Quantitative Approximation for Neural Operators in

Nonlinear Parabolic Equations

Takashi Furuya

Doshisha University
Joint work with

Koichi Taniguchi (Shizuoka University)
Satoshi Okuda(Rikkyo University)

T. Furuya (Doshisha Univ.) Parabolic Neural Operators



Neural operators

Neural operators have gained significant attention in deep learning as an
extension of traditional neural networks between infinite dimensional
function spaces.

A key application is in constructing surrogate models of solvers for PDEs
by learning their solution operators.

Neural operators serve as universal approximators for general continuous

operators. This indicates that these learning methods possess the
capabilities to approximate a wide range of operators.
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Quantitative approximation

However, operator learning for general operators suffers from “the curse of
parametric complexity”, where the number of learnable parameters
exponentially grows as the desired approximation accuracy increases
[Lanthaler and Stuart, 2023].

A common approach to mitigating the curse of parametric complexity is to
restrict general operators to the solution operators of PDEs.

o [Kovachki et al., 2021, Lanthaler, 2023] ; Darcy and Navier-Stokes
equations

o [Lanthaler and Stuart, 2023] ; Hamilton-Jacobi equations
o [Deng et al., 2022] ; Advection-diffusion equations

@ [Chen et al., 2023, Lanthaler et al., 2022, Marcati and Schwab, 2023]
; Elliptic, parabolic, and hyperbolic equations

Here, we present the quantitative approximation for Nonlinear Parabolic
equation:

T. Furuya (Doshisha Univ.) Parabolic Neural Operators 3/9



Nonlinear Parabolic equation

We consider the nonlinear parabolic equation

Owu+ Lu = F(u) in (0,T7) x D,
u(0) = ug in D,

where
e L is a certain operator (e.g. £L = —A is the Laplacian)
o F € CY(R;R) satisfies F(0) = 0 and

[F(1) = Fz2)| < Crma |l o1 — 2,
for any 21,29 € R and for some p > 1 and Cr > 0.

@ 7,5 € [p,oo] and %+%< p%l.
We denote I : L(D;R) — L7(0,T; L*(D; R)) by

'™ ug — u.
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Nonlinear Parabolic equation

We define a neural operator I' : L>(D;R) — L"(0,T; L*(D;R)) by
I': vg — w41 where vr11 is give by the following steps:

ves1(t,@) = o (WOuy(t,2) + (KQve)(t,2) + 60 (1, 2))
vgi(t,2) = W (¢, 2) + (K vr)(t, 2) + b (¢, 2),

where o : R — R is a non-linear activation function, and W) ¢ Rde+1%de
and K\9 : L7(0,T; L*(D;R%)) — L"(0,T; L*(D; R%+1)) and
b\ € L7(0,T; L*(D; R%+1)) defined by

(K( Z ' (Um, v)on(t, )  with K%?n € Rde+1 xd,_;,
Z bn on(t,x)  with b©) € Rde+1,
TLGAN
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Nonlinear Parabolic equation

We have denoted by

o (f.9)= [ [, fodadt

o v :={vntnea and ¥ := {¥y, }men are families of functions in
L7(0,T; L*(D)) and L" (0, T; L* (D)), respectively.
@ A is an index set that is either finite or countably infinite and Ay a

subset of A with its cardinality |Ax| = N € N and the monotonicity
Ay C A for any N < N'.

We denote by
LzH’U ¢] T S
NO o (L¥(D;R), L"(0,T; L*(D; R)))

the class of neural operators defined above, with the depth L, the number
of neurons H = Zle dy, the activation function o, the rank IV, and the
families of functions ¢, 1.
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Nonlinear Parabolic equation

Let G(t,z,y) be the Green's function for the linear differential operator
Oy + L. Assume that

Eq(N) = H IG(t =7, 2,y) = GN(t — T, 2, y)HL;’(o,T;L;’)

— 0,
L'{ (OaT;Li)

where

GNt—T2,y) = Y Comm(mY)enlt,z), 0<7t<T, z,yeD

mmnEAN
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Nonlinear Parabolic equation

In the above setting, for any R > 0, there exists a time T > 0 such that
the following statement holds: For any € € (0,1), there exist L, H, N € N,
and I' € NOy 0 iMY (L®(D; R), L7 (0, T L*(D; R))) such that

sup [T (uo) — L(wo) |l r(o,7;0) < €.
up€EBLx (0,R)

Moreover, L, H, and N satisfy

LS (log(e™)?, HSe'(log(e™)?, Eg(N)Se

~
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Semilinear elliptic equation

Sketch of proof

Ou+ Lu=F(u) in (0,T) x =uy inD <=

= D) = /G(ta:yuo dy+// (t — 7.2, y) Fu(r,y)) dydr

Showing that ® is a contraction map, the above solution can be
approximated by the Picard’s iteration uy, where

upr1 = DP(uy).

Then, we approximate the map ® with a layer of neural operator.

This proof technique of the Picard’ iteration could be applied to a wide
range of PDE for the application of neural operators.
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