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<latexit sha1_base64="C/X42/gLwM4ChnRoXbcxl3YjdZw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiVW8FLx4r2A9oQ5lsN+3azW7Y3Qgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCVFTzgRtGmY47SSKYhxy2g7HtzO//USVZlI8mElCgxiHgkWMoLFSq4c8GWG/XPGq3hzuKvFzUoEcjX75qzeQJI2pMISj1l3fS0yQoTKMcDot9VJNEyRjHNKupQJjqoNsfu3UPbPKwI2ksiWMO1d/T2QYaz2JQ9sZoxnpZW8m/ud1UxNdBxkTSWqoIItFUcpdI93Z6+6AKUoMn1iCRDF7q0tGqJAYG1DJhuAvv7xKWhdVv1at3V9W6jd5HEU4gVM4Bx+uoA530IAmEHiEZ3iFN0c6L86787FoLTj5zDH8gfP5A4xejxo=</latexit>↵

<latexit sha1_base64="kEPAya/IHGOi3VBIRFRaBDWuCWA=">AAATk3icjVjvjtvGEVfSP4mvTeP20E/5sj3hAju4U6Rr6zYJDojPdpEA59px7mIDoiAsyaW41ZLL7C5Pkhd8gj5NviZPkrfpzC6pE0k5roCThjO/mZ2ZnR3OXlgIrs14/PM77/7q17/57Xvv3zn43e8/+MOHd//4p++0LFXEriMppHoVUs0Ez9m14UawV4ViNAsFexkuH6H85Q1Tmsv8ymwKNsvoIucJj6gB1vzucZBRk0ZU2M </latexit>

L↵(✓,x, y) :



💡 Loss Expressivity

<latexit sha1_base64="u/Xa7Gr0g30vIstiqbUkB87ZKcM="></latexit>

L↵

<latexit sha1_base64="C3jJfKGBCWKGhIOpeMyemHeZJqw="></latexit>

Lver(f(✓,x), y)
<latexit sha1_base64="CGAPcXk0pAintNlPQXIGSqgS6a8="></latexit>

L(f(✓,xadv), y)

<latexit sha1_base64="meyyr78+OMa+ZI1lXmx7geUdZnk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVN0V3LhwUcE+oB1KJs20oZlkTDKFMvQ73LhQxK0f486/MdPOQlsPBA7n3Ms9OUHMmTau++0U1tY3NreK26Wd3b39g/LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GN9mfntClWZSPJppTP0IDwULGcHGSn4vwmZEME/vZ323X664VXcOtEq8nFQgR6Nf/uoNJEkiKgzhWOuu58bGT7EyjHA6K/USTWNMxnhIu5YKHFHtp/PQM3RmlQEKpbJPGDRXf2+kONJ6GgV2Mgupl71M/M/rJia89lMm4sRQQRaHwoQjI1HWABowRYnhU0swUcxmRWSEFSbG9lSyJXjLX14lrYuqV6vWHi4r9Zu8jiKcwCmcgwdXUIc7aEATCDzBM7zCmzNxXpx352MxWnDynWP4A+fzB63ykgc=</latexit>

L0
<latexit sha1_base64="uetBGdEDJ2uUo7YAzIMATFn9pAI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVN0V3LhwUcE+oB1KJs20oZlkTDKFMvQ73LhQxK0f486/MdPOQlsPBA7n3Ms9OUHMmTau++0U1tY3NreK26Wd3b39g/LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GN9mfntClWZSPJppTP0IDwULGcHGSn4vwmZEME/vZ32vX664VXcOtEq8nFQgR6Nf/uoNJEkiKgzhWOuu58bGT7EyjHA6K/USTWNMxnhIu5YKHFHtp/PQM3RmlQEKpbJPGDRXf2+kONJ6GgV2Mgupl71M/M/rJia89lMm4sRQQRaHwoQjI1HWABowRYnhU0swUcxmRWSEFSbG9lSyJXjLX14lrYuqV6vWHi4r9Zu8jiKcwCmcgwdXUIc7aEATCDzBM7zCmzNxXpx352MxWnDynWP4A+fzB692kgg=</latexit>

