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Amartya Mitra* Guillaume Lajoie Ioannis MitliagkasReyhane Askari*



/ 302

•Optimize with respect to two players,

•Examples include,

GANs Out-of-distribution generalization Adversarial Training

Min-Max Optimization

x⇤ 2 argmin f(x, y⇤)
<latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit><latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit><latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit><latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit>

y⇤ 2 argmax f(x⇤, y)
<latexit sha1_base64="jqgjcKviamS5T7jMNZdiSb9eGYk=">AAACC3icbVDLSgMxFM34rPU16tJNaBFqkTIjgi4LunBZwT6g05ZMmmlDM5khuSMdSvdu/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXX4Djf1srq2vrGZmYru72zu7dvHxzWdJQoyqo0EpFq+EQzwSWrAgfBGrFiJPQFq/uD64lff2BK80jeQxqzVkh6kgecEjBSx86l7SL2uMQesCGMiOqFZDjGHsZBYdgunuH0tGPnnZIzBV4m7pzk0RyVjv3ldSOahEwCFUTrpuvE0DJvA6eCjbNeollM6ID0WNNQSUKmW6PpLWN8YpQuDiJlSgKeqr8nRiTUOg190xkS6OtFbyL+5zUTCK5aIy7jBJiks4+CRGCI8CQY3OWKURCpIYQqbnbFtE8UoWDiy5oQ3MWTl0ntvOQ6JffuIl++mceRQccohwrIRZeojG5RBVURRY/oGb2iN+vJerHerY9Z64o1nzlCf2B9/gBL05lG</latexit><latexit sha1_base64="jqgjcKviamS5T7jMNZdiSb9eGYk=">AAACC3icbVDLSgMxFM34rPU16tJNaBFqkTIjgi4LunBZwT6g05ZMmmlDM5khuSMdSvdu/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXX4Djf1srq2vrGZmYru72zu7dvHxzWdJQoyqo0EpFq+EQzwSWrAgfBGrFiJPQFq/uD64lff2BK80jeQxqzVkh6kgecEjBSx86l7SL2uMQesCGMiOqFZDjGHsZBYdgunuH0tGPnnZIzBV4m7pzk0RyVjv3ldSOahEwCFUTrpuvE0DJvA6eCjbNeollM6ID0WNNQSUKmW6PpLWN8YpQuDiJlSgKeqr8nRiTUOg190xkS6OtFbyL+5zUTCK5aIy7jBJiks4+CRGCI8CQY3OWKURCpIYQqbnbFtE8UoWDiy5oQ3MWTl0ntvOQ6JffuIl++mceRQccohwrIRZeojG5RBVURRY/oGb2iN+vJerHerY9Z64o1nzlCf2B9/gBL05lG</latexit><latexit sha1_base64="jqgjcKviamS5T7jMNZdiSb9eGYk=">AAACC3icbVDLSgMxFM34rPU16tJNaBFqkTIjgi4LunBZwT6g05ZMmmlDM5khuSMdSvdu/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXX4Djf1srq2vrGZmYru72zu7dvHxzWdJQoyqo0EpFq+EQzwSWrAgfBGrFiJPQFq/uD64lff2BK80jeQxqzVkh6kgecEjBSx86l7SL2uMQesCGMiOqFZDjGHsZBYdgunuH0tGPnnZIzBV4m7pzk0RyVjv3ldSOahEwCFUTrpuvE0DJvA6eCjbNeollM6ID0WNNQSUKmW6PpLWN8YpQuDiJlSgKeqr8nRiTUOg190xkS6OtFbyL+5zUTCK5aIy7jBJiks4+CRGCI8CQY3OWKURCpIYQqbnbFtE8UoWDiy5oQ3MWTl0ntvOQ6JffuIl++mceRQccohwrIRZeojG5RBVURRY/oGb2iN+vJerHerY9Z64o1nzlCf2B9/gBL05lG</latexit><latexit sha1_base64="jqgjcKviamS5T7jMNZdiSb9eGYk=">AAACC3icbVDLSgMxFM34rPU16tJNaBFqkTIjgi4LunBZwT6g05ZMmmlDM5khuSMdSvdu/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXX4Djf1srq2vrGZmYru72zu7dvHxzWdJQoyqo0EpFq+EQzwSWrAgfBGrFiJPQFq/uD64lff2BK80jeQxqzVkh6kgecEjBSx86l7SL2uMQesCGMiOqFZDjGHsZBYdgunuH0tGPnnZIzBV4m7pzk0RyVjv3ldSOahEwCFUTrpuvE0DJvA6eCjbNeollM6ID0WNNQSUKmW6PpLWN8YpQuDiJlSgKeqr8nRiTUOg190xkS6OtFbyL+5zUTCK5aIy7jBJiks4+CRGCI8CQY3OWKURCpIYQqbnbFtE8UoWDiy5oQ3MWTl0ntvOQ6JffuIl++mceRQccohwrIRZeojG5RBVURRY/oGb2iN+vJerHerY9Z64o1nzlCf2B9/gBL05lG</latexit>

x⇤ 2 argmin f(x, y⇤)
<latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit><latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit><latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit><latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit>

y⇤ 2 argmax f(x⇤, y)
<latexit sha1_base64="jqgjcKviamS5T7jMNZdiSb9eGYk=">AAACC3icbVDLSgMxFM34rPU16tJNaBFqkTIjgi4LunBZwT6g05ZMmmlDM5khuSMdSvdu/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXX4Djf1srq2vrGZmYru72zu7dvHxzWdJQoyqo0EpFq+EQzwSWrAgfBGrFiJPQFq/uD64lff2BK80jeQxqzVkh6kgecEjBSx86l7SL2uMQesCGMiOqFZDjGHsZBYdgunuH0tGPnnZIzBV4m7pzk0RyVjv3ldSOahEwCFUTrpuvE0DJvA6eCjbNeollM6ID0WNNQSUKmW6PpLWN8YpQuDiJlSgKeqr8nRiTUOg190xkS6OtFbyL+5zUTCK5aIy7jBJiks4+CRGCI8CQY3OWKURCpIYQqbnbFtE8UoWDiy5oQ3MWTl0ntvOQ6JffuIl++mceRQccohwrIRZeojG5RBVURRY/oGb2iN+vJerHerY9Z64o1nzlCf2B9/gBL05lG</latexit><latexit sha1_base64="jqgjcKviamS5T7jMNZdiSb9eGYk=">AAACC3icbVDLSgMxFM34rPU16tJNaBFqkTIjgi4LunBZwT6g05ZMmmlDM5khuSMdSvdu/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXX4Djf1srq2vrGZmYru72zu7dvHxzWdJQoyqo0EpFq+EQzwSWrAgfBGrFiJPQFq/uD64lff2BK80jeQxqzVkh6kgecEjBSx86l7SL2uMQesCGMiOqFZDjGHsZBYdgunuH0tGPnnZIzBV4m7pzk0RyVjv3ldSOahEwCFUTrpuvE0DJvA6eCjbNeollM6ID0WNNQSUKmW6PpLWN8YpQuDiJlSgKeqr8nRiTUOg190xkS6OtFbyL+5zUTCK5aIy7jBJiks4+CRGCI8CQY3OWKURCpIYQqbnbFtE8UoWDiy5oQ3MWTl0ntvOQ6JffuIl++mceRQccohwrIRZeojG5RBVURRY/oGb2iN+vJerHerY9Z64o1nzlCf2B9/gBL05lG</latexit><latexit sha1_base64="jqgjcKviamS5T7jMNZdiSb9eGYk=">AAACC3icbVDLSgMxFM34rPU16tJNaBFqkTIjgi4LunBZwT6g05ZMmmlDM5khuSMdSvdu/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXX4Djf1srq2vrGZmYru72zu7dvHxzWdJQoyqo0EpFq+EQzwSWrAgfBGrFiJPQFq/uD64lff2BK80jeQxqzVkh6kgecEjBSx86l7SL2uMQesCGMiOqFZDjGHsZBYdgunuH0tGPnnZIzBV4m7pzk0RyVjv3ldSOahEwCFUTrpuvE0DJvA6eCjbNeollM6ID0WNNQSUKmW6PpLWN8YpQuDiJlSgKeqr8nRiTUOg190xkS6OtFbyL+5zUTCK5aIy7jBJiks4+CRGCI8CQY3OWKURCpIYQqbnbFtE8UoWDiy5oQ3MWTl0ntvOQ6JffuIl++mceRQccohwrIRZeojG5RBVURRY/oGb2iN+vJerHerY9Z64o1nzlCf2B9/gBL05lG</latexit><latexit sha1_base64="jqgjcKviamS5T7jMNZdiSb9eGYk=">AAACC3icbVDLSgMxFM34rPU16tJNaBFqkTIjgi4LunBZwT6g05ZMmmlDM5khuSMdSvdu/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXX4Djf1srq2vrGZmYru72zu7dvHxzWdJQoyqo0EpFq+EQzwSWrAgfBGrFiJPQFq/uD64lff2BK80jeQxqzVkh6kgecEjBSx86l7SL2uMQesCGMiOqFZDjGHsZBYdgunuH0tGPnnZIzBV4m7pzk0RyVjv3ldSOahEwCFUTrpuvE0DJvA6eCjbNeollM6ID0WNNQSUKmW6PpLWN8YpQuDiJlSgKeqr8nRiTUOg190xkS6OtFbyL+5zUTCK5aIy7jBJiks4+CRGCI8CQY3OWKURCpIYQqbnbFtE8UoWDiy5oQ3MWTl0ntvOQ6JffuIl++mceRQccohwrIRZeojG5RBVURRY/oGb2iN+vJerHerY9Z64o1nzlCf2B9/gBL05lG</latexit>
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Single-objective Optimization

