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(Hyperbolic space are well-suited for embedding hierarchies, such as trees. We propose to embed partial orders as subset relations
between shadows formed by a light source and opaque objects in Riemannian space. This framework, termed Shadow Cones,
enables use to generalize hyperbolic entailment cones. Our experiments on datasets of various sizes and hierarchical structures
show that shadow cones consistently and significantly outperform the existing entailment cone constructions. ’
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Hierarchical and graphical data, such as biological If u <, pull them together until their cones are correctly nested.

phylogenetic trees and social networks, are more naturally . If u || v, push them apart until their cones are not nested.
modeled in hyperbolic space. This is because in hyperbolic

space, the volume of a ball grows exponentially for large Poincaré
radius, which matches the number of nodes in a tree; in Ball

contrast, this volume grows only polynomially in Euclidean

space. This work uses two models of hyperbolic space: P: the edge set of positive relations

Poincaré ball and half-space. C N: that of negative relations
E(u, v) = d(v, Cone(u)) is the two-case distance

exp(— max(E(uw,v),
Loiye = Z log ( B ) 72))

(wo)EP Z(u,’v,)EN exp(max(y; — E(u/,v),0))

The Poincaré ball is given by B™ = {x € R" : |z| < 1/Vk} vSY oY | v
Distances on 5™ are defined as ' This loss allows us to choose how far to push negative
1 kllz — yl|2 Half-Space | | samples away from the cone (distance y1 > 0), and how deep
dp(x,y) = VEk arcosh (1 2(1 ~k|[x]2)(1 — kHyH2)> 5 R to pull positive samples into the cone (distance y2 > 0).

Results and benchmarks

The Poincaré half-space is given by U" = {x € R"™ : z,, > 0}.

placental

Distances on 4™ are defined as

di, (ZB y) B L arcosh (14 Hm — y||2 Cone Model Form. # Emb. Type Convex? Light Source 0., =% = .
T aquatic mammal eline ? rimate MRS, -
7 \/E 20 Yn Umbral Half-Space 1 Bal! No Point at oo Fixed ] e = sprimger_sp e : ’ vy = T AN
% |-monotreme H seal == : FOWR_bat |, 1 A3 mole_rat cow [
Poincaré Ball 2 Bal No Point at Origin  Varying ’3;; : t .ﬁcnrrsza.&s“e;:em AR ‘. : old_world_beag:' w
Penumbral Poincaré Ball 3 Point Yes Ball at Origin  Varying o ‘ :’ . ‘."':‘ ..'?-. . : 3{ L S.pfcfer_m?nk.eyJ.-':l;_d'usky-foo'zed_.wc;odrat ..
Representing partial order as shadow casting Half-Space 4 Point Yes Horosphere  Varying i NF AR T —1
The shadow cones framework geometrically represents the Mammal embedding using umbral shadow cones in 2D half-space
- - - - - Distance-based energy function
partial relation using subset relation between shadows. v is BY F1 score (%) on mammal sub-graph with best numbers bolded
represented as a child of u, when the shadow cast by v is a v — eR—
vZ Non-basic-e dg e 1mension = 1mension =
subset of the shadow cast by u. U u Ey u Percentage 0% 10% 25% 50% 90% 0% 10% 25% 50% 90%
{0 GBC-box 234 250 237 431 482 358 60.1 668 83.8 97.6
< : : & VBC-box 20.1 26.1 31.0 333 347 309 431 586 749 693
u=v v .|s.a| child of u Ny V1 E> W EVZ Entailment Cone 544 610 71.0 665 73.1 563 81.0 841 836 829
ull v visincomparabletou Umbral-half-space 577 737 714 803 790 69.4 81.1 837 885 918

Umbral-Poincaré-ball 446 589 605 653 636 624 674 814 819 922

. Penumbral-half-space 528 741 709 723 760 678 820 835 876 899
. , Toy example: u=v,u |l w Penumbral-Poincaré-ball 44.6 608 627 684 679 608 695 782 844 926
Shortest distances to u’s cone, oft v i of u. but I
. ert: visacniida or U Ut wron | i
3s caI culat e d fr om p oints meie Y . ) ’ g y F1 score (%) on WordNet noun, MCG, and Hearst with best numbers bolded
. d below the 0 initialized outside of u’s cone. w is Dataset Noun MCG Hearst
above an elow e u- Non-basic-edge Percentage 0% 10% 25% 50% 0% 10% 25% 50% 0% 1% 2% 5%

incomparable with u, but initialized

altitude line. o Entailment d=5 292 781 846 921 253 561 521 602 226 452 546 55.7

inside the cone. Cone d=10 321 829 910 952 255 589 555 638 237 466 549 582

Umbral- d=5 452 878 942 964 368 809 850 89.1 328 634 771 807

Right- The energy gradients puII SV half-space d=10 522 894 957 97.0 40.1 819 875 913 326 651 812 86.9

The penumbral shadow cones in the cide th 9 h Penumbral- d=5 46 826 862 883 350 786 811 853 268 628 723 788

L , half-space d=10 517 841 883 898 376 819 853 892 284 544 68.1 79.3
Poincaré ball is identical to Ganea’s Inside the cone, ana pushes w

entailment cones (Ganea et al. ide. : :
2018) ( outside Half-space formulations of shadow cones achieve SOTA performance

| Red: positive; Blue: negative on edge prediction tasks across various data sets.
Link to full paper




