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Random Features for Softmax Kernel Approximation

* Softmax Kernel
SM(x,y) = exp(x'y), where x € R,y € R¢

* Random Features Approximation for Softmax Kernel

SMn (X, y) = ém (%) dm(y), where ¢ : R* — R?™, m : number of random features
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* Trigonometric Random Features (Rahimi & Recht, 2007)
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Positive Random Features (FAVOR+) (Choromanski et al., 2021)
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MSEs for Trigonometric and Positive RFs

X + Y, fl(u) =
(1 - exp(—u?))’.

Lemma 2.2 (positive versus trigonometric RFs). Take A = x — y, z
(2m)~Lexp(u?)SM™2(x,y), fo(u) = (2m) ' exp(u?)SM3(x,y), f3(u)
The MSEs of these estimators are:
——trig —tt
MSE(SM,,, (x,¥)) = fi(llzl2)fs(|All2), MSE(SM,, (x,¥)) = f2(llzll2) fa(llzl2). (7



MSEs for Trigonometric and Positive RFs

Lemma 2.2 (positive versus trigonometric RFs). Take A = x —y, z = x+ Yy, fi(u)

(2m) " exp(u?)SM2(x,y), fal(u) = (2m) " exp(u?)SM(x, ), fo(u) = (1 — exp(—u))>.
The MSEs of these estimators are:

MSE(SM,. " (x,¥)) = fi(llzll2)fs(All2), MSEGM,, (x,¥)) = fa(llzll2)fs(llzll). D

——trig
MSE for SM

MSE for §1\\/I++

MSE:s are given as functions of: an angle 6y , € [0, 7] between x and y and r (symmetrized along
0 for length axis) . For each plot, we marked in grey its slice for a fixed r.



Our Motivation for Hybrid Random Features (HRFs)

* (Question:

———tri —~++
Can we create a hybrid estimator which combines the advantage of SM "®andSM ' to make MSE
goes to zero for both 0 ;, — 0 and Oy, — 7 ?




Hybrid Random Feature Estimator of SM(x,y)

—k
Denote by £ = (SM (x,y))?1] alist of estimators of SM(x, y) (the so-called base estimators) and

by A = (AF(x,y))P_, a list of estimators of {\*(x,y)}?_, for some functions \¥ : R% x R% —
[0, 1], constructed independently from £. Take the following estimator of SM(x,y):

SM "~ (x,y) = > 2_ M(x,y)SM (x,y) + (1 — > )\k(x,y)) SM (x,y)
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* Base Estimators: §1\\/Ik(x y) = (65 (%)) T 05 . (y)

where ¢f (1) = —=¢ih (W) * . % @ (), t > 0 and ¢ph ., 905 - RT — R™



Hybrid Random Feature Estimator of SM(x,y)

Denote by £ = (SM (x,y))? 1] alist of estimators of SM(x, y) (the so-called base estimators) and

by A = (AF(x,y))P_, a list of estimators of {\*(x,y)}?_, for some functions \¥ : R% x R% —
[0, 1], constructed independently from £. Take the following estimator of SM(x,y):

M (x,y) = S, A (x,y)SM (x,y) + (1 D EPL (X,y)> SN (x,y)
* Base Estimators: §1\\/Ik(x y) = (65 (%)) T 05 . (y)
where ¢f (1) = —=¢ih (W) * . % @ (), t > 0 and ¢ph ., 905 - RT — R™
* Lambda Coefficients: M\ (x,y) = ar + Erna[X0r, £ (%, 7) fa o (y,7)]
where scalar ay, € R, distribution Q € P(R?), mappings &£, 7¢ : R? x R — R
* Lambda Coefficients Estimators: 3k (x,y) = ai, + (pF ,.(x)) T p5 n(¥)
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HRF Estimator and Its Time Complexity

——hyb ——hyb
Lemma 2.3. The HRF estimator SMWi (X, y) satisfies SMWi W (X, y) = U1 (x) T Uy(y), where U,
for j € {1,2} is given as U ;(z) = i (z) x U(z) x U3(z) x ¥} (z) and:
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U3 (z) = —m Pi'm (z)*...*qﬁj’m (z)
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k=1,...,pi,5€{1,..., I} x{1,..., tp+1}

* Computational Gains:

The resulting ©(mn)-dimensional random feature map ¥(z) can be constructed in time O(nd +
md + mn) as opposed to O(mnd) as it is the case for the regular estimator.



Bipolar HRF Estimators

——trig

+ Take €=M (x,y),5M “(x,)):

/\hyb -~ ~ /\trig

M, (%,7) = An(%,¥7)8Mr (%,7) + (1 — An(x,¥))SM,. " (x,)



Bipolar HRF Estimators

——trig

.+ Take £=(M' (x,y),SM (x,y)):

—~hyb ~ ~ ——trig

M, (%,7) = An(%,¥7)8Mr (%,7) + (1 — An(x,¥))SM,. " (x,)

* Angular Lambda Coefficients:

~ 1

)\(X, y) = 0’;’5’ )\(X7 Y) = 9 + pn(x)Tpn(Y)

where p1.,(z) = p2n(2z) = pn(2z) Lt \/i2_(sgn(7'1—'_z), .,sgn(r, z)) T for 7, ..., 7, ~ N(0,1)
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MSE of Bipolar HRF Estimators