3

•  Minimization on a smooth, differentiable loss,

•  Gradient Descent,

•  Update operator,

Min-Max Optimization

Stable fixed point of          is a local minimum.

v(x) := rxf(x)
<latexit sha1_base64="j01a52Z1BoZBw7ljIy0GxgmlYUQ=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IR6qUkIiiCUNCDxwr2A9pQNttNu3SzCbub0hIK/hUvHhTx6u/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rdzK6tr6Rn6zsLW9s7tn7x/UVZRIQmsk4pFs+lhRzgStaaY5bcaS4tDntOEPbqd+Y0ilYpF41OOYeiHuCRYwgrWROvbRsDQ6Q9c3qC2wz3FnhAIjdOyiU3ZmQMvEzUgRMlQ79le7G5EkpEITjpVquU6svRRLzQink0I7UTTGZIB7tGWowCFVXjo7f4JOjdJFQSRNCY1m6u+JFIdKjUPfdIZY99WiNxX/81qJDq68lIk40VSQ+aIg4UhHaJoF6jJJieZjQzCRzNyKSB9LTLRJrGBCcBdfXib187LrlN2Hi2LlLosjD8dwAiVw4RIqcA9VqAGBFJ7hFd6sJ+vFerc+5q05K5s5hD+wPn8Al1eT9Q==</latexit><latexit sha1_base64="j01a52Z1BoZBw7ljIy0GxgmlYUQ=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IR6qUkIiiCUNCDxwr2A9pQNttNu3SzCbub0hIK/hUvHhTx6u/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rdzK6tr6Rn6zsLW9s7tn7x/UVZRIQmsk4pFs+lhRzgStaaY5bcaS4tDntOEPbqd+Y0ilYpF41OOYeiHuCRYwgrWROvbRsDQ6Q9c3qC2wz3FnhAIjdOyiU3ZmQMvEzUgRMlQ79le7G5EkpEITjpVquU6svRRLzQink0I7UTTGZIB7tGWowCFVXjo7f4JOjdJFQSRNCY1m6u+JFIdKjUPfdIZY99WiNxX/81qJDq68lIk40VSQ+aIg4UhHaJoF6jJJieZjQzCRzNyKSB9LTLRJrGBCcBdfXib187LrlN2Hi2LlLosjD8dwAiVw4RIqcA9VqAGBFJ7hFd6sJ+vFerc+5q05K5s5hD+wPn8Al1eT9Q==</latexit><latexit sha1_base64="j01a52Z1BoZBw7ljIy0GxgmlYUQ=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IR6qUkIiiCUNCDxwr2A9pQNttNu3SzCbub0hIK/hUvHhTx6u/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rdzK6tr6Rn6zsLW9s7tn7x/UVZRIQmsk4pFs+lhRzgStaaY5bcaS4tDntOEPbqd+Y0ilYpF41OOYeiHuCRYwgrWROvbRsDQ6Q9c3qC2wz3FnhAIjdOyiU3ZmQMvEzUgRMlQ79le7G5EkpEITjpVquU6svRRLzQink0I7UTTGZIB7tGWowCFVXjo7f4JOjdJFQSRNCY1m6u+JFIdKjUPfdIZY99WiNxX/81qJDq68lIk40VSQ+aIg4UhHaJoF6jJJieZjQzCRzNyKSB9LTLRJrGBCcBdfXib187LrlN2Hi2LlLosjD8dwAiVw4RIqcA9VqAGBFJ7hFd6sJ+vFerc+5q05K5s5hD+wPn8Al1eT9Q==</latexit><latexit sha1_base64="j01a52Z1BoZBw7ljIy0GxgmlYUQ=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IR6qUkIiiCUNCDxwr2A9pQNttNu3SzCbub0hIK/hUvHhTx6u/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rdzK6tr6Rn6zsLW9s7tn7x/UVZRIQmsk4pFs+lhRzgStaaY5bcaS4tDntOEPbqd+Y0ilYpF41OOYeiHuCRYwgrWROvbRsDQ6Q9c3qC2wz3FnhAIjdOyiU3ZmQMvEzUgRMlQ79le7G5EkpEITjpVquU6svRRLzQink0I7UTTGZIB7tGWowCFVXjo7f4JOjdJFQSRNCY1m6u+JFIdKjUPfdIZY99WiNxX/81qJDq68lIk40VSQ+aIg4UhHaJoF6jJJieZjQzCRzNyKSB9LTLRJrGBCcBdfXib187LrlN2Hi2LlLosjD8dwAiVw4RIqcA9VqAGBFJ7hFd6sJ+vFerc+5q05K5s5hD+wPn8Al1eT9Q==</latexit>Vector-field

xt+1 = xt � ⌘v(xt)
<latexit sha1_base64="XtwESQiVL311QSskQkplFPRn0xg=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMQEcOuCNoIAS0sI5gHJMsyO5lNhsw+mLkbEpYUNv6KjYUitn6EnX/jJNlCEw9cOHPOvcy9x4sFV2BZ30ZuZXVtfSO/Wdja3tndM/cPGipKJGV1GolItjyimOAhqwMHwVqxZCTwBGt6g5up3xwyqXgUPsA4Zk5AeiH3OSWgJdcsjtwUTu0JvsYjF/AZ7jAgeFjWjxPXLFkVawa8TOyMlFCGmmt+dboRTQIWAhVEqbZtxeCkRAKngk0KnUSxmNAB6bG2piEJmHLS2RETfKyVLvYjqSsEPFN/T6QkUGoceLozINBXi95U/M9rJ+BfOSkP4wRYSOcf+YnAEOFpIrjLJaMgxpoQKrneFdM+kYSCzq2gQ7AXT14mjfOKbVXs+4tS9TaLI4+K6AiVkY0uURXdoRqqI4oe0TN6RW/Gk/FivBsf89ackc0coj8wPn8A6yaWVw==</latexit><latexit sha1_base64="XtwESQiVL311QSskQkplFPRn0xg=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMQEcOuCNoIAS0sI5gHJMsyO5lNhsw+mLkbEpYUNv6KjYUitn6EnX/jJNlCEw9cOHPOvcy9x4sFV2BZ30ZuZXVtfSO/Wdja3tndM/cPGipKJGV1GolItjyimOAhqwMHwVqxZCTwBGt6g5up3xwyqXgUPsA4Zk5AeiH3OSWgJdcsjtwUTu0JvsYjF/AZ7jAgeFjWjxPXLFkVawa8TOyMlFCGmmt+dboRTQIWAhVEqbZtxeCkRAKngk0KnUSxmNAB6bG2piEJmHLS2RETfKyVLvYjqSsEPFN/T6QkUGoceLozINBXi95U/M9rJ+BfOSkP4wRYSOcf+YnAEOFpIrjLJaMgxpoQKrneFdM+kYSCzq2gQ7AXT14mjfOKbVXs+4tS9TaLI4+K6AiVkY0uURXdoRqqI4oe0TN6RW/Gk/FivBsf89ackc0coj8wPn8A6yaWVw==</latexit><latexit sha1_base64="XtwESQiVL311QSskQkplFPRn0xg=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMQEcOuCNoIAS0sI5gHJMsyO5lNhsw+mLkbEpYUNv6KjYUitn6EnX/jJNlCEw9cOHPOvcy9x4sFV2BZ30ZuZXVtfSO/Wdja3tndM/cPGipKJGV1GolItjyimOAhqwMHwVqxZCTwBGt6g5up3xwyqXgUPsA4Zk5AeiH3OSWgJdcsjtwUTu0JvsYjF/AZ7jAgeFjWjxPXLFkVawa8TOyMlFCGmmt+dboRTQIWAhVEqbZtxeCkRAKngk0KnUSxmNAB6bG2piEJmHLS2RETfKyVLvYjqSsEPFN/T6QkUGoceLozINBXi95U/M9rJ+BfOSkP4wRYSOcf+YnAEOFpIrjLJaMgxpoQKrneFdM+kYSCzq2gQ7AXT14mjfOKbVXs+4tS9TaLI4+K6AiVkY0uURXdoRqqI4oe0TN6RW/Gk/FivBsf89ackc0coj8wPn8A6yaWVw==</latexit><latexit sha1_base64="XtwESQiVL311QSskQkplFPRn0xg=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMQEcOuCNoIAS0sI5gHJMsyO5lNhsw+mLkbEpYUNv6KjYUitn6EnX/jJNlCEw9cOHPOvcy9x4sFV2BZ30ZuZXVtfSO/Wdja3tndM/cPGipKJGV1GolItjyimOAhqwMHwVqxZCTwBGt6g5up3xwyqXgUPsA4Zk5AeiH3OSWgJdcsjtwUTu0JvsYjF/AZ7jAgeFjWjxPXLFkVawa8TOyMlFCGmmt+dboRTQIWAhVEqbZtxeCkRAKngk0KnUSxmNAB6bG2piEJmHLS2RETfKyVLvYjqSsEPFN/T6QkUGoceLozINBXi95U/M9rJ+BfOSkP4wRYSOcf+YnAEOFpIrjLJaMgxpoQKrneFdM+kYSCzq2gQ7AXT14mjfOKbVXs+4tS9TaLI4+K6AiVkY0uURXdoRqqI4oe0TN6RW/Gk/FivBsf89ackc0coj8wPn8A6yaWVw==</latexit>

