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Automated Theorem Proving



• Problems with exis/ng provers:
• Each theorem is proved independently. 
• Proven conjectures are not shared among problems.
• LLM struggles to generate correct long-chain proof (hallucina;on).

• Ideal provers:
• Extract & reuse useful lemmas during each theorem proving, to reduce reasoning 

length 
• Maintain & grow a library of proven theorems/lemmas (online & offline)
• Leverage the power of LLM (prover)
• Leverage the verifica;on capability of formal systems (Lean, Isabelle)
• Imitate human proving process

Motivation



LEGO-Prover consists of a prover, an evolver, and a growing skill library

+

Copy

Prove in a block-by-block manner
• Prove sub-goal lemmas 
• Prove theorem using sub-goal lemmas. 
• Sub-goal Lemmas: retrieved from skill library, or constructed online

LEGO-Prover: Prove Theorem Like Building LEGO



Three proof steps 
• Informal solver: produce an informal proof
• Decomposer: produce step-by-step informal proof and sub-goals lemma statements, which are used to retrieve 

useful lemma from the skill library. 
• Formalizer: prove theorem with step-by-step informal proof and retrieved lemmas block-by-block. 
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Transforms exis=ng skills into a more general and 
reusable form, or directly solves requested 
subgoals proposed by the prover.

Different types of direcAonal transformer

• Direc4onal transformer evolves skill using 
four type of specific direc=on

• Request solver directly solves the request 
proposed by the decomposer.

request

LEGO-Prover: Evolver



• Thor (Cambridge, NeurIPS 2022): LM + Search. LM trained on single step state-ac7on pairs. Find proof with best first search.
• Thor + expert itera<on (Google + Cambridge, NeurIPS 2022): LM + Search. Extend Thor with extensive data by Codex.
• DSP (Cambridge, ICLR 2023): LLM with ICL, use informal proof to guide Codex to generate formal sketch. 
• Subgoal-Learning (HKU + Cambridge, NeurIPS 2023): LLM with ICL, extends DSP with step-by-step informal proof. 

Experiments



lemma am_gm: For a real number 𝑥, 𝑥 > 0, prove that 𝑥 +
!
"# ≥ 2.

Proof. We have 𝑥 + !
"#

"

≥ 0. Expanding the inequality, 

we obtain 𝑥 + !
"#−2 ∗ 𝑥 ∗ !

"# ≥ 0. From which we have 𝑥 +
!
"#− 2 ≥ 0, and thus 𝑥 + !

"# ≥ 2. ◼
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≥ 0. Expanding the inequality, 

we obtain 𝑥 + !
"#−2 ∗ 𝑥 ∗ !

"# ≥ 0. From which we have 𝑥 +
!
"#− 2 ≥ 0, and thus 𝑥 + !

"# ≥ 2. ◼

theorem algrebra_amgm_faxinrrp: Given a real number 𝑥, 
prove that the expression 2− 2 ≥ 2−𝑥 − !

"$ holds true for all 
𝑥 > 0.

Proof.  Using the proven lemma am_gm, we can show that  𝑥 +
!
"$ ≥ 2. MulCplying both sides with -1 and add 2, we obtain 

2− 2 ≥ 2−𝑥 − !
"$ . ◼

Retrieved skill:

Synthesized proof:

Case directly use:
• A verified lemma am_gm is retrieved from 

skill libraries (with proof).

• Formalizer synthesized final proof using 
retrieved skill directly.

1) Copy pasted the lemma am_gm in the 
proof code directly.

2) Prove main theorem using the proven 
am_gm lemma.

copy paste by LLM 

Experiments: Case Study



lemma prod_1n_4n: for a natural number 𝑛, prove that 
∏!
%4 ∗ 𝑘 = 4% ∗ 𝑛!

Proof. Let’s prove by inducCon on 𝑛. For the base case we have 
∏!
!4 ∗ 𝑘 = 4! ∗ 1!, we have 4 = 4. For inducCon step, assuming 

∏!
& 4 ∗ 𝑘 = 4& ∗ 𝑗!, we prove that ∏!

&'!4 ∗ 𝑘 = 4&'! ∗ (𝑗 + 1)!. 
Since ∏!

&'!4 ∗ 𝑘 = 4& ∗ 𝑗! ∗ (4	 ∗ j + 1 ), thus ∏!
&'!4 ∗ 𝑘 =

4&'! ∗ (𝑗 + 1)!. ◼

lemma prod_frac_common_factor: for a natural number 𝑛 and 
a real number 𝑎, prove that ∏!

% ()'(
() = 𝑛+1

Proof. Let’s prove by inducCon on 𝑛. For the base case we have 
∏!
! ()'(

() = (∗!'(
(∗! = 1+1. For inducCon step, we have 

∏!
%'!()'(

() = (∗ %'! '(
(∗(%'!) ∗ ∏!

% ()'(
() = (∗ %'! '(

(∗ %'! ∗ 𝑛 + 1 = 𝑛+
1+1.◼

theorem amc12a_2008_p4: Prove that ∏!
-.! /)'/

/) = 502.

Proof.  Using the proven lemma prod_frac_common_factor, we 
can show that ∏!

-.! /)'/
/) = 501+1 = 502. ◼

Retrieved skill:

Synthesized proof:

Case propose lemma by imitaAon:
• A verified lemma prod_1n_4n is retrieved 

from skill libraries (proof).

• Formalizer synthesized final proof by solving 
the lemma imitaJng the retrieved skill.

1) Imitate the lemma prod_1n_4n. The 
formalizer uses inducJon to prove 
prod_frac_common_factor.

2) Prove main theorem using the proven 
prod_frac_common_factor lemma.

Propose lemma by imitaJon

Experiments: Case Study



1. We proposed LEGO-Prover, a novel method for automated theorem proving, which u?lizes a 
growing skill library to construct proof in a modularity way.

2. The learned skill library serves as a valuable enhancement on the standard Isabelle library, which 
includes many useful high-level lemmas that are useful for other problems.

3. LEGO-Prover advances the state-of-the-art pass rate on miniF2F-valid (48.0% to 57.0%) and 
miniF2F-test (45.5% to 50.0%)

Conclusion


