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The HARDMath Dataset Evaluation

Problem: existing benchmarks lack graduate-level applied math! => Answer + procedural grading with LLM grader and rubrics
We provide: => Evaluations on frontier models including STEM-optimized o1
=> 1426 graduate-level applied math problems across 6 domains, => Detailed few-shot performance behavior and error analysis

targeting approximation reasoning & asymptotic methods
=> An algorithmic framework that generates questions and
solutions with quality guarantees

Evaluation accuracy (percentage) on HARDMath-mini

Model | ALL | Nondim Roots ODEs Integrals

Closed-source models
GPT-3.5 (0 shot) 6.04 5.05 17.2 1.39 3.33

GPT-3.5 (1 shot CoT) 142 | 611 293  6.94 18.2
HARDMath dataset composition GPT-3.5 (5 shot CoT) 246 | 243 350 162  23.1
Problem: GPT-4 (0 shot) 140 | 604 337 17.87 14.9
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Consider the integral I(e) = [ T70s5 9720590450511 055 05150 4. Develop
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Roots Solution: The integral is of the form I(c) = [;° pr;dz where P(z) is a GPT-4 ( 5 shot COT) 43.8 48.6 57.3 21.7 41.4

15.4% 15.4% polynomial. Thus, its value can be estimated as the product between a

height and a width. 1 0l-mini (0 shot CoT) 29.8 38.1 24.3 10.2 325

Since the integrand is maximized at z = 0, the height can be set to .

For small ¢, we define the width as the point where the integrand becomes (0 1 _mini ( 5 Shot COT) 62.3 84.5 62. 1 30.6 46.5

half of its maximum height. This corresponds to solving for z given P(z) = e.

I roiynomiain | ooes raditions| | APPing dominant balance, considering the term in P(z) with the smallest Open-source models

. : degree, the width i imated as (52)"/*°. Therefore, the analytical
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i egrals F intermediate regime wh is 1 A Iso define the width
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Eiso*f()e) _ EO(.).A78’6§§172e.refore, the analytical approximation of the integral for large CO deLlama- 1 3b (0 Shot) 1 .9 4 O, 00 8.73 1 . 8 5 O, 5 O
o L e CodeLlama-13b (5 shot CoT) | 9.79 8.41 13.1 9.7 9.57
18.7% Laplace so in this regime, the integral can be approximated as % Therefore, the
N e : Integrals analytical approximation of the integral for very large € is I(e) = 28.
umeri
Nondim Altogether, the solutions at small, large, and very large € are S(;iz, S(;Zg, ? Performance comparison to widely used benchmarks
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Closed-source models

Why HARDMath? Scientific Research! GPT-4 (0 shot) 14.0 73.42

GPT-4 (5 shot CoT) 43.8 92.0°

A 20.8 90.0*
62.3

ol-mini (5 shot CoT)
The viscous sublayer (y*+ < 1) can be analyzed starting from the Navier-Stokes
equations: p (2% +u-Vu) = -Vp+puV?u, V-u=0. Open-source models
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1 P Non-dimensionalization: Define non-dimensional variables: u™ = 5 5
A A £, 4t 2 B, o yf%, v b The streaumwiss momentum eque Llama3-8b (5 shot CoT) 20.2 79.6 (8-shot)®  30.0 (4-shot)
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= tion simplifies to: 3,7

=0, whereT= “g_:;'

Uy i Small y* regime: In the viscous sublayer, inertial terms u- Vu are negligible, . .
b _ and the momentum equation becomes: 2% = . In non-dimensional form => Performance on HARDMath is much worse than W|de|y used
> /,V =i Megial scaice ZZ—: = 1. Integrating yields: ut = y*. . iy
o SR % I J math benchmarks under comparable prompting conditions,
T / —/ inertial scales . " -
y o Pt '\ Analytically solving classical fluid mechanics problems such as the even with partlal credit
dissipation scales b H b t fdff t b| t d g .
S S— | one dhOYE TEHTIES B BamPINarion o1 TTeTen PovSm ybes & => Offers new opportunities for evaluation and model development
01 1 2 5 10 30 100 1000 10000 problem-solving methods included in the HARDMath dataset, like
Y+ nondimensionalization, ODEs, and dominant balance.
Example of a classic problem in fluid mechanics - Nondimensionalization ODE
boundary layer theory' 100 j _ 100 '
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Dataset Generation
¢ g!i 60 - Oﬁe-shot Few-shot 60 Oﬁe-shot Few-shot
/ \ Yes N g
Generate problem. Add appr::::\yau°n = p(:.r::'i:::t = ‘ 3
c?uenfzzf:atxf'fcmoiﬁfo& Problem mothoqs (e.g., analytical Vorl;:::::gons A’.“"V"C‘." : Yes lorm::z::p-by- &) =1
template (e.g., already exists et —> solut.lons by 3| consistent and solm:on; — step solutions
polynomial, ODE, in database? balEances, _Taytor sqlvmg'the assumptions 10% .°' with \boxed|()
integral) as symPy P, snmplm.ed were valid. numericef? final answers.
waresson T | | v \ ) =
. # | - v
=> Parameter combination checks ensure generating unique problems ¢ 2 1 T g . . R e, =
] ) . i Number of Examples in CoT (k) Number of Examples in CoT (k)
- Le\/.eraglng SymPy and SCle FO perforr_n the calculations reCIU|red to —&— ~128B Params (reasoning optimized) = —#— 175B Params @ 8B Params
derive our approximate, analytical solutions —e— 500B+ Params —e— 13B Params
-> CheCklng agaInSt nur_nerlcal SOI\_/er _ground-t_rUth _reSUItS ens‘:ures Performance gain from few-shot CoT prompting is model size and problem type dependent: the more challenging
correctness of analytical approximation provided in the solution type ODE shows minimal performance increase after few-shot CoT

E rro r An a Iys IS Example error composition analysis for Polynomial Roots problems Refe rences
Polynomial Roots (error mode: incorrect dominant balance terms)

05 CoT “Basi .
100 Question: Consider the polynomial P(x) = ez® 4+ z* — 1. Find approximate expressions for all roots of 1. Le_am?AX (n.d.). "Basics of y-plus, boundary layer, and wall _
the polynomials in the limit of small positive € and