F⌘(xt) := xt � ⌘v(xt)
<latexit sha1_base64="Twzw4B+UiWBswZlFaSuHNhtdfCc=">AAACC3icbZDLSgMxFIYz9VbrrerSTWgR6sIyI4IiCAVFXFawF2iHIZNm2tDMheRMsQzdu/FV3LhQxK0v4M63MdPOQlsPhPx8/zkk53cjwRWY5reRW1peWV3Lrxc2Nre2d4q7e00VxpKyBg1FKNsuUUzwgDWAg2DtSDLiu4K13OFV6rdGTCoeBvcwjpjtk37APU4JaOQUSzdO0mVAJpUHB47wxSXWNz7GKcOjKXSKZbNqTgsvCisTZZRV3Sl+dXshjX0WABVEqY5lRmAnRAKngk0K3VixiNAh6bOOlgHxmbKT6S4TfKhJD3uh1CcAPKW/JxLiKzX2Xd3pExioeS+F/3mdGLxzO+FBFAML6OwhLxYYQpwGg3tcMgpirAWhkuu/YjogklDQ8RV0CNb8youieVK1zKp1d1quXWdx5NEBKqEKstAZqqFbVEcNRNEjekav6M14Ml6Md+Nj1pozspl99KeMzx/i85kH</latexit><latexit sha1_base64="Twzw4B+UiWBswZlFaSuHNhtdfCc=">AAACC3icbZDLSgMxFIYz9VbrrerSTWgR6sIyI4IiCAVFXFawF2iHIZNm2tDMheRMsQzdu/FV3LhQxK0v4M63MdPOQlsPhPx8/zkk53cjwRWY5reRW1peWV3Lrxc2Nre2d4q7e00VxpKyBg1FKNsuUUzwgDWAg2DtSDLiu4K13OFV6rdGTCoeBvcwjpjtk37APU4JaOQUSzdO0mVAJpUHB47wxSXWNz7GKcOjKXSKZbNqTgsvCisTZZRV3Sl+dXshjX0WABVEqY5lRmAnRAKngk0K3VixiNAh6bOOlgHxmbKT6S4TfKhJD3uh1CcAPKW/JxLiKzX2Xd3pExioeS+F/3mdGLxzO+FBFAML6OwhLxYYQpwGg3tcMgpirAWhkuu/YjogklDQ8RV0CNb8youieVK1zKp1d1quXWdx5NEBKqEKstAZqqFbVEcNRNEjekav6M14Ml6Md+Nj1pozspl99KeMzx/i85kH</latexit><latexit sha1_base64="Twzw4B+UiWBswZlFaSuHNhtdfCc=">AAACC3icbZDLSgMxFIYz9VbrrerSTWgR6sIyI4IiCAVFXFawF2iHIZNm2tDMheRMsQzdu/FV3LhQxK0v4M63MdPOQlsPhPx8/zkk53cjwRWY5reRW1peWV3Lrxc2Nre2d4q7e00VxpKyBg1FKNsuUUzwgDWAg2DtSDLiu4K13OFV6rdGTCoeBvcwjpjtk37APU4JaOQUSzdO0mVAJpUHB47wxSXWNz7GKcOjKXSKZbNqTgsvCisTZZRV3Sl+dXshjX0WABVEqY5lRmAnRAKngk0K3VixiNAh6bOOlgHxmbKT6S4TfKhJD3uh1CcAPKW/JxLiKzX2Xd3pExioeS+F/3mdGLxzO+FBFAML6OwhLxYYQpwGg3tcMgpirAWhkuu/YjogklDQ8RV0CNb8youieVK1zKp1d1quXWdx5NEBKqEKstAZqqFbVEcNRNEjekav6M14Ml6Md+Nj1pozspl99KeMzx/i85kH</latexit><latexit sha1_base64="Twzw4B+UiWBswZlFaSuHNhtdfCc=">AAACC3icbZDLSgMxFIYz9VbrrerSTWgR6sIyI4IiCAVFXFawF2iHIZNm2tDMheRMsQzdu/FV3LhQxK0v4M63MdPOQlsPhPx8/zkk53cjwRWY5reRW1peWV3Lrxc2Nre2d4q7e00VxpKyBg1FKNsuUUzwgDWAg2DtSDLiu4K13OFV6rdGTCoeBvcwjpjtk37APU4JaOQUSzdO0mVAJpUHB47wxSXWNz7GKcOjKXSKZbNqTgsvCisTZZRV3Sl+dXshjX0WABVEqY5lRmAnRAKngk0K3VixiNAh6bOOlgHxmbKT6S4TfKhJD3uh1CcAPKW/JxLiKzX2Xd3pExioeS+F/3mdGLxzO+FBFAML6OwhLxYYQpwGg3tcMgpirAWhkuu/YjogklDQ8RV0CNb8youieVK1zKp1d1quXWdx5NEBKqEKstAZqqFbVEcNRNEjekav6M14Ml6Md+Nj1pozspl99KeMzx/i85kH</latexit>

Gets 
Returns 

xt
xt+1

x⇤ 2 argmax f(x)
<latexit sha1_base64="OrrX64K3a4doJP95wP+IlSipnN0=">AAACBnicbVDLSgMxFM3UV62vUZciBItQXZQZEXRZ0IXLCvYBnbFk0kwbmskMyR2ZUrpy46+4caGIW7/BnX9j+lho64ELh3PuTe49QSK4Bsf5tnJLyyura/n1wsbm1vaOvbtX13GqKKvRWMSqGRDNBJesBhwEayaKkSgQrBH0r8Z+44EpzWN5B4OE+RHpSh5ySsBIbfswuz/FHpfYA5bBkKhuRLIR9jAOS9lJ2y46ZWcCvEjcGSmiGapt+8vrxDSNmAQqiNYt10nAN88Cp4KNCl6qWUJon3RZy1BJIqb94eSMET42SgeHsTIlAU/U3xNDEmk9iALTGRHo6XlvLP7ntVIIL/0hl0kKTNLpR2EqMMR4nAnucMUoiIEhhCpudsW0RxShYJIrmBDc+ZMXSf2s7Dpl9/a8WLmexZFHB+gIlZCLLlAF3aAqqiGKHtEzekVv1pP1Yr1bH9PWnDWb2Ud/YH3+AGJRl8Y=</latexit><latexit sha1_base64="OrrX64K3a4doJP95wP+IlSipnN0=">AAACBnicbVDLSgMxFM3UV62vUZciBItQXZQZEXRZ0IXLCvYBnbFk0kwbmskMyR2ZUrpy46+4caGIW7/BnX9j+lho64ELh3PuTe49QSK4Bsf5tnJLyyura/n1wsbm1vaOvbtX13GqKKvRWMSqGRDNBJesBhwEayaKkSgQrBH0r8Z+44EpzWN5B4OE+RHpSh5ySsBIbfswuz/FHpfYA5bBkKhuRLIR9jAOS9lJ2y46ZWcCvEjcGSmiGapt+8vrxDSNmAQqiNYt10nAN88Cp4KNCl6qWUJon3RZy1BJIqb94eSMET42SgeHsTIlAU/U3xNDEmk9iALTGRHo6XlvLP7ntVIIL/0hl0kKTNLpR2EqMMR4nAnucMUoiIEhhCpudsW0RxShYJIrmBDc+ZMXSf2s7Dpl9/a8WLmexZFHB+gIlZCLLlAF3aAqqiGKHtEzekVv1pP1Yr1bH9PWnDWb2Ud/YH3+AGJRl8Y=</latexit><latexit sha1_base64="OrrX64K3a4doJP95wP+IlSipnN0=">AAACBnicbVDLSgMxFM3UV62vUZciBItQXZQZEXRZ0IXLCvYBnbFk0kwbmskMyR2ZUrpy46+4caGIW7/BnX9j+lho64ELh3PuTe49QSK4Bsf5tnJLyyura/n1wsbm1vaOvbtX13GqKKvRWMSqGRDNBJesBhwEayaKkSgQrBH0r8Z+44EpzWN5B4OE+RHpSh5ySsBIbfswuz/FHpfYA5bBkKhuRLIR9jAOS9lJ2y46ZWcCvEjcGSmiGapt+8vrxDSNmAQqiNYt10nAN88Cp4KNCl6qWUJon3RZy1BJIqb94eSMET42SgeHsTIlAU/U3xNDEmk9iALTGRHo6XlvLP7ntVIIL/0hl0kKTNLpR2EqMMR4nAnucMUoiIEhhCpudsW0RxShYJIrmBDc+ZMXSf2s7Dpl9/a8WLmexZFHB+gIlZCLLlAF3aAqqiGKHtEzekVv1pP1Yr1bH9PWnDWb2Ud/YH3+AGJRl8Y=</latexit><latexit sha1_base64="OrrX64K3a4doJP95wP+IlSipnN0=">AAACBnicbVDLSgMxFM3UV62vUZciBItQXZQZEXRZ0IXLCvYBnbFk0kwbmskMyR2ZUrpy46+4caGIW7/BnX9j+lho64ELh3PuTe49QSK4Bsf5tnJLyyura/n1wsbm1vaOvbtX13GqKKvRWMSqGRDNBJesBhwEayaKkSgQrBH0r8Z+44EpzWN5B4OE+RHpSh5ySsBIbfswuz/FHpfYA5bBkKhuRLIR9jAOS9lJ2y46ZWcCvEjcGSmiGapt+8vrxDSNmAQqiNYt10nAN88Cp4KNCl6qWUJon3RZy1BJIqb94eSMET42SgeHsTIlAU/U3xNDEmk9iALTGRHo6XlvLP7ntVIIL/0hl0kKTNLpR2EqMMR4nAnucMUoiIEhhCpudsW0RxShYJIrmBDc+ZMXSf2s7Dpl9/a8WLmexZFHB+gIlZCLLlAF3aAqqiGKHtEzekVv1pP1Yr1bH9PWnDWb2Ud/YH3+AGJRl8Y=</latexit>