Theorem 3.1 (MSE of the bipolar hybrid estimator). Take the bipolar hybrid estimator
SMni’,n(x, y), where SMmg(x, y) and SM,,, (x,y) are chosen independently i.e. their random
projections are chosen independently (note that we always assume that Xn (x,y) is constructed in-

dependently from S/M::g (x,¥y) and §1\\/I::,LJr (x,¥)). Then the following holds:
——hyb ~ —t+ ~ —trig
MSE(SM,,, »(x,¥)) = E[X:(x,¥)]MSE(SM,,, (x,¥)) +E[(1 — M (x,¥))*IMSE(SM,, (x,y))
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Theorem 3.1 (MSE of the bipolar hybrid estimator). Take the bipolar hybrid estimator
SMni’,n(x, y), where SMmg(x, y) and SM,,, (x,y) are chosen independently i.e. their random
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MSESM,. o (x,y)) = E[\2(x, y)IMSE(SMy,' (x,y)) + E[(1 — An(x,y))2IMSE(SM...* (x, y))

Lemma 3.2. For the angular hybrid estimator the following holds:

- by [Oxy Oxy 1\ .~ Oy,
ER Gy = 22 (B - O 1) iR ) - B

s T nmw

The variance of the angular hybrid estimator is zero for both 0 , = 0and 0x y, = 7

if inputs x, y have the same length.




Max Relative Error for Angular Hybrid Estimator

Definition 3.3 (Relative Error). Denote by S(r) a sphere centered at 0 and of radius r. For X,y €

T def

S(r) and such that 0 = 0Ox y, define €g -(SM) = ex,y (§1\7[) — MEE/I((SXMY()X,Y)) '
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Max Relative Error for Angular Hybrid Estimator

Definition 3.3 (Relative Error). Denote by S(r) a sphere centered at 0 and of radius r. For X,y €

S(r) and such that 0 = Ox y, define € ,.(SM) 4 €x y(SM) MEE/I((SXM}’()XJ)) '

Lemma 3.4. The following holds:
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Theorem 3.5. The max-relative-error of the angular hybrid estimator for the inputs X,y on the
sphere S(r) of radius r > 1 satisfies for W (r) = exp(2r?) (1 — exp(—4r?)):
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Pointwise Softmax Kernel Estimation

Trigonometric FAVOR+ Angular Hybrid

0 n/2 mo n/2 m o0 /2 nm
6 6 7}

Figure 2: Pointwise estimation of SM(x,y) for the same-length 64-dim inputs (r = 1.0 and » = 1.5) and
various angles 6 y. Red-dotted lines are for marking zero-level. We used s = 10000 estimated softmax values
in each subplot. The true value and the 5'" and 95" quantile estimated values are shown by the left y-axis,
and the empirical relative errors are shown by the right y-axis. Trigonometric estimator and FAVOR+ applied
128 random features. To make fair comparison, for the hybrid variant the configuration leading to the similar
number of FLOPS operations per random feature map creation was applied. Similar gains as for the angular
are obtained by the Gaussian hybrid variant.



Experiment 1: Language Modeling

Language modeling task (Rawat et al., 2019)
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Figure 3: Statistical metrics measuring softmax matrix approximation quality on PennTree Bank. For standard
estimators, the number of random features are 64,128,256, 512. To make fair comparison, for the hybrid
variants, the configurations leading to the similar number of FLOPS operations per random feature map creation
were applied. Negative fractions were not reported for FAVOR+ since by definition they are equal to zero.



Experiment 2: Training Speech Models with HRF-Conformers-Performers

* Speech models with LibriSpeech ASR corpus (Panayotov et al., 2015)

Table 2: Comparison of WERs of Conformer-Transducer applying different RF-mechanisms for the implicit
attention. For methods other than clustering-based HRFs (HRF-C), numbers next to method names define
the values of m or (m,n). Method HRF-A stands for the angular hybrid variant. Numbers next to HRF-C
correspond to the number of clusters constructed in the query and key space respectively. HRF-C uses 64
random features. We also report standard deviations averaged over 10 different training runs.

ARF-C(3,3) | HRF-C(2,3) | HRF-C(3.2) | HRE-C(2,2) | HRF-A(16,8)
WER | 1.72 £0.02% | 1.75 £ 0.03% | 1.83 £0.03% | 1.85 £ 0.04% | 2.03 £ 0.08%

HRF-A(8,8) | FAVOR+432 | FAVOR+ 256 | Trig432 Trig 256
WER | 2.05 £0.05% | 2.65 £0.06% | 2.77 £ 0.04% | 3.12+0.05% | 3.3+0.06%




Experiment 3: Downstream Robotics Experiments

Step-stone locomotion and robotic-arm manipulation tasks (Choromanski et al., 2021a)
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Figure 4: Left: Step-stone locomotion task. Comparison of the training curves for: the IAP using angular
hybrid estimator of m = n = 8 and IAP applying regular FAVOR+ mechanism from (Choromanski et al.,
2021b) with m = 256. Both final policies are of similar quality, yet HRF-method requires 3x+ fewer FLOPS
to run its trained policy. The visualization of the HRF policy in action and its attention (with filtered out pixels
marked in red) is in the bottom right corner. Right: Similar setting (and conclusions) but for the robotic-arm
manipulation task. The additional five regular RF-configurations did not train by producing Nan loss due to
large variance of the underlying softmax kernel estimators.



