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Background PIS Experiments

Sampling

Problem Statement

Draw samples from a given target density μ̂ = Zμ
É μ̂ known up to a normalizing constant Z
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Background PIS Experiments

Stochastic control
Stochastic system

dxt = utdt + dwt, x0 ∼ ν,

Notations:

Qu: path measure associated with control policy u
μu: terminal distribution of xT driven by u

Q0: path measure associated with u = 0

μ0: terminal distribution of xT driven by u = 0

Control cost

E

�

∫ T

0

1

2
‖ut‖2 dt + Ψ(xT) | x0 ∼ ν

�
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Background PIS Experiments

Sampling as a stochastic control problem

Goal

Find a control policy to drive particles from ν to μ

dxt = utdt + dwt, x0 ∼ ν

Warning
É {u : μu = μ} can be infinite
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Background PIS Experiments

Sampling as a stochastic control problem
Theorem 1

When ν is a Dirac distribution and terminal loss
is chosen as Ψ(xT) = log

μ0(xT)
μ(xT)

, the distribution Q∗

induced by the optimal control policy is

Q∗(τ) = Q0(τ|xT)μ(xT).

Moreover, Q∗(xT) = μ(xT).

Uncontrolled Q0 Terminal Cost Ψ = log µ0

µ
Optimal control Q∗ = µ

µ0
Q0
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Background PIS Experiments

Path Integral Sampler (PIS)

Optimal control via Path Integral

u∗t (x) = ∇ logϕt(x) ϕt(x) = EQ0 [exp(−Ψ(xT))|xt = x]

Wasserstein-2 distance

Under mild condition, with sampling step size ∆t,

if







u∗t − ut










2
≤ dε for any t, then

W2(Qu(xT), μ(xT)) = O(
Æ

Td(∆t + ε)).

É Accessing ϕt can be expensive unless Ψ is simple
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Background PIS Experiments

Path Integral Sampler (PIS)
Neural control policy uθ:

u∗ = arg min
u

EQu

�

∫ T

0

1

2
‖ut‖2 dt + log

μ0(xT)

μ(xT)

�

.

Warning:
É Global optimal policy is impossible to train
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Background PIS Experiments

Path Integral Sampler (PIS)

How to get unbiased samples?

Importance sampling for suboptimal policy

wu(τ) =
dQ∗(τ)

dQu(τ)
= exp(

∫ T

0
−

1

2
‖ut‖2 dt − u′tdwt − Ψ(xT))
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Background PIS Experiments

Benchmark

Normalization constant estimation
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Background PIS Experiments

More experiments

µ PIS-Grad AFT SMC NUTS HMC VI-NF PIS-NN

Alanine dipeptide molecules Estimation of logpθ(x) of a
trained VAE.

É Paper: https://arxiv.org/abs/2111.15141
É Code: https://github.com/qsh-zh/pis
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