x⇤ 2 argmax f(x)
<latexit sha1_base64="OrrX64K3a4doJP95wP+IlSipnN0=">AAACBnicbVDLSgMxFM3UV62vUZciBItQXZQZEXRZ0IXLCvYBnbFk0kwbmskMyR2ZUrpy46+4caGIW7/BnX9j+lho64ELh3PuTe49QSK4Bsf5tnJLyyura/n1wsbm1vaOvbtX13GqKKvRWMSqGRDNBJesBhwEayaKkSgQrBH0r8Z+44EpzWN5B4OE+RHpSh5ySsBIbfswuz/FHpfYA5bBkKhuRLIR9jAOS9lJ2y46ZWcCvEjcGSmiGapt+8vrxDSNmAQqiNYt10nAN88Cp4KNCl6qWUJon3RZy1BJIqb94eSMET42SgeHsTIlAU/U3xNDEmk9iALTGRHo6XlvLP7ntVIIL/0hl0kKTNLpR2EqMMR4nAnucMUoiIEhhCpudsW0RxShYJIrmBDc+ZMXSf2s7Dpl9/a8WLmexZFHB+gIlZCLLlAF3aAqqiGKHtEzekVv1pP1Yr1bH9PWnDWb2Ud/YH3+AGJRl8Y=</latexit><latexit sha1_base64="OrrX64K3a4doJP95wP+IlSipnN0=">AAACBnicbVDLSgMxFM3UV62vUZciBItQXZQZEXRZ0IXLCvYBnbFk0kwbmskMyR2ZUrpy46+4caGIW7/BnX9j+lho64ELh3PuTe49QSK4Bsf5tnJLyyura/n1wsbm1vaOvbtX13GqKKvRWMSqGRDNBJesBhwEayaKkSgQrBH0r8Z+44EpzWN5B4OE+RHpSh5ySsBIbfswuz/FHpfYA5bBkKhuRLIR9jAOS9lJ2y46ZWcCvEjcGSmiGapt+8vrxDSNmAQqiNYt10nAN88Cp4KNCl6qWUJon3RZy1BJIqb94eSMET42SgeHsTIlAU/U3xNDEmk9iALTGRHo6XlvLP7ntVIIL/0hl0kKTNLpR2EqMMR4nAnucMUoiIEhhCpudsW0RxShYJIrmBDc+ZMXSf2s7Dpl9/a8WLmexZFHB+gIlZCLLlAF3aAqqiGKHtEzekVv1pP1Yr1bH9PWnDWb2Ud/YH3+AGJRl8Y=</latexit><latexit sha1_base64="OrrX64K3a4doJP95wP+IlSipnN0=">AAACBnicbVDLSgMxFM3UV62vUZciBItQXZQZEXRZ0IXLCvYBnbFk0kwbmskMyR2ZUrpy46+4caGIW7/BnX9j+lho64ELh3PuTe49QSK4Bsf5tnJLyyura/n1wsbm1vaOvbtX13GqKKvRWMSqGRDNBJesBhwEayaKkSgQrBH0r8Z+44EpzWN5B4OE+RHpSh5ySsBIbfswuz/FHpfYA5bBkKhuRLIR9jAOS9lJ2y46ZWcCvEjcGSmiGapt+8vrxDSNmAQqiNYt10nAN88Cp4KNCl6qWUJon3RZy1BJIqb94eSMET42SgeHsTIlAU/U3xNDEmk9iALTGRHo6XlvLP7ntVIIL/0hl0kKTNLpR2EqMMR4nAnucMUoiIEhhCpudsW0RxShYJIrmBDc+ZMXSf2s7Dpl9/a8WLmexZFHB+gIlZCLLlAF3aAqqiGKHtEzekVv1pP1Yr1bH9PWnDWb2Ud/YH3+AGJRl8Y=</latexit><latexit sha1_base64="OrrX64K3a4doJP95wP+IlSipnN0=">AAACBnicbVDLSgMxFM3UV62vUZciBItQXZQZEXRZ0IXLCvYBnbFk0kwbmskMyR2ZUrpy46+4caGIW7/BnX9j+lho64ELh3PuTe49QSK4Bsf5tnJLyyura/n1wsbm1vaOvbtX13GqKKvRWMSqGRDNBJesBhwEayaKkSgQrBH0r8Z+44EpzWN5B4OE+RHpSh5ySsBIbfswuz/FHpfYA5bBkKhuRLIR9jAOS9lJ2y46ZWcCvEjcGSmiGapt+8vrxDSNmAQqiNYt10nAN88Cp4KNCl6qWUJon3RZy1BJIqb94eSMET42SgeHsTIlAU/U3xNDEmk9iALTGRHo6XlvLP7ntVIIL/0hl0kKTNLpR2EqMMR4nAnucMUoiIEhhCpudsW0RxShYJIrmBDc+ZMXSf2s7Dpl9/a8WLmexZFHB+gIlZCLLlAF3aAqqiGKHtEzekVv1pP1Yr1bH9PWnDWb2Ud/YH3+AGJRl8Y=</latexit>

x⇤ 2 argmin f(x, y⇤)
<latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit><latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit><latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit><latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit>
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Single-objective Optimization

4

•  Minimization on a smooth, differentiable loss,

•  Gradient Descent,

•  Update operator,

Min-Max Optimization

•Optimize                   with respect to two players,

•  Gradient Descent-Ascent,

•  Update operator on gradient descent-ascent,

Stable fixed point of          is a local minimum.

v(x) := rxf(x)
<latexit sha1_base64="j01a52Z1BoZBw7ljIy0GxgmlYUQ=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IR6qUkIiiCUNCDxwr2A9pQNttNu3SzCbub0hIK/hUvHhTx6u/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rdzK6tr6Rn6zsLW9s7tn7x/UVZRIQmsk4pFs+lhRzgStaaY5bcaS4tDntOEPbqd+Y0ilYpF41OOYeiHuCRYwgrWROvbRsDQ6Q9c3qC2wz3FnhAIjdOyiU3ZmQMvEzUgRMlQ79le7G5EkpEITjpVquU6svRRLzQink0I7UTTGZIB7tGWowCFVXjo7f4JOjdJFQSRNCY1m6u+JFIdKjUPfdIZY99WiNxX/81qJDq68lIk40VSQ+aIg4UhHaJoF6jJJieZjQzCRzNyKSB9LTLRJrGBCcBdfXib187LrlN2Hi2LlLosjD8dwAiVw4RIqcA9VqAGBFJ7hFd6sJ+vFerc+5q05K5s5hD+wPn8Al1eT9Q==</latexit><latexit sha1_base64="j01a52Z1BoZBw7ljIy0GxgmlYUQ=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IR6qUkIiiCUNCDxwr2A9pQNttNu3SzCbub0hIK/hUvHhTx6u/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rdzK6tr6Rn6zsLW9s7tn7x/UVZRIQmsk4pFs+lhRzgStaaY5bcaS4tDntOEPbqd+Y0ilYpF41OOYeiHuCRYwgrWROvbRsDQ6Q9c3qC2wz3FnhAIjdOyiU3ZmQMvEzUgRMlQ79le7G5EkpEITjpVquU6svRRLzQink0I7UTTGZIB7tGWowCFVXjo7f4JOjdJFQSRNCY1m6u+JFIdKjUPfdIZY99WiNxX/81qJDq68lIk40VSQ+aIg4UhHaJoF6jJJieZjQzCRzNyKSB9LTLRJrGBCcBdfXib187LrlN2Hi2LlLosjD8dwAiVw4RIqcA9VqAGBFJ7hFd6sJ+vFerc+5q05K5s5hD+wPn8Al1eT9Q==</latexit><latexit sha1_base64="j01a52Z1BoZBw7ljIy0GxgmlYUQ=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IR6qUkIiiCUNCDxwr2A9pQNttNu3SzCbub0hIK/hUvHhTx6u/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rdzK6tr6Rn6zsLW9s7tn7x/UVZRIQmsk4pFs+lhRzgStaaY5bcaS4tDntOEPbqd+Y0ilYpF41OOYeiHuCRYwgrWROvbRsDQ6Q9c3qC2wz3FnhAIjdOyiU3ZmQMvEzUgRMlQ79le7G5EkpEITjpVquU6svRRLzQink0I7UTTGZIB7tGWowCFVXjo7f4JOjdJFQSRNCY1m6u+JFIdKjUPfdIZY99WiNxX/81qJDq68lIk40VSQ+aIg4UhHaJoF6jJJieZjQzCRzNyKSB9LTLRJrGBCcBdfXib187LrlN2Hi2LlLosjD8dwAiVw4RIqcA9VqAGBFJ7hFd6sJ+vFerc+5q05K5s5hD+wPn8Al1eT9Q==</latexit><latexit sha1_base64="j01a52Z1BoZBw7ljIy0GxgmlYUQ=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IR6qUkIiiCUNCDxwr2A9pQNttNu3SzCbub0hIK/hUvHhTx6u/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rdzK6tr6Rn6zsLW9s7tn7x/UVZRIQmsk4pFs+lhRzgStaaY5bcaS4tDntOEPbqd+Y0ilYpF41OOYeiHuCRYwgrWROvbRsDQ6Q9c3qC2wz3FnhAIjdOyiU3ZmQMvEzUgRMlQ79le7G5EkpEITjpVquU6svRRLzQink0I7UTTGZIB7tGWowCFVXjo7f4JOjdJFQSRNCY1m6u+JFIdKjUPfdIZY99WiNxX/81qJDq68lIk40VSQ+aIg4UhHaJoF6jJJieZjQzCRzNyKSB9LTLRJrGBCcBdfXib187LrlN2Hi2LlLosjD8dwAiVw4RIqcA9VqAGBFJ7hFd6sJ+vFerc+5q05K5s5hD+wPn8Al1eT9Q==</latexit>Vector-field

