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Neural Networks

Consider a neural network :
f=gobpoWpo---o010b; 0o W] (1)

W; ‘R%-1 » R% (j=1,...,L) : linear map
bj : R% — R% : bias

oj: R% — R% : activation function

g : R — C : nonlinear function
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Representing a neural network using Koopman operators

H; := H* (R%) : Sobolev space of order s; > d;/2 (RKHS)
Koopman operator Kj, is the linear operator from H; to H;_; defined as

Kpv:=wvoh (2)
Assumption : g € Hp, and || K, || < oo
f(x) :KW1Kb1K(T1 "'KVVLKZ)/,.(](:L.) (3)

We can represent the network using the product of Koopman operators.
Ky, Kw,

9 g+ b)) L gwix + b))
= gWyo,_1(Wy_1x + by_1) + by)
KWL—1KbL—1K

OL-1

—_—
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Koopman-based generalization bound

Question: Do the networks with high-rank weight matrices generalize well?
— Emperically, yes! But was not fully understood theoretically.

F : Class of all functions represented by the neural network.
W;(C,D) = {W € REG-1%% | d; > d;_q, |[W]| < C, det(W*W)
mJ(CD)—{fEF | W; 6VV(CD)}

D=

> D}

Theorem 1

Let s; > d;/2. The Rademacher complexity R, (X, Fisj(C, D)) is bounded
as

> |

2 llg|| & || o |V
R, (x, Fip;(C,D))) <O L || ] 4
( J( ))) ( \/_ W GW] (c, D) dCt W* 1/4 ( )

The factor [|[Wj||*=1 /det(W;W; )1/4 comes from the Koopman operator
with respect to W;.
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Remarks regarding the bound

* |f the weight matrices are unitary, then the bound becomes small.

® Our bound can become small even if IW/; has large singular values.

® We can generalize our bound to the case where 1V is non-injective
(dj < dj—1), but we have to modify the network slightly.

® We showed that our bound can be combined with existing bounds.

® Our bound is suitable for lower layers. We can interpret that signals
are transformed on the lower layers and are extracted on the higher
layers. The transformation leads to the better extraction of signals on
the higher layers.
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