L1

<latexit sha1_base64="OTS6guMLWDF9SReI8pCCz4V2kzA="></latexit>

max
x02C(x,✏)

L(f(✓,x0), y)

<latexit sha1_base64="C/X42/gLwM4ChnRoXbcxl3YjdZw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiVW8FLx4r2A9oQ5lsN+3azW7Y3Qgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCVFTzgRtGmY47SSKYhxy2g7HtzO//USVZlI8mElCgxiHgkWMoLFSq4c8GWG/XPGq3hzuKvFzUoEcjX75qzeQJI2pMISj1l3fS0yQoTKMcDot9VJNEyRjHNKupQJjqoNsfu3UPbPKwI2ksiWMO1d/T2QYaz2JQ9sZoxnpZW8m/ud1UxNdBxkTSWqoIItFUcpdI93Z6+6AKUoMn1iCRDF7q0tGqJAYG1DJhuAvv7xKWhdVv1at3V9W6jd5HEU4gVM4Bx+uoA530IAmEHiEZ3iFN0c6L86787FoLTj5zDH8gfP5A4xejxo=</latexit>↵

<latexit sha1_base64="MGTsGEVbFjZ5c8jJV9AHu8Hi6+0="></latexit>

• L(f(✓,xadv), y)  L↵(✓,x, y)  Lver(f(✓,x), y) 8 ↵ 2 [0, 1];

<latexit sha1_base64="kEPAya/IHGOi3VBIRFRaBDWuCWA=">AAATk3icjVjvjtvGEVfSP4mvTeP20E/5sj3hAju4U6Rr6zYJDojPdpEA59px7mIDoiAsyaW41ZLL7C5Pkhd8gj5NviZPkrfpzC6pE0k5roCThjO/mZ2ZnR3OXlgIrs14/PM77/7q17/57Xvv3zn43e8/+MOHd//4p++0LFXEriMppHoVUs0Ez9m14UawV4ViNAsFexkuH6H85Q1Tmsv8ymwKNsvoIucJj6gB1vzucZBRk0ZU2M </latexit>

L↵(✓,x, y) :



💡 Loss Expressivity

<latexit sha1_base64="u/Xa7Gr0g30vIstiqbUkB87ZKcM="></latexit>

L↵

<latexit sha1_base64="C3jJfKGBCWKGhIOpeMyemHeZJqw="></latexit>

Lver(f(✓,x), y)
<latexit sha1_base64="CGAPcXk0pAintNlPQXIGSqgS6a8="></latexit>

L(f(✓,xadv), y)

<latexit sha1_base64="meyyr78+OMa+ZI1lXmx7geUdZnk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVN0V3LhwUcE+oB1KJs20oZlkTDKFMvQ73LhQxK0f486/MdPOQlsPBA7n3Ms9OUHMmTau++0U1tY3NreK26Wd3b39g/LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GN9mfntClWZSPJppTP0IDwULGcHGSn4vwmZEME/vZ323X664VXcOtEq8nFQgR6Nf/uoNJEkiKgzhWOuu58bGT7EyjHA6K/USTWNMxnhIu5YKHFHtp/PQM3RmlQEKpbJPGDRXf2+kONJ6GgV2Mgupl71M/M/rJia89lMm4sRQQRaHwoQjI1HWABowRYnhU0swUcxmRWSEFSbG9lSyJXjLX14lrYuqV6vWHi4r9Zu8jiKcwCmcgwdXUIc7aEATCDzBM7zCmzNxXpx352MxWnDynWP4A+fzB63ykgc=</latexit>