xt+1 = xt � ⌘v(xt)
<latexit sha1_base64="XtwESQiVL311QSskQkplFPRn0xg=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMQEcOuCNoIAS0sI5gHJMsyO5lNhsw+mLkbEpYUNv6KjYUitn6EnX/jJNlCEw9cOHPOvcy9x4sFV2BZ30ZuZXVtfSO/Wdja3tndM/cPGipKJGV1GolItjyimOAhqwMHwVqxZCTwBGt6g5up3xwyqXgUPsA4Zk5AeiH3OSWgJdcsjtwUTu0JvsYjF/AZ7jAgeFjWjxPXLFkVawa8TOyMlFCGmmt+dboRTQIWAhVEqbZtxeCkRAKngk0KnUSxmNAB6bG2piEJmHLS2RETfKyVLvYjqSsEPFN/T6QkUGoceLozINBXi95U/M9rJ+BfOSkP4wRYSOcf+YnAEOFpIrjLJaMgxpoQKrneFdM+kYSCzq2gQ7AXT14mjfOKbVXs+4tS9TaLI4+K6AiVkY0uURXdoRqqI4oe0TN6RW/Gk/FivBsf89ackc0coj8wPn8A6yaWVw==</latexit><latexit sha1_base64="XtwESQiVL311QSskQkplFPRn0xg=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMQEcOuCNoIAS0sI5gHJMsyO5lNhsw+mLkbEpYUNv6KjYUitn6EnX/jJNlCEw9cOHPOvcy9x4sFV2BZ30ZuZXVtfSO/Wdja3tndM/cPGipKJGV1GolItjyimOAhqwMHwVqxZCTwBGt6g5up3xwyqXgUPsA4Zk5AeiH3OSWgJdcsjtwUTu0JvsYjF/AZ7jAgeFjWjxPXLFkVawa8TOyMlFCGmmt+dboRTQIWAhVEqbZtxeCkRAKngk0KnUSxmNAB6bG2piEJmHLS2RETfKyVLvYjqSsEPFN/T6QkUGoceLozINBXi95U/M9rJ+BfOSkP4wRYSOcf+YnAEOFpIrjLJaMgxpoQKrneFdM+kYSCzq2gQ7AXT14mjfOKbVXs+4tS9TaLI4+K6AiVkY0uURXdoRqqI4oe0TN6RW/Gk/FivBsf89ackc0coj8wPn8A6yaWVw==</latexit><latexit sha1_base64="XtwESQiVL311QSskQkplFPRn0xg=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMQEcOuCNoIAS0sI5gHJMsyO5lNhsw+mLkbEpYUNv6KjYUitn6EnX/jJNlCEw9cOHPOvcy9x4sFV2BZ30ZuZXVtfSO/Wdja3tndM/cPGipKJGV1GolItjyimOAhqwMHwVqxZCTwBGt6g5up3xwyqXgUPsA4Zk5AeiH3OSWgJdcsjtwUTu0JvsYjF/AZ7jAgeFjWjxPXLFkVawa8TOyMlFCGmmt+dboRTQIWAhVEqbZtxeCkRAKngk0KnUSxmNAB6bG2piEJmHLS2RETfKyVLvYjqSsEPFN/T6QkUGoceLozINBXi95U/M9rJ+BfOSkP4wRYSOcf+YnAEOFpIrjLJaMgxpoQKrneFdM+kYSCzq2gQ7AXT14mjfOKbVXs+4tS9TaLI4+K6AiVkY0uURXdoRqqI4oe0TN6RW/Gk/FivBsf89ackc0coj8wPn8A6yaWVw==</latexit><latexit sha1_base64="XtwESQiVL311QSskQkplFPRn0xg=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMQEcOuCNoIAS0sI5gHJMsyO5lNhsw+mLkbEpYUNv6KjYUitn6EnX/jJNlCEw9cOHPOvcy9x4sFV2BZ30ZuZXVtfSO/Wdja3tndM/cPGipKJGV1GolItjyimOAhqwMHwVqxZCTwBGt6g5up3xwyqXgUPsA4Zk5AeiH3OSWgJdcsjtwUTu0JvsYjF/AZ7jAgeFjWjxPXLFkVawa8TOyMlFCGmmt+dboRTQIWAhVEqbZtxeCkRAKngk0KnUSxmNAB6bG2piEJmHLS2RETfKyVLvYjqSsEPFN/T6QkUGoceLozINBXi95U/M9rJ+BfOSkP4wRYSOcf+YnAEOFpIrjLJaMgxpoQKrneFdM+kYSCzq2gQ7AXT14mjfOKbVXs+4tS9TaLI4+K6AiVkY0uURXdoRqqI4oe0TN6RW/Gk/FivBsf89ackc0coj8wPn8A6yaWVw==</latexit>

F⌘(xt) := xt � ⌘v(xt)
<latexit sha1_base64="Twzw4B+UiWBswZlFaSuHNhtdfCc=">AAACC3icbZDLSgMxFIYz9VbrrerSTWgR6sIyI4IiCAVFXFawF2iHIZNm2tDMheRMsQzdu/FV3LhQxK0v4M63MdPOQlsPhPx8/zkk53cjwRWY5reRW1peWV3Lrxc2Nre2d4q7e00VxpKyBg1FKNsuUUzwgDWAg2DtSDLiu4K13OFV6rdGTCoeBvcwjpjtk37APU4JaOQUSzdO0mVAJpUHB47wxSXWNz7GKcOjKXSKZbNqTgsvCisTZZRV3Sl+dXshjX0WABVEqY5lRmAnRAKngk0K3VixiNAh6bOOlgHxmbKT6S4TfKhJD3uh1CcAPKW/JxLiKzX2Xd3pExioeS+F/3mdGLxzO+FBFAML6OwhLxYYQpwGg3tcMgpirAWhkuu/YjogklDQ8RV0CNb8youieVK1zKp1d1quXWdx5NEBKqEKstAZqqFbVEcNRNEjekav6M14Ml6Md+Nj1pozspl99KeMzx/i85kH</latexit><latexit sha1_base64="Twzw4B+UiWBswZlFaSuHNhtdfCc=">AAACC3icbZDLSgMxFIYz9VbrrerSTWgR6sIyI4IiCAVFXFawF2iHIZNm2tDMheRMsQzdu/FV3LhQxK0v4M63MdPOQlsPhPx8/zkk53cjwRWY5reRW1peWV3Lrxc2Nre2d4q7e00VxpKyBg1FKNsuUUzwgDWAg2DtSDLiu4K13OFV6rdGTCoeBvcwjpjtk37APU4JaOQUSzdO0mVAJpUHB47wxSXWNz7GKcOjKXSKZbNqTgsvCisTZZRV3Sl+dXshjX0WABVEqY5lRmAnRAKngk0K3VixiNAh6bOOlgHxmbKT6S4TfKhJD3uh1CcAPKW/JxLiKzX2Xd3pExioeS+F/3mdGLxzO+FBFAML6OwhLxYYQpwGg3tcMgpirAWhkuu/YjogklDQ8RV0CNb8youieVK1zKp1d1quXWdx5NEBKqEKstAZqqFbVEcNRNEjekav6M14Ml6Md+Nj1pozspl99KeMzx/i85kH</latexit><latexit sha1_base64="Twzw4B+UiWBswZlFaSuHNhtdfCc=">AAACC3icbZDLSgMxFIYz9VbrrerSTWgR6sIyI4IiCAVFXFawF2iHIZNm2tDMheRMsQzdu/FV3LhQxK0v4M63MdPOQlsPhPx8/zkk53cjwRWY5reRW1peWV3Lrxc2Nre2d4q7e00VxpKyBg1FKNsuUUzwgDWAg2DtSDLiu4K13OFV6rdGTCoeBvcwjpjtk37APU4JaOQUSzdO0mVAJpUHB47wxSXWNz7GKcOjKXSKZbNqTgsvCisTZZRV3Sl+dXshjX0WABVEqY5lRmAnRAKngk0K3VixiNAh6bOOlgHxmbKT6S4TfKhJD3uh1CcAPKW/JxLiKzX2Xd3pExioeS+F/3mdGLxzO+FBFAML6OwhLxYYQpwGg3tcMgpirAWhkuu/YjogklDQ8RV0CNb8youieVK1zKp1d1quXWdx5NEBKqEKstAZqqFbVEcNRNEjekav6M14Ml6Md+Nj1pozspl99KeMzx/i85kH</latexit><latexit sha1_base64="Twzw4B+UiWBswZlFaSuHNhtdfCc=">AAACC3icbZDLSgMxFIYz9VbrrerSTWgR6sIyI4IiCAVFXFawF2iHIZNm2tDMheRMsQzdu/FV3LhQxK0v4M63MdPOQlsPhPx8/zkk53cjwRWY5reRW1peWV3Lrxc2Nre2d4q7e00VxpKyBg1FKNsuUUzwgDWAg2DtSDLiu4K13OFV6rdGTCoeBvcwjpjtk37APU4JaOQUSzdO0mVAJpUHB47wxSXWNz7GKcOjKXSKZbNqTgsvCisTZZRV3Sl+dXshjX0WABVEqY5lRmAnRAKngk0K3VixiNAh6bOOlgHxmbKT6S4TfKhJD3uh1CcAPKW/JxLiKzX2Xd3pExioeS+F/3mdGLxzO+FBFAML6OwhLxYYQpwGg3tcMgpirAWhkuu/YjogklDQ8RV0CNb8youieVK1zKp1d1quXWdx5NEBKqEKstAZqqFbVEcNRNEjekav6M14Ml6Md+Nj1pozspl99KeMzx/i85kH</latexit>

