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The Commutativity in Commutative Invariance
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Asymmetry
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Commutative Invariance under Asymmetry
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Even fewer 
spurious features!

But a lot of missed 
semantics 
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Commutative Invariance under Asymmetry
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Commutative vs. Non-Commutative Invariance (NCI)
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Preserve target 
domain features
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Gains from NCI

Target    Source    Spurious    Causal
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𝜑(𝜏 ∪ 𝜑(𝑠 ∩ 𝜏))Gain from NCI
(Theorem 2)



24

NCI with Increasing Separation between Domains

Target    Source    Spurious    Causal

𝜑(𝑠)𝜑(𝜏)𝜑(𝑠)𝜑(𝜏)

𝐻-divergence

A
cc

u
ra

cy
 G

ai
n

𝜑(𝑠)𝜑(𝜏)

Non-Commutative Invariance (𝜑𝜏
∗)



25

NCI with Increasing Separation between Domains

Target    Source    Spurious    Causal

𝜑(𝑠)𝜑(𝜏)𝜑(𝑠)𝜑(𝜏)

𝐻-divergence

A
cc

u
ra

cy
 G

ai
n

𝜑(𝑠)𝜑(𝜏)

Non-Commutative Invariance (𝜑𝜏
∗)

Theoretical optimum Φ𝜏
∗



26

Spectrum of Invariance Learners
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Learning Non-Commutative Invariances

𝑠 𝜏

Commutative Invariance

(E.g.: Domain Adversarial Neural 

Networks)

𝜑(𝑠) 𝜑(𝜏)

𝜑(𝑠 ∩ 𝜏)

Domain Classifier Adversary

𝑠 𝜏

𝜑(𝜏 ∪ 𝜑(𝑠 ∩ 𝜏))

Non-Commutative Invariance

Domain Classifier Adversary 

grounded in the target domain
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Learning Non-Commutative Invariances (Example)

Commutative Invariance Non-Commutative Invariance

𝑠 𝜏

𝜑(𝑠) 𝜑(𝜏)

𝜑(𝑠 ∩ 𝜏)

𝑠 𝜏

𝜑(𝜏 ∪ 𝜑(𝑠 ∩ 𝜏))
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Comparison with SOTA
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Leveraging Complementary Semantics

𝜑(𝑠)𝜑(𝜏)

Low Complementarity

𝜑(𝑠)𝜑(𝜏)

High Complementarity
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Asymmetries & Comparison with Oracle

Yupeng Liang, Ryosuke Wakaki, Shohei Nobuhara, and Ko Nishino. “Multimodal material segmentation”. In CVPR, 2022.
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Improvements over Flatness-based OoD Generalizers
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Conclusion & Open Problems

• Non-Commutativity is a sample-efficient way to preserve target domain information that would 
have otherwise been lost under invariance.

• NCI drives the optimization towards the true minimizer of the target risk Φ𝜏
∗.

• Open Problems:
• Uniqueness
• Does 𝜑𝜏

∗ approach Φ𝜏
∗ in a measure-theoretic sense?

• Relationship with class-conditional invariance learning.
• Provable orthogonality to flatness-based OoD generalizers?
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https://arxiv.org/abs/2402.11682 https://github.com/abhrac/nci

Get in touch:
Abhra Chaudhuri

ac1151@exeter.ac.uk

Learning Conditional Invariances through Non-Commutativity

https://arxiv.org/abs/2402.11682
https://github.com/abhrac/nci
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