L0
<latexit sha1_base64="uetBGdEDJ2uUo7YAzIMATFn9pAI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVN0V3LhwUcE+oB1KJs20oZlkTDKFMvQ73LhQxK0f486/MdPOQlsPBA7n3Ms9OUHMmTau++0U1tY3NreK26Wd3b39g/LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GN9mfntClWZSPJppTP0IDwULGcHGSn4vwmZEME/vZ32vX664VXcOtEq8nFQgR6Nf/uoNJEkiKgzhWOuu58bGT7EyjHA6K/USTWNMxnhIu5YKHFHtp/PQM3RmlQEKpbJPGDRXf2+kONJ6GgV2Mgupl71M/M/rJia89lMm4sRQQRaHwoQjI1HWABowRYnhU0swUcxmRWSEFSbG9lSyJXjLX14lrYuqV6vWHi4r9Zu8jiKcwCmcgwdXUIc7aEATCDzBM7zCmzNxXpx352MxWnDynWP4A+fzB692kgg=</latexit>

L1

<latexit sha1_base64="OTS6guMLWDF9SReI8pCCz4V2kzA="></latexit>

max
x02C(x,✏)

L(f(✓,x0), y)

<latexit sha1_base64="C/X42/gLwM4ChnRoXbcxl3YjdZw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiVW8FLx4r2A9oQ5lsN+3azW7Y3Qgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCVFTzgRtGmY47SSKYhxy2g7HtzO//USVZlI8mElCgxiHgkWMoLFSq4c8GWG/XPGq3hzuKvFzUoEcjX75qzeQJI2pMISj1l3fS0yQoTKMcDot9VJNEyRjHNKupQJjqoNsfu3UPbPKwI2ksiWMO1d/T2QYaz2JQ9sZoxnpZW8m/ud1UxNdBxkTSWqoIItFUcpdI93Z6+6AKUoMn1iCRDF7q0tGqJAYG1DJhuAvv7xKWhdVv1at3V9W6jd5HEU4gVM4Bx+uoA530IAmEHiEZ3iFN0c6L86787FoLTj5zDH8gfP5A4xejxo=</latexit>↵

<latexit sha1_base64="MGTsGEVbFjZ5c8jJV9AHu8Hi6+0="></latexit>

• L(f(✓,xadv), y)  L↵(✓,x, y)  Lver(f(✓,x), y) 8 ↵ 2 [0, 1];

<latexit sha1_base64="x211/LAhjcWMsJ43pniNyVo6JC0="></latexit>

• L↵(✓,x, y) continuous and monotonically increasing for ↵ 2 [0, 1];

<latexit sha1_base64="kEPAya/IHGOi3VBIRFRaBDWuCWA=">AAATk3icjVjvjtvGEVfSP4mvTeP20E/5sj3hAju4U6Rr6zYJDojPdpEA59px7mIDoiAsyaW41ZLL7C5Pkhd8gj5NviZPkrfpzC6pE0k5roCThjO/mZ2ZnR3OXlgIrs14/PM77/7q17/57Xvv3zn43e8/+MOHd//4p++0LFXEriMppHoVUs0Ez9m14UawV4ViNAsFexkuH6H85Q1Tmsv8ymwKNsvoIucJj6gB1vzucZBRk0ZU2M </latexit>

L↵(✓,x, y) :



💡 Loss Expressivity

<latexit sha1_base64="u/Xa7Gr0g30vIstiqbUkB87ZKcM="></latexit>

L↵

<latexit sha1_base64="C3jJfKGBCWKGhIOpeMyemHeZJqw="></latexit>

Lver(f(✓,x), y)
<latexit sha1_base64="CGAPcXk0pAintNlPQXIGSqgS6a8="></latexit>

L(f(✓,xadv), y)