Gets 
Returns 

xt
xt+1

f(x, y)
<latexit sha1_base64="uKCcoKJy4K9bauhF6wJpJz4fhvA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeCHjxWsB/QhrLZTtqlm03Y3Yih9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YhK81g+mCxBP6IDyUPOqLFSK6w8nZPsrFcqu1V3BrJMvJyUIUe9V/rq9mOWRigNE1Trjucmxh9TZTgTOCl2U40JZSM6wI6lkkao/fHs3Ak5tUqfhLGyJQ2Zqb8nxjTSOosC2xlRM9SL3lT8z+ukJrz2x1wmqUHJ5ovCVBATk+nvpM8VMiMySyhT3N5K2JAqyoxNqGhD8BZfXibNi6rnVr37y3LtNo+jAMdwAhXw4ApqcAd1aACDETzDK7w5ifPivDsf89YVJ585gj9wPn8ACr6Otg==</latexit><latexit sha1_base64="uKCcoKJy4K9bauhF6wJpJz4fhvA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeCHjxWsB/QhrLZTtqlm03Y3Yih9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YhK81g+mCxBP6IDyUPOqLFSK6w8nZPsrFcqu1V3BrJMvJyUIUe9V/rq9mOWRigNE1Trjucmxh9TZTgTOCl2U40JZSM6wI6lkkao/fHs3Ak5tUqfhLGyJQ2Zqb8nxjTSOosC2xlRM9SL3lT8z+ukJrz2x1wmqUHJ5ovCVBATk+nvpM8VMiMySyhT3N5K2JAqyoxNqGhD8BZfXibNi6rnVr37y3LtNo+jAMdwAhXw4ApqcAd1aACDETzDK7w5ifPivDsf89YVJ585gj9wPn8ACr6Otg==</latexit><latexit sha1_base64="uKCcoKJy4K9bauhF6wJpJz4fhvA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeCHjxWsB/QhrLZTtqlm03Y3Yih9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YhK81g+mCxBP6IDyUPOqLFSK6w8nZPsrFcqu1V3BrJMvJyUIUe9V/rq9mOWRigNE1Trjucmxh9TZTgTOCl2U40JZSM6wI6lkkao/fHs3Ak5tUqfhLGyJQ2Zqb8nxjTSOosC2xlRM9SL3lT8z+ukJrz2x1wmqUHJ5ovCVBATk+nvpM8VMiMySyhT3N5K2JAqyoxNqGhD8BZfXibNi6rnVr37y3LtNo+jAMdwAhXw4ApqcAd1aACDETzDK7w5ifPivDsf89YVJ585gj9wPn8ACr6Otg==</latexit><latexit sha1_base64="uKCcoKJy4K9bauhF6wJpJz4fhvA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeCHjxWsB/QhrLZTtqlm03Y3Yih9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YhK81g+mCxBP6IDyUPOqLFSK6w8nZPsrFcqu1V3BrJMvJyUIUe9V/rq9mOWRigNE1Trjucmxh9TZTgTOCl2U40JZSM6wI6lkkao/fHs3Ak5tUqfhLGyJQ2Zqb8nxjTSOosC2xlRM9SL3lT8z+ukJrz2x1wmqUHJ5ovCVBATk+nvpM8VMiMySyhT3N5K2JAqyoxNqGhD8BZfXibNi6rnVr37y3LtNo+jAMdwAhXw4ApqcAd1aACDETzDK7w5ifPivDsf89YVJ585gj9wPn8ACr6Otg==</latexit>

x⇤ 2 argmin f(x, y⇤)
<latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit><latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit><latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit><latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit>

y⇤ 2 argmax f(x⇤, y)
<latexit sha1_base64="jqgjcKviamS5T7jMNZdiSb9eGYk=">AAACC3icbVDLSgMxFM34rPU16tJNaBFqkTIjgi4LunBZwT6g05ZMmmlDM5khuSMdSvdu/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXX4Djf1srq2vrGZmYru72zu7dvHxzWdJQoyqo0EpFq+EQzwSWrAgfBGrFiJPQFq/uD64lff2BK80jeQxqzVkh6kgecEjBSx86l7SL2uMQesCGMiOqFZDjGHsZBYdgunuH0tGPnnZIzBV4m7pzk0RyVjv3ldSOahEwCFUTrpuvE0DJvA6eCjbNeollM6ID0WNNQSUKmW6PpLWN8YpQuDiJlSgKeqr8nRiTUOg190xkS6OtFbyL+5zUTCK5aIy7jBJiks4+CRGCI8CQY3OWKURCpIYQqbnbFtE8UoWDiy5oQ3MWTl0ntvOQ6JffuIl++mceRQccohwrIRZeojG5RBVURRY/oGb2iN+vJerHerY9Z64o1nzlCf2B9/gBL05lG</latexit><latexit sha1_base64="jqgjcKviamS5T7jMNZdiSb9eGYk=">AAACC3icbVDLSgMxFM34rPU16tJNaBFqkTIjgi4LunBZwT6g05ZMmmlDM5khuSMdSvdu/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXX4Djf1srq2vrGZmYru72zu7dvHxzWdJQoyqo0EpFq+EQzwSWrAgfBGrFiJPQFq/uD64lff2BK80jeQxqzVkh6kgecEjBSx86l7SL2uMQesCGMiOqFZDjGHsZBYdgunuH0tGPnnZIzBV4m7pzk0RyVjv3ldSOahEwCFUTrpuvE0DJvA6eCjbNeollM6ID0WNNQSUKmW6PpLWN8YpQuDiJlSgKeqr8nRiTUOg190xkS6OtFbyL+5zUTCK5aIy7jBJiks4+CRGCI8CQY3OWKURCpIYQqbnbFtE8UoWDiy5oQ3MWTl0ntvOQ6JffuIl++mceRQccohwrIRZeojG5RBVURRY/oGb2iN+vJerHerY9Z64o1nzlCf2B9/gBL05lG</latexit><latexit sha1_base64="jqgjcKviamS5T7jMNZdiSb9eGYk=">AAACC3icbVDLSgMxFM34rPU16tJNaBFqkTIjgi4LunBZwT6g05ZMmmlDM5khuSMdSvdu/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXX4Djf1srq2vrGZmYru72zu7dvHxzWdJQoyqo0EpFq+EQzwSWrAgfBGrFiJPQFq/uD64lff2BK80jeQxqzVkh6kgecEjBSx86l7SL2uMQesCGMiOqFZDjGHsZBYdgunuH0tGPnnZIzBV4m7pzk0RyVjv3ldSOahEwCFUTrpuvE0DJvA6eCjbNeollM6ID0WNNQSUKmW6PpLWN8YpQuDiJlSgKeqr8nRiTUOg190xkS6OtFbyL+5zUTCK5aIy7jBJiks4+CRGCI8CQY3OWKURCpIYQqbnbFtE8UoWDiy5oQ3MWTl0ntvOQ6JffuIl++mceRQccohwrIRZeojG5RBVURRY/oGb2iN+vJerHerY9Z64o1nzlCf2B9/gBL05lG</latexit><latexit sha1_base64="jqgjcKviamS5T7jMNZdiSb9eGYk=">AAACC3icbVDLSgMxFM34rPU16tJNaBFqkTIjgi4LunBZwT6g05ZMmmlDM5khuSMdSvdu/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXX4Djf1srq2vrGZmYru72zu7dvHxzWdJQoyqo0EpFq+EQzwSWrAgfBGrFiJPQFq/uD64lff2BK80jeQxqzVkh6kgecEjBSx86l7SL2uMQesCGMiOqFZDjGHsZBYdgunuH0tGPnnZIzBV4m7pzk0RyVjv3ldSOahEwCFUTrpuvE0DJvA6eCjbNeollM6ID0WNNQSUKmW6PpLWN8YpQuDiJlSgKeqr8nRiTUOg190xkS6OtFbyL+5zUTCK5aIy7jBJiks4+CRGCI8CQY3OWKURCpIYQqbnbFtE8UoWDiy5oQ3MWTl0ntvOQ6JffuIl++mceRQccohwrIRZeojG5RBVURRY/oGb2iN+vJerHerY9Z64o1nzlCf2B9/gBL05lG</latexit>

x⇤ 2 argmin f(x, y⇤)
<latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit><latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit><latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit><latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit>

