS AIS

(T=30K) | (34.21,34.21) (80.77,80.80) | (22.01,22.01) (26.53,26.54) T=100K | (72.85,73.54) (_(479.27, 484.84)
IWAE IWAE

(K=1K) | (31.69,34.24) (51.44,85.30) | (11.14,52.73) (10.14,201.18) K=1K | (23.58,74.00) (26.98,5283.13)
IWAE IWAE

(K=1M) | (34.10,34.22) (58.35,83.39) | (17.76,30.88) (16.98,58.04) K=IM | (30.73,73.36) (33.81,5271.56)

Multi-Sample AIS
sandwich bounds tighten
at rate of 1/T

(under perfect transitions)



Mutual Information Estimation

(a) Known p(x|z), p(z)  Multi-Sample Annealed Importance Sampling

(b) Known p(z) only ~ MINE-AIS, Generalized IWAE

single-sample
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Mutual Information Estimation

(b) Known p(z) only ~ MINE-AIS, Generalized IWAE

_— knownp(x|z)\‘O @ p(QT’Z)
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Barber-Agakov Lower Bound

(b) Known p(z) only

]p (X; Z) = Ep(x’z) [10g p(z\x)} — Ep(z) [log p(z)] ot gy o i v

proposal

Koo InfoNCE
posterior inference
I\
Lo it
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Barber-Agakov Lower Bound

(b) Known p(z) only

IP(X; Z) — I['Ej'p(:»c,z) [logp(Z\X)} - IEj’p(z) [logp(Z)]

MINE-AIS
L

~
Lower Bound on MI

qa(ZX)}

p(z)

> IE'j’p(x,Z) [log

Barber-Agakov Lower Bound
(Barber & Agakov 2003)

(log p(x) upper bound with gap
Eyx) [Drrlp(zx)]|go (z]x)]])



Barber-Agakov Lower Bound

| _ a(z)
I,(X;2) > EP(X,Z){I & () }

Barber-Agakov Lower Bound
(Barber & Agakov 2003)

(gap Epi [Drcrlp(zlx)lao(z]x)]] )



Ip(XBZ) >

InfoNCE

learned critic function

E K [10 I
pEp(z V1) T1 p(=") L S eTolxz®)

k=1

InfoNCE contrastive lower bound
(Poole et. al 2019, van Oord et. al 2018)



Generalized IWAE

negative sampling under ge

T¢(x,z( ))
Ip(X, Z) Z Ep(x,z) [log M} + E llog i{
p(z) p()p (=) [x L S eTo(x2)
k=1

e Special Cases

e IWAE for T*(x,2) = log %

L Barber Agakov £ % (IufoNCE
* I n fo N C E ) Lower Bo:gld on MI




GIWAE Infinite Sample Limit

Generalized IWAE lower bound

T¢(x,z(1))
I,(X;Z) > Epx.2) {log QQ(ZX)} + E e ]

K [10 e
p(z) pGIP(= 1) TT g0 () |x) LS5 et

k=1

K — o
MINE-AIS lower bound
Ty (x,2)
q9(2]%) [ e’
: > _'_ E X Z|X lOg
Ip(X,Z) > Epx,2) [log (@) } p(x)p(z|x) E,, (21 [€T¢(x,z)}



MINE-AIS

1
Z(x)

e Energy-Based Posterior g 4(z/x) = g0 (z|x)eTe (<2
e Training : contrastive divergence training of energy-based posterior
e Evaluation : Multi-Sample AlS to evaluate log z(x) = log E,, (2 [¢7* 7]

6T¢ (X,Z)

[€T¢ (x,z)}

q0(z|x)
p(z)

I,(X5Z) 2 Epx,z) [log } + Epiop(aix) [10% -

q0 (2]%)



optimal Te

K — o

optimal To

L ower Bound Results

Information MNIST MNIST
Used VAE-20 GAN-20
(R'I[JLTI—ISJiiII\IPiE AIS) [(X’ Z) p(x, Z) 65.1 53.4
p(z) 57.7 40.8
MINE-AIS (g9, 1)
p(x,2)
45.1 27.9
IWAE (qg, K) K = 1000
p(z)
43.7 27.2
GIWAE (qg, T4, K) K = 1000
p(z) 37.9 21.4

BARBER-AGAKOV (qp)

using learned Gaussian

.

K5

const. erfergy - optimal energy
nfoNC!
MINE-AIS ¢ ‘lf' 28y \fulti-Sample AIS]
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Thanks!