<latexit sha1_base64="meyyr78+OMa+ZI1lXmx7geUdZnk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVN0V3LhwUcE+oB1KJs20oZlkTDKFMvQ73LhQxK0f486/MdPOQlsPBA7n3Ms9OUHMmTau++0U1tY3NreK26Wd3b39g/LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GN9mfntClWZSPJppTP0IDwULGcHGSn4vwmZEME/vZ323X664VXcOtEq8nFQgR6Nf/uoNJEkiKgzhWOuu58bGT7EyjHA6K/USTWNMxnhIu5YKHFHtp/PQM3RmlQEKpbJPGDRXf2+kONJ6GgV2Mgupl71M/M/rJia89lMm4sRQQRaHwoQjI1HWABowRYnhU0swUcxmRWSEFSbG9lSyJXjLX14lrYuqV6vWHi4r9Zu8jiKcwCmcgwdXUIc7aEATCDzBM7zCmzNxXpx352MxWnDynWP4A+fzB63ykgc=</latexit>

L0
<latexit sha1_base64="uetBGdEDJ2uUo7YAzIMATFn9pAI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVN0V3LhwUcE+oB1KJs20oZlkTDKFMvQ73LhQxK0f486/MdPOQlsPBA7n3Ms9OUHMmTau++0U1tY3NreK26Wd3b39g/LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GN9mfntClWZSPJppTP0IDwULGcHGSn4vwmZEME/vZ32vX664VXcOtEq8nFQgR6Nf/uoNJEkiKgzhWOuu58bGT7EyjHA6K/USTWNMxnhIu5YKHFHtp/PQM3RmlQEKpbJPGDRXf2+kONJ6GgV2Mgupl71M/M/rJia89lMm4sRQQRaHwoQjI1HWABowRYnhU0swUcxmRWSEFSbG9lSyJXjLX14lrYuqV6vWHi4r9Zu8jiKcwCmcgwdXUIc7aEATCDzBM7zCmzNxXpx352MxWnDynWP4A+fzB692kgg=</latexit>

L1

<latexit sha1_base64="OTS6guMLWDF9SReI8pCCz4V2kzA="></latexit>

max
x02C(x,✏)

L(f(✓,x0), y)

<latexit sha1_base64="C/X42/gLwM4ChnRoXbcxl3YjdZw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiVW8FLx4r2A9oQ5lsN+3azW7Y3Qgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCVFTzgRtGmY47SSKYhxy2g7HtzO//USVZlI8mElCgxiHgkWMoLFSq4c8GWG/XPGq3hzuKvFzUoEcjX75qzeQJI2pMISj1l3fS0yQoTKMcDot9VJNEyRjHNKupQJjqoNsfu3UPbPKwI2ksiWMO1d/T2QYaz2JQ9sZoxnpZW8m/ud1UxNdBxkTSWqoIItFUcpdI93Z6+6AKUoMn1iCRDF7q0tGqJAYG1DJhuAvv7xKWhdVv1at3V9W6jd5HEU4gVM4Bx+uoA530IAmEHiEZ3iFN0c6L86787FoLTj5zDH8gfP5A4xejxo=</latexit>↵

<latexit sha1_base64="MGTsGEVbFjZ5c8jJV9AHu8Hi6+0="></latexit>

• L(f(✓,xadv), y)  L↵(✓,x, y)  Lver(f(✓,x), y) 8 ↵ 2 [0, 1];

<latexit sha1_base64="x211/LAhjcWMsJ43pniNyVo6JC0="></latexit>

• L↵(✓,x, y) continuous and monotonically increasing for ↵ 2 [0, 1];

<latexit sha1_base64="prCEN+a4zgz+Lu2Qe4s6CXvcNOc="></latexit>

• L0(✓,x, y) = L(f(✓,xadv), y);
<latexit sha1_base64="0BFuM/5HP38tG3CLcdi7EMu6w3Q="></latexit>

• L1(✓,x, y) = Lver(f(✓,x), y).