y⇤ 2 argmax f(x⇤, y)
<latexit sha1_base64="jqgjcKviamS5T7jMNZdiSb9eGYk=">AAACC3icbVDLSgMxFM34rPU16tJNaBFqkTIjgi4LunBZwT6g05ZMmmlDM5khuSMdSvdu/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXX4Djf1srq2vrGZmYru72zu7dvHxzWdJQoyqo0EpFq+EQzwSWrAgfBGrFiJPQFq/uD64lff2BK80jeQxqzVkh6kgecEjBSx86l7SL2uMQesCGMiOqFZDjGHsZBYdgunuH0tGPnnZIzBV4m7pzk0RyVjv3ldSOahEwCFUTrpuvE0DJvA6eCjbNeollM6ID0WNNQSUKmW6PpLWN8YpQuDiJlSgKeqr8nRiTUOg190xkS6OtFbyL+5zUTCK5aIy7jBJiks4+CRGCI8CQY3OWKURCpIYQqbnbFtE8UoWDiy5oQ3MWTl0ntvOQ6JffuIl++mceRQccohwrIRZeojG5RBVURRY/oGb2iN+vJerHerY9Z64o1nzlCf2B9/gBL05lG</latexit><latexit sha1_base64="jqgjcKviamS5T7jMNZdiSb9eGYk=">AAACC3icbVDLSgMxFM34rPU16tJNaBFqkTIjgi4LunBZwT6g05ZMmmlDM5khuSMdSvdu/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXX4Djf1srq2vrGZmYru72zu7dvHxzWdJQoyqo0EpFq+EQzwSWrAgfBGrFiJPQFq/uD64lff2BK80jeQxqzVkh6kgecEjBSx86l7SL2uMQesCGMiOqFZDjGHsZBYdgunuH0tGPnnZIzBV4m7pzk0RyVjv3ldSOahEwCFUTrpuvE0DJvA6eCjbNeollM6ID0WNNQSUKmW6PpLWN8YpQuDiJlSgKeqr8nRiTUOg190xkS6OtFbyL+5zUTCK5aIy7jBJiks4+CRGCI8CQY3OWKURCpIYQqbnbFtE8UoWDiy5oQ3MWTl0ntvOQ6JffuIl++mceRQccohwrIRZeojG5RBVURRY/oGb2iN+vJerHerY9Z64o1nzlCf2B9/gBL05lG</latexit><latexit sha1_base64="jqgjcKviamS5T7jMNZdiSb9eGYk=">AAACC3icbVDLSgMxFM34rPU16tJNaBFqkTIjgi4LunBZwT6g05ZMmmlDM5khuSMdSvdu/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXX4Djf1srq2vrGZmYru72zu7dvHxzWdJQoyqo0EpFq+EQzwSWrAgfBGrFiJPQFq/uD64lff2BK80jeQxqzVkh6kgecEjBSx86l7SL2uMQesCGMiOqFZDjGHsZBYdgunuH0tGPnnZIzBV4m7pzk0RyVjv3ldSOahEwCFUTrpuvE0DJvA6eCjbNeollM6ID0WNNQSUKmW6PpLWN8YpQuDiJlSgKeqr8nRiTUOg190xkS6OtFbyL+5zUTCK5aIy7jBJiks4+CRGCI8CQY3OWKURCpIYQqbnbFtE8UoWDiy5oQ3MWTl0ntvOQ6JffuIl++mceRQccohwrIRZeojG5RBVURRY/oGb2iN+vJerHerY9Z64o1nzlCf2B9/gBL05lG</latexit><latexit sha1_base64="jqgjcKviamS5T7jMNZdiSb9eGYk=">AAACC3icbVDLSgMxFM34rPU16tJNaBFqkTIjgi4LunBZwT6g05ZMmmlDM5khuSMdSvdu/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXX4Djf1srq2vrGZmYru72zu7dvHxzWdJQoyqo0EpFq+EQzwSWrAgfBGrFiJPQFq/uD64lff2BK80jeQxqzVkh6kgecEjBSx86l7SL2uMQesCGMiOqFZDjGHsZBYdgunuH0tGPnnZIzBV4m7pzk0RyVjv3ldSOahEwCFUTrpuvE0DJvA6eCjbNeollM6ID0WNNQSUKmW6PpLWN8YpQuDiJlSgKeqr8nRiTUOg190xkS6OtFbyL+5zUTCK5aIy7jBJiks4+CRGCI8CQY3OWKURCpIYQqbnbFtE8UoWDiy5oQ3MWTl0ntvOQ6JffuIl++mceRQccohwrIRZeojG5RBVURRY/oGb2iN+vJerHerY9Z64o1nzlCf2B9/gBL05lG</latexit>

v(x, y) :=


rxf(x, y)
�ryf(x, y)

�

<latexit sha1_base64="4I1jLmX4WdWE5Pa/d8ExagoIOoU="></latexit><latexit sha1_base64="4I1jLmX4WdWE5Pa/d8ExagoIOoU="></latexit><latexit sha1_base64="4I1jLmX4WdWE5Pa/d8ExagoIOoU="></latexit><latexit sha1_base64="4I1jLmX4WdWE5Pa/d8ExagoIOoU="></latexit>

F⌘(xt, yt) :=


xt

yt

�
� ⌘v(xt, yt)

<latexit sha1_base64="qBJ9LkHeqZkjLKkHMWMTFqth/ME="></latexit><latexit sha1_base64="qBJ9LkHeqZkjLKkHMWMTFqth/ME="></latexit><latexit sha1_base64="qBJ9LkHeqZkjLKkHMWMTFqth/ME="></latexit><latexit sha1_base64="qBJ9LkHeqZkjLKkHMWMTFqth/ME="></latexit>

Stable fixed point of          is a local Nash equilibrium.

x⇤ 2 argmax f(x)
<latexit sha1_base64="OrrX64K3a4doJP95wP+IlSipnN0=">AAACBnicbVDLSgMxFM3UV62vUZciBItQXZQZEXRZ0IXLCvYBnbFk0kwbmskMyR2ZUrpy46+4caGIW7/BnX9j+lho64ELh3PuTe49QSK4Bsf5tnJLyyura/n1wsbm1vaOvbtX13GqKKvRWMSqGRDNBJesBhwEayaKkSgQrBH0r8Z+44EpzWN5B4OE+RHpSh5ySsBIbfswuz/FHpfYA5bBkKhuRLIR9jAOS9lJ2y46ZWcCvEjcGSmiGapt+8vrxDSNmAQqiNYt10nAN88Cp4KNCl6qWUJon3RZy1BJIqb94eSMET42SgeHsTIlAU/U3xNDEmk9iALTGRHo6XlvLP7ntVIIL/0hl0kKTNLpR2EqMMR4nAnucMUoiIEhhCpudsW0RxShYJIrmBDc+ZMXSf2s7Dpl9/a8WLmexZFHB+gIlZCLLlAF3aAqqiGKHtEzekVv1pP1Yr1bH9PWnDWb2Ud/YH3+AGJRl8Y=</latexit><latexit sha1_base64="OrrX64K3a4doJP95wP+IlSipnN0=">AAACBnicbVDLSgMxFM3UV62vUZciBItQXZQZEXRZ0IXLCvYBnbFk0kwbmskMyR2ZUrpy46+4caGIW7/BnX9j+lho64ELh3PuTe49QSK4Bsf5tnJLyyura/n1wsbm1vaOvbtX13GqKKvRWMSqGRDNBJesBhwEayaKkSgQrBH0r8Z+44EpzWN5B4OE+RHpSh5ySsBIbfswuz/FHpfYA5bBkKhuRLIR9jAOS9lJ2y46ZWcCvEjcGSmiGapt+8vrxDSNmAQqiNYt10nAN88Cp4KNCl6qWUJon3RZy1BJIqb94eSMET42SgeHsTIlAU/U3xNDEmk9iALTGRHo6XlvLP7ntVIIL/0hl0kKTNLpR2EqMMR4nAnucMUoiIEhhCpudsW0RxShYJIrmBDc+ZMXSf2s7Dpl9/a8WLmexZFHB+gIlZCLLlAF3aAqqiGKHtEzekVv1pP1Yr1bH9PWnDWb2Ud/YH3+AGJRl8Y=</latexit><latexit sha1_base64="OrrX64K3a4doJP95wP+IlSipnN0=">AAACBnicbVDLSgMxFM3UV62vUZciBItQXZQZEXRZ0IXLCvYBnbFk0kwbmskMyR2ZUrpy46+4caGIW7/BnX9j+lho64ELh3PuTe49QSK4Bsf5tnJLyyura/n1wsbm1vaOvbtX13GqKKvRWMSqGRDNBJesBhwEayaKkSgQrBH0r8Z+44EpzWN5B4OE+RHpSh5ySsBIbfswuz/FHpfYA5bBkKhuRLIR9jAOS9lJ2y46ZWcCvEjcGSmiGapt+8vrxDSNmAQqiNYt10nAN88Cp4KNCl6qWUJon3RZy1BJIqb94eSMET42SgeHsTIlAU/U3xNDEmk9iALTGRHo6XlvLP7ntVIIL/0hl0kKTNLpR2EqMMR4nAnucMUoiIEhhCpudsW0RxShYJIrmBDc+ZMXSf2s7Dpl9/a8WLmexZFHB+gIlZCLLlAF3aAqqiGKHtEzekVv1pP1Yr1bH9PWnDWb2Ud/YH3+AGJRl8Y=</latexit><latexit sha1_base64="OrrX64K3a4doJP95wP+IlSipnN0=">AAACBnicbVDLSgMxFM3UV62vUZciBItQXZQZEXRZ0IXLCvYBnbFk0kwbmskMyR2ZUrpy46+4caGIW7/BnX9j+lho64ELh3PuTe49QSK4Bsf5tnJLyyura/n1wsbm1vaOvbtX13GqKKvRWMSqGRDNBJesBhwEayaKkSgQrBH0r8Z+44EpzWN5B4OE+RHpSh5ySsBIbfswuz/FHpfYA5bBkKhuRLIR9jAOS9lJ2y46ZWcCvEjcGSmiGapt+8vrxDSNmAQqiNYt10nAN88Cp4KNCl6qWUJon3RZy1BJIqb94eSMET42SgeHsTIlAU/U3xNDEmk9iALTGRHo6XlvLP7ntVIIL/0hl0kKTNLpR2EqMMR4nAnucMUoiIEhhCpudsW0RxShYJIrmBDc+ZMXSf2s7Dpl9/a8WLmexZFHB+gIlZCLLlAF3aAqqiGKHtEzekVv1pP1Yr1bH9PWnDWb2Ud/YH3+AGJRl8Y=</latexit>

x⇤ 2 argmax f(x)
<latexit sha1_base64="OrrX64K3a4doJP95wP+IlSipnN0=">AAACBnicbVDLSgMxFM3UV62vUZciBItQXZQZEXRZ0IXLCvYBnbFk0kwbmskMyR2ZUrpy46+4caGIW7/BnX9j+lho64ELh3PuTe49QSK4Bsf5tnJLyyura/n1wsbm1vaOvbtX13GqKKvRWMSqGRDNBJesBhwEayaKkSgQrBH0r8Z+44EpzWN5B4OE+RHpSh5ySsBIbfswuz/FHpfYA5bBkKhuRLIR9jAOS9lJ2y46ZWcCvEjcGSmiGapt+8vrxDSNmAQqiNYt10nAN88Cp4KNCl6qWUJon3RZy1BJIqb94eSMET42SgeHsTIlAU/U3xNDEmk9iALTGRHo6XlvLP7ntVIIL/0hl0kKTNLpR2EqMMR4nAnucMUoiIEhhCpudsW0RxShYJIrmBDc+ZMXSf2s7Dpl9/a8WLmexZFHB+gIlZCLLlAF3aAqqiGKHtEzekVv1pP1Yr1bH9PWnDWb2Ud/YH3+AGJRl8Y=</latexit><latexit sha1_base64="OrrX64K3a4doJP95wP+IlSipnN0=">AAACBnicbVDLSgMxFM3UV62vUZciBItQXZQZEXRZ0IXLCvYBnbFk0kwbmskMyR2ZUrpy46+4caGIW7/BnX9j+lho64ELh3PuTe49QSK4Bsf5tnJLyyura/n1wsbm1vaOvbtX13GqKKvRWMSqGRDNBJesBhwEayaKkSgQrBH0r8Z+44EpzWN5B4OE+RHpSh5ySsBIbfswuz/FHpfYA5bBkKhuRLIR9jAOS9lJ2y46ZWcCvEjcGSmiGapt+8vrxDSNmAQqiNYt10nAN88Cp4KNCl6qWUJon3RZy1BJIqb94eSMET42SgeHsTIlAU/U3xNDEmk9iALTGRHo6XlvLP7ntVIIL/0hl0kKTNLpR2EqMMR4nAnucMUoiIEhhCpudsW0RxShYJIrmBDc+ZMXSf2s7Dpl9/a8WLmexZFHB+gIlZCLLlAF3aAqqiGKHtEzekVv1pP1Yr1bH9PWnDWb2Ud/YH3+AGJRl8Y=</latexit><latexit sha1_base64="OrrX64K3a4doJP95wP+IlSipnN0=">AAACBnicbVDLSgMxFM3UV62vUZciBItQXZQZEXRZ0IXLCvYBnbFk0kwbmskMyR2ZUrpy46+4caGIW7/BnX9j+lho64ELh3PuTe49QSK4Bsf5tnJLyyura/n1wsbm1vaOvbtX13GqKKvRWMSqGRDNBJesBhwEayaKkSgQrBH0r8Z+44EpzWN5B4OE+RHpSh5ySsBIbfswuz/FHpfYA5bBkKhuRLIR9jAOS9lJ2y46ZWcCvEjcGSmiGapt+8vrxDSNmAQqiNYt10nAN88Cp4KNCl6qWUJon3RZy1BJIqb94eSMET42SgeHsTIlAU/U3xNDEmk9iALTGRHo6XlvLP7ntVIIL/0hl0kKTNLpR2EqMMR4nAnucMUoiIEhhCpudsW0RxShYJIrmBDc+ZMXSf2s7Dpl9/a8WLmexZFHB+gIlZCLLlAF3aAqqiGKHtEzekVv1pP1Yr1bH9PWnDWb2Ud/YH3+AGJRl8Y=</latexit><latexit sha1_base64="OrrX64K3a4doJP95wP+IlSipnN0=">AAACBnicbVDLSgMxFM3UV62vUZciBItQXZQZEXRZ0IXLCvYBnbFk0kwbmskMyR2ZUrpy46+4caGIW7/BnX9j+lho64ELh3PuTe49QSK4Bsf5tnJLyyura/n1wsbm1vaOvbtX13GqKKvRWMSqGRDNBJesBhwEayaKkSgQrBH0r8Z+44EpzWN5B4OE+RHpSh5ySsBIbfswuz/FHpfYA5bBkKhuRLIR9jAOS9lJ2y46ZWcCvEjcGSmiGapt+8vrxDSNmAQqiNYt10nAN88Cp4KNCl6qWUJon3RZy1BJIqb94eSMET42SgeHsTIlAU/U3xNDEmk9iALTGRHo6XlvLP7ntVIIL/0hl0kKTNLpR2EqMMR4nAnucMUoiIEhhCpudsW0RxShYJIrmBDc+ZMXSf2s7Dpl9/a8WLmexZFHB+gIlZCLLlAF3aAqqiGKHtEzekVv1pP1Yr1bH9PWnDWb2Ud/YH3+AGJRl8Y=</latexit>

x⇤ 2 argmin f(x, y⇤)
<latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit><latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit><latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit><latexit sha1_base64="+IjklNNYBvPnVOKuQWZVyIMx9Yc=">AAACC3icbVDLSgMxFM34rPVVdekmtAi1SJkRQZcFXbisYB/QmZZMmmlDM5khuSMtQ/du/BU3LhRx6w+4829MHwttPXDhcM69yb3HjwXXYNvf1srq2vrGZmYru72zu7efOzis6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/8cCU5pG8h1HMvJD0JA84JWCkTi4/bJewyyV2gQ0hJaoXcjnGLsZBcXiGR+3SaSdXsMv2FHiZOHNSQHNUO7kvtxvRJGQSqCBatxw7Bs+8DZwKNs66iWYxoQPSYy1DJQmZ9tLpLWN8YpQuDiJlSgKeqr8nUhJqPQp90xkS6OtFbyL+57USCK68lMs4ASbp7KMgERgiPAkGd7liFMTIEEIVN7ti2ieKUDDxZU0IzuLJy6R+XnbssnN3UajczOPIoGOUR0XkoEtUQbeoimqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwBHBJlD</latexit>
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is convergent if the spectral radius of             at the fixed point, is smaller than one. 

The largest eigenvalue
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is convergent if the spectral radius of             at the fixed point, is smaller than one. 

The largest eigenvalue
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Single-objective Optimization

Symmetric

Min-Max Optimization

Well-known dynamics

All real eigenvalues

The largest eigenvalue

is the Hessian

is convergent if the spectral radius of             at the fixed point, is smaller than one. 
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Single-objective Optimization

Symmetric

Min-Max Optimization

Well-known dynamics

All real eigenvalues

The largest eigenvalue

is the Hessian

Might be non-symmetric

Rotational Dynamics

Imaginary eigenvalues

is a Jacobian

is convergent if the spectral radius of             at the fixed point, is smaller than one. 
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Motivation

•Understand game optimization from a physical perspective. 

•Model games as a physical system and manipulate the system to curb the rotational dynamics.



/ 3010

Physics Perspective, recipe from minimization

Common intuition in optimization: 
Polyak momentum (heavy ball) is described as an object moving inside a potential well and is accelerating while moving 
towards the minimum. 
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Physics Perspective, recipe from minimization

Path of the 
particle in 

continuous time

Model our system using 
all the forces Replace the net 

force with the 
gradients

Discretize the 
continuous-time 

system 
Polyak 

momentum!

Common intuition in optimization: 
Polyak momentum (heavy ball) is described as an object moving inside a potential well and is accelerating while moving 
towards the minimum. 
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Introduce relevant 
forces in the system 
to curb the rotations

Model min-max optimization 
as a physical system with 

rotational dynamics

Determine the 
equations of motion

Discretize the 
continuous-time 

system 
New optimization 

algorithm!
Continuous time Equation 

of motion using all the 
forces in the system

Physics Perspective, intuition from minimization
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Step1 - Model Min-Max optimization as a physical system

Continuous-time dynamics of  GDA with momentum in a 2-D plane
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Step1 - Model Min-Max optimization as a physical system

similar force in
nature

Continuous-time dynamics of  GDA with momentum in a 2-D plane
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Step1 - Model Min-Max optimization as a physical system

Continuous-time dynamics of  GDA with momentum in a 2-D plane
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Step1 - Model Min-Max optimization as a physical system

Vortex Force:
1. Exhibit rotational dynamics
2. Increases the velocity

Continuous-time dynamics of  GDA with momentum in a 2-D plane
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Step 2: Introduce relevant forces to curb the rotations
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Magnetic force is also known to produce rotations,

charge

Step 2: Introduce relevant forces to curb the rotations

https://w
w
w.pasco.com
/products/guides/right-hand-rule
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Magnetic force is also known to produce rotations,

charge

Step 2: Introduce relevant forces to curb the rotations

https://w
w
w.pasco.com
/products/guides/right-hand-rule
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Magnetic force is also known to produce rotations,

Vortex Force:
1. Exhibit rotational dynamics
2. Increases the velocity 

But, magnetic force only changes the direction of 
movement and not the velocity.

charge

Step 2: Introduce relevant forces to curb the rotations

https://w
w
w.pasco.com
/products/guides/right-hand-rule
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friction coefficient

Step 3: Introduce relevant forces to reduce the velocity 

Need to add some form of dissipation; simplest form is friction
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friction coefficient

Vortex Force:
1. Exhibit rotational dynamics
2. Increases the velocity 

The friction causes the particle to lose speed and converge!

Step 3: Introduce relevant forces to reduce the velocity 

Need to add some form of dissipation; simplest form is friction



/ 3023

Step 4 - Discretize the system: LEAD
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Step 4 - Discretize the system: LEAD

discretization
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Sample Generated output on CIFAR 10 
with a ResNet Architecture

LEAD - Experiments

•LEAD outperforms BigGAN in terms of FID  with an architecture that is 30 times smaller.
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Thank you!



LEAD: Least Action Dynamics for Min-Max Optimization

https://reyhaneaskari.github.io/LEAD.html

https://openreview.net/forum?id=vXSsTYs6ZB

Blogpost:

Paper:

Code: https://github.com/ReyhaneAskari/Least_action_dynamics_minmax


