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Physics Informed Neural Networks (PINNs)
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Physics Informed Neural Networks (PINNs)

Problem statement
We aim to solve:

D(u)=fel?(Q—R,u) inQ
B(u) = geL?(0Q - R,0) ondQ’
PINNs key idea

Optimize a neural network ujg on the loss:

Problem
This leads to low accuracy with SGD.
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Figure: PINN solution under standard Adam

using autodiff to compute D, B (Raissi e -<ne
optimization, to Laplace equation in 2D.

et al., 2019).
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Natural Gradient
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Reinterpreting quadratic loss A functional geometry perspective

Consider the loss of a classical quadratic

regression problem, with batch (x;): Natural gradient in functional space

S The functional space is constrained to:
10) = 5¢ 3 (wolx) — () * Mi=Imu = {ug : 6¢RP)

i=1 * ToM :=Imdujg = Span(dpus)
e 1 , The Natural Gradient is then defined as:
(0) "=" L(wg); L(u) =3 [u—flizq) Oci1 < 0 —ndufy (n#etMVE\uwt) 7

In the population limit:

This yields the Fréchet derivative:

dﬁ|u(h) =u— f, h>L2(Q)7

VL,

e

and thus the gradient flow:
ug € Lz(Q) .
l..lt:—vt‘ut:f—ut )

Solution: u; = f — e *(ug — f).

Ve
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Kernel and computational perspective

Definition-Proposition (Schwencke and Furtlehner (2025))

The Natural Neural Tangent Kernel (NNTK) is the kernel of the projection
Ny 2 L2(Q) — L2(Q) onto TeM. It is given by the formula:

NNTKg(x,y) := 2 (8pu‘9(x)) Ggpq (aquw(y))t; Gop,q :=<6PU|9, aqU|9>L2(Q).
1<p,q<P
Corollary

The Natural Gradient update rewrites: 0¢11 «— 0 — 1 thVE(Ht); £(0) := L(ujp).

Shortcomings
* Computation of the Gram matrix Gy, is quadratic in the number of parameters.

* Inversion of Gy, is cubic

We introduce a the empirical Natural Gradient that scales linearly with the
number of parameters.
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empirical Natural Gradient
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(N)NTK in a nutshell

The functionnal dynamic of (N)GD on the
empirical loss ¢ is described by (Jacot et al.,
2018; Rudner et al., 2019):

s
dclijtet () = = 2 (MNTK,, (x, ) (o, (5) = yi),
Key ldea B

The empirical dynamics takes place in:
:I\_g./\/l := Span (NNTKg(X,-, ) (X,')]_g,‘gN).

We can define the empirical Natural Gradient:

Beer = 0c — ndufy ( VLo, )

empirical Natural Gradient
Theorem (ANaGRAM)

Under mild assumptions:

d“|g < Mv£|u‘9t> = %tﬁen
with: for all1< p<P,1<i<$§
o <$9“~7p = Opuyg,(Xi)
© VLo,; = VL, (x)
Key fact

qggt can be computed with a SVD,
with complexity O( min(PS?, P2S)).
Corollary
There exist P points (X;) such that:
1 L
=~ MVﬁ‘ule - nTeMVE\Uw'
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Application to PINNs
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Key remark PINNs are a quadradic regression problem
The only difference between the losses: Natural Gradient of PINNs

7 1 & D D 2
l0.6(0) :==5= >, (Dlupl P) — F(P)) " | |
D i Figure: lllustration of PINNs Natural Gradient
Sp

and 7(6) = 55 371 (o (xi) — ()’
is the use of the operators D and B.
Proposition

PINNSs are a quadradic regression
problem with model: (D, B) o u:

L*(Q — R, ) x
I?(0Q — R, 0)
0 = ug — (D[up] Bluse])

RPF —
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Experiments
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2D Laplace equation
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Figure: Performance comparison w.r.t running time for Laplace equation in 2 D:

Au = —27?sin(mxy) sin(mxp) in [0, 1]2
u=0 on 9[0,1]?
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141D Heat equation
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Figure: Performance comparison w.r.t running time for Heat equation in 14+1D:

Ot — Y0u =0 in [0,1]?
u=0 on [0,1] x {0,1}
u = sin(mx) on {0} x [0,1]
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5D Laplace equation
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Figure: Performance comparison w.r.t running time for Laplace equation in 5D:

Au=72Y5_ sin(mx) inQ=][0,1]°
u= 2,5(:1 sin(mxy) on 00

14/19



141D Allen-Cahn equation
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Figure: Performance comparison w.r.t running time for Allen-Cahn equation in 14+1D:

Oru—10"30,u—5(u—uv®) =0 inQ=][0,1] x [-1,1]
u=-—1 on 0Qporder = [0,1] x {—1,1}
u(0,x) = x? cos(mx) on dQp = {0} x [—1,1]
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Conclusion and Perspectives
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Conclusions

® Anagram gives a theoretically founded
simplication to any natural-gradient
algorithm lowering the complexity from
O(P?) to O(min(PN?, P2N)), which
is above stochastic gradient descent
only by a factor min(P, N).

In the case of PINNs, we prove that
natural gradient correspond to an
optimal linear update following the
Green's function.

Empirical results are improved by
several orders of magnitude.

The SVD cut-off factor appears to be
a pivotal hyper-parameter of the
algorithm.

Perspectives

Design of an optimal collocation
points procedure, coupled with SVD
cut-off factor adaptation strategy.
Establish theoretical connections with
classical algorithms, such as FEMs,
FDMs, etc.

Include data assmilation in this
theoretical setting, and understand its
regularizing effect.

Include common optimization
techniques (e.g. Momentum)

Extend to order 2 methods
Extend it to Operator learning
Application to HJB equation
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Thank you for your attention !
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