<latexit sha1_base64="kEPAya/IHGOi3VBIRFRaBDWuCWA=">AAATk3icjVjvjtvGEVfSP4mvTeP20E/5sj3hAju4U6Rr6zYJDojPdpEA59px7mIDoiAsyaW41ZLL7C5Pkhd8gj5NviZPkrfpzC6pE0k5roCThjO/mZ2ZnR3OXlgIrs14/PM77/7q17/57Xvv3zn43e8/+MOHd//4p++0LFXEriMppHoVUs0Ez9m14UawV4ViNAsFexkuH6H85Q1Tmsv8ymwKNsvoIucJj6gB1vzucZBRk0ZU2M </latexit>

L↵(✓,x, y) :



Expressivity via Convex Combinations

<latexit sha1_base64="glP7dupuEPSf7EaVzO2y2i8SIjI="></latexit>

L(� [(1� ↵) + ↵ ] , y)

CC-IBP



Expressivity via Convex Combinations

<latexit sha1_base64="1r+OaNNB64uFKVBJyAbhZuyubt4="></latexit>

(1� ↵)L(f(✓,xadv), y) + ↵ Lver(f(✓,x), y)

MTL-IBP

<latexit sha1_base64="glP7dupuEPSf7EaVzO2y2i8SIjI="></latexit>

L(� [(1� ↵) + ↵ ] , y)

CC-IBP



Expressivity via Convex Combinations

<latexit sha1_base64="1r+OaNNB64uFKVBJyAbhZuyubt4="></latexit>

(1� ↵)L(f(✓,xadv), y) + ↵ Lver(f(✓,x), y)

MTL-IBP

<latexit sha1_base64="glP7dupuEPSf7EaVzO2y2i8SIjI="></latexit>

L(� [(1� ↵) + ↵ ] , y)

CC-IBP

<latexit sha1_base64="cf8Ho7o41GlOfNOEyk6CQgTBfDQ="></latexit>

L↵,Exp(✓,x, y) := L(f(✓,xadv), y)
(1�↵) Lver(f(✓,x), y)

↵

Exp-IBP



Loss Sensitivity
<latexit sha1_base64="CJNCVH5xwApQY3AZ02DSjN9e9Tw="></latexit>

Sensitivity of CC-IBP, MTL-IBP and Exp-IBP to ↵ for
robustness to `1 perturbations on CIFAR-10.



Experimental Results
<latexit sha1_base64="0lOUaRPrU8E+qWkgofMuyWDl3y0="></latexit>

Performance of di↵erent verified training algorithms under `1 norm perturbations on
the TinyImageNet and downscaled (64⇥ 64) ImageNet datasets.

Dataset ✏ Method Standard acc. [%] Verified rob. acc. [%]

TinyImageNet 1
255

CC-IBP 38.61 26.39
MTL-IBP 37.56 26.09
Exp-IBP 38.71 26.18

STAPS 28.98 22.16
SABR 28.97 21.36

SortNet 25.69 18.18
IBP 25.40 19.92

CROWN-IBP 25.62 17.93

ImageNet64 1
255

CC-IBP 19.62 11.87
MTL-IBP 20.15 12.13
Exp-IBP 22.73 13.30

SortNet 14.79 9.54
CROWN-IBP 16.23 8.73

IBP 15.96 6.13



Conclusions

<latexit sha1_base64="Si0kyqL08U9wkGAi7vfYHHUjBDA="></latexit>

• Verified accuracy still comes at great cost in stan-
dard performance.

<latexit sha1_base64="U8OsLCd2BwpYGEtLz/TyU2RDMNI="></latexit>

• Expressivity ! state-of-the-art certified training;

<latexit sha1_base64="5v8l3hPKi7eiXb69u02yF28yWbg="></latexit>

• Expressivity easily obtained via convex combinations;

https://github.com/alessandrodepalma/expressive-losses

Code and models

✉
alessandro.de-palma@inria.fr

https://github.com/alessandrodepalma/expressive-losses
mailto:alessandro.de-palma@inria.fr

