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2. Counting is a key component in many complex tasks.
Sukb Nested Loop/()
(;\ Dim i,_j As Integer
~> For 1 = 1 To 2
Q—) For 3 = 1 To 2
<;~_)If Sheets(1l) .Range ("A" & CS5tr(i)) = Sheets(l) .Range("B" & CStr(j)) Then
MsgBox "A" & CStr(i) & " and B" & CStr(3) & " are Same"
Else
MsgBox "A" & CStr(i) & " and B" & CStr(]) & " are different”
("_End If
— Nex ]
—— gg;xt i "o
End Sub
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1. Counting is treated as a primitive in formal frameworks of Transformer’s expressivity.

select_all = select(1,1,== same_tok = select ( tokens, tokens, ==) ;
length = 1/aggregate(select_all, indicator(indices==0)) hist = selector_width (
same_tok,
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2. Counting is a key component in many complex tasks.

Here is a table where the first line is a header and each subsequent line 1is a penguin:
Sub Nested Loop()
(;\ Uim i, ] A3 integer name, age, height (cm), weight (kg) —
~> For 1 = 1 To 2 :
. - Louis, 7, 50, 11
5 For 3 = 1 To 2
<L__)If Sheets (1) .Range (" Bernard, 5, 80, 13
MsgBox "A" & cst Vincent, 9, 60, 11

Else Gwen, 8, 70, 15 -
MsgBox "A" & CS5t | I
_ﬁg;xtngd = For example: the age of Louis is 7, the weight of Gwen is 15 kg, the height of
- gg;xt i Bernard is 80 cm.
End Sub

Which penguin is taller than the other ones? Answer:
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Sub Nested Loop () Earth's temperature. It also forms the basis of the food chain in ecosystems, posii
<;~ Dim 1, j As Integer name, age, height (cm), weight (kg) — | _ _ _ o
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3. The mechanism of counting is a mapping from set cardinalities to integers.
2
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Why inductive counting?

Counting inductively requires extrapolating the learned principle to larger counts.

a
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

VOO

11
PO C O

The Inductive Counting Principle

[f a word in an ordered number word list refers to sets with cardinality n,

then the next word refers to sets with cardinality n + 1.
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OOD cardinality is the hardest barrier

generalization Positional Encodings:

acc OOD Vocabulary s NoPE
OOD Cardinality @&  OOD Cardinality s  OOD Cardinality & SinePE
100
APE
RoPE
SPE
50
o (4-layer transformers)
+ Aug PEs T Aug PEs T Aug PEs T Aug PEs
T Aux task T Aux task T Aux task
T Re-formatting task - Re-formatting task

T Helper task (this is “cheating”)
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NoPE
Modular counting Selective counting SinePk

APE
First tok recog (homo) x v v x First tok recog (hetero) v v v x

RoPE
Circular PE structure x ¢ Vv x X Content-based attn v Vv v x Vv SPE

Mechanistic Analyses

Attention strength variation
over same-identity tokens

PCA of internal representations Attention weights
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Modular counting

First tok recog (homo)

Circular PE structure

Generali-
zation acc

100

50

O

x ¢ VvV x
x ¢ vV x x

Modular counting

Selective counting

First tok recog (hetero) v v v x

Content-based attn

vV VvV v x ¥

Selective counting

NoPE
SinePE
APE
RoPE
SPE

(2-layer transformers)
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What about other architectures?

generalization
acc

— Recurrent Models — State Space Models Counting
100 Modular counting
Selective counting
Selective+Modular counting
50
(2-layer models)
0
RNN LSTM S4 Mamba RWKV-6

Expressivity of state
transitions compromised!
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Conclusion

1. The difficulty of inductive counting:
* not about tackling unseen vocabularies
* not about tackling unseen positions

* Itis about tackling unseen cardinalities
2. Architecture choice should inform desired inductive bias.

3. Causes of length-generalization failures are multi-faceted.



