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Motivation: a Multi-view Clustering Problem
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• Tensor representation: X:,:,k = Xk for all k ∈ {1, . . . ,m}.
• Assumption: fk(M ) = hkM

⇝ X =
(
µy⊤ + Z

)
⊗ h +W ∈ Rp×n×m.

• Clustering problem: reconstruct y from the observation X.

Nested Matrix-Tensor Model

T = βTM⊗ z +
1
√
nT

W ∈ Rn1×n2×n3, M = βMxy⊤ +
1
√
nM

Z ∈ Rn1×n2

•nM = n1 + n2, nT = n1 + n2 + n3, Zi,j
i.i.d.∼ N (0, 1), Wi,j,k

i.i.d.∼ N (0, 1).
•M is a standard spiked random matrix model.
• “Double noise” structure: Z and W.
• (βM , βT ) control the signal-to-noise ratio.

Best rank-one approximation problem NP-hard

(x⋆,y⋆, z⋆) ∈ argmax
(u,v,w)∈Sn1−1×Sn2−1×Sn3−1

⟨T,u⊗ v ⊗w⟩

• Tractable algorithmic approach: estimate y via the unfolding

T(2) = βTβMy (x⊠ z)⊤ +
βT√
nM

Z⊤ (In1 ⊠ z)⊤ +
1
√
nT

W(2).
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Random Matrix Analysis along the Second Mode
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Experimental setting:
(n1, n2, n3) = (600, 400, 200),
ρT = 2 (βT ≈ 3.4), βM = 1.5.

• The dominant eigenvector of T(2)T(2)⊤ is an estimator of y.
• Random matrix analysis in the asymptotic regime

n1, n2, n3→ +∞ with 0 < lim
nℓ

n1 + n2 + n3

def
= cℓ < +∞ for all ℓ ∈ {1, 2, 3}.

Non-trivial regime

βM = Θ(1) and βT = Θ(n
1/4
T ).

Limiting Spectral Distribution
The centered-and-scaled matrix

nT√
n1n2n3

[
T(2)T(2)⊤ − n1n3

nT
In2

]
has a limiting spectral distribution ν̃ whose Stieltjes transform m̃(s̃) satisfies

ρTc2
1− c3

m̃3(s̃) +

(
1 + s̃

ρTc2
1− c3

)
m̃2(s̃) +

(
s̃ +

ρT (c2 − c1)

1− c3

)
m̃(s̃) + 1 = 0

for all s̃ ∈ C \ supp ν̃ with ρT = lim β2
TnT√

n1n2n3
.

Phase Transition and Spike Behavior
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M
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(
c2
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M
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and ζ = 1− 1

β2
M

(
c2

1−c3 + β2
M

)

 β2

M

ρT

(
c2

1−c3 + β2
M

)


2

+
c2

1− c3

(
c1

1− c3
+ β2

M

) .

If ζ > 0, then,

λmax
a.s.−−−−−−−→

n1,n2,n3→+∞
ξ̃ and

∣∣y⊤ŷ∣∣2 a.s.−−−−−−−→
n1,n2,n3→+∞

ζ

where λmax is the dominant eigenvalue of nT√
n1n2n3

[
T(2)T(2)⊤ − n1n3

nT
In2

]
and ŷ is the

corresponding eigenvector.

Phase Diagram
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Possible recovery
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Performance of Multi-view Spectral Clustering
• Back to the original problem

X =
(
µȳ⊤ + Z

)
⊗ h +W with ȳ =

y√
n

and

 Zi,j
i.i.d.∼ N

(
0, 1

p+n

)
Wi,j,k

i.i.d.∼ N
(
0, 1

p+n+m

) .

• (∥µ∥, ∥h∥)←→ (βM , βT ) and ρ = ∥h∥2 p+n+m√
pnm .√

n

1− ζ+

(
ŷj −

√
ζ+ȳj

)
D−−−−−−→

p,n,m→+∞
N (0, 1) for all j ∈ {1, . . . , n}.

Performance Gaps
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