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Take-away Messages

Robust Markov Decision Processes (RMDPs)

P(s′|s, a): transition kernel, r(s, a): reward.

Convex Risk Measures

risk-neutral risk-sensitive

A function V : RS → R is called a convex risk

measure if and only if:

1. Monotonicity:

V (s) ≤ V ′(s), ∀s ∈ S =⇒ σ(V ) ≤ σ(V ′).

2. Translation invariance:

∀d ∈ R, σ(V + d) = σ(V )− d.

3. Convexity: ∀λ ∈ [0, 1], σ(λV + (1− λ)V ′) ≤
λσ(V ) + (1− λ)σ(V ′).

Given a reference distribution s ∼ µ, write σ(µ, V ).

risk measure

σ(V ) = supµ̂∈∆(S)

(
−Es∼µ̂[V (s)]−D(µ̂)

) ⇐⇒
penalty function

D(µ̂) = supV
(
−σ(V )− Es∼µ̂[V (s)]

)

Risk-sensitive MDPs

Ṽ π(s) =
∑

a∈A

π(a|s)
(
r(s, a)− γσ(Ps,a, Ṽ

π)
)
.

Proof Enabler: Dual representation theorem [Föllmer & Schied, 2002]

Our equivalence theorem of risk-sensitive MDPs and soft-robust MDPs.

• V
π
= Ṽ π, V

∗

= Ṽ ∗; Q
π
= Q̃π, Q

∗

= Q̃∗.

• Worst-case kernel P̂π
t;s,a ≡ argmin

P̂s,a

[
D(P̂s,a,Ps,a) + E

s′∼P̂
V

π
(s′)

]
=: P̂π

s,a.

Soft-robust PG theorem:

(direct parametrization: π(a|s) = θa,s)

∂
(

Es0∼ρV
πθ (s0)

)

∂θs,a
=

1

1− γ
dπθ,P̂

πθ

(s)Qπθ (s, a)

Planning: Soft-robust Policy Gradient

low risk, low risk-sensitivity low risk, high risk-sensitivity high risk, high risk-sensitivity

risk-sensitive ➔ conservative

outperform in high-risk
environments

Learning: RFZI Algorithm

non-smooth training curve outperform in high-risk
environments

Iteration Complexity of Policy Gradient

Gradient dominance:

[TQQ](s, a) := r(s, a)− γβ−1 logEs′∼Ps,a
e−βmax

a′ Q(s′,a′)

=: [r(s, a)− γβ−1 logZ(s, a)

[TQ[TQQ]](s, a) = r(s, a)− γβ−1 logEs′∼Ps,a

[

e−βmax
a′ (r(s′,a′)−γβ−1 logZ(s′,a′))

]

︸ ︷︷ ︸

finite function class F

offline dataset D ∼ µ

[T̂ZZ] = arg min
Z′∈F

1

|D|

∑

(s,a,s′,a′)∈D

[
Z ′(s, a)− e−βmax

a
′

(
r(s′,a′)−γβ−1 logZ(s′,a′)

)]2

︸ ︷︷ ︸
L̂(Z′,Z)

Algorithm: Zk+1 ← T̂ZZk, πk ← argmax
a

[
r(s, a)− γβ−1 logZk(s, a)

]

Main contributions:
(1) Risk-sensitive MDPs and soft robust MDPs are equivalent.
(2) Show the iteration complexity of soft-robust Policy Gradient for planning.
(3) Propose a value-based RFZI algorithm for offline learning in entropic-risk-sensitive MDPs.

Future work:
(1) Extend the policy gradient algorithm to work with the learning setting.
(2) Generalize the RFZI algorithm for a wider range of risk measures.
(3) Settle the scalability concerns to support large state-action spaces.
(4) …

∇θV
πθ (s) = E

πθ,P̂
πθ

[

∞
∑

t=0

γtQπθ (st, at)∇θ log πθ(at|st)
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s0 = s

]

⇒

⇒
Es0∼ρ[V

∗(s0)− V πθ (s)] ≤
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∥

∥
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dπ
∗,P̂πθ (·)

dπθ,P̂
πθ (·)
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∥

∥

∥

∥

∞

max
π̂

〈π̂ − πθ, G(θ)〉 .

⇒
⇒Soft-RMDPs (generalization of RMDPs)

V
π
(s) := inf

{P̂t}t≥0

E
π,P̂

[∑
t
γt
(
r(st, at)+γD(P̂t;st,at

,Pst,at
)
)]

.

Achieves ε-suboptimality in
16|A|M4

(1−γ)4ε2 iterations.

assuming sufficient exploration (i.e., mins,π d
π,P̂π

(s) ≥ 1

M
)

Nominal

P (s′|s, a)

Real

P̂ (s′|s, a)

v

v

State s ∈ S

Take actions a ∈ A

AGENT ENVIRONMENT

Get reward r(s, a)
Next state s

′ ∈ S

V π,P(s) := Eπ,P

[

∞
∑

t=0

γtr(st, at)

∣

∣

∣

∣

∣

s0 = s

]

,

Qπ,P(s, a) := Eπ,P

[

∞
∑

t=0

γtr(st, at)

∣

∣

∣

∣

∣

s0=s, a0=a

]

.

e.g.
𝐷( #𝑃, 𝑃) = 𝐾𝐿( #𝑃||𝑃)

e.g.
𝜎 𝑃, 𝑉 = log𝔼!∼#𝑒$%&(!)

Bellman contraction statistical error function
approximation

Es0∼ρ[V
∗(s0)−V

πK (s0)]≤
2γK

(1−γ)2
+γβ−1e

β
1−γ

2C

(1−γ)2


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



[TZZ](s, a)

Intuition:  1) Define Bellman Operator 𝒯), apply 𝑄*+, = 𝒯) 𝑄* è 𝑄* → 𝑄∗, 
yet 𝒯) hard to approximate by samples…

2) Define the Z-function and its corresponding Bellman Operator 𝒯.
3) Approximate 𝑇. with the sample-based estimation 6𝒯..

≈ [TZZ](s, a)

Convergence: under mild regularity conditions, with probability at least 1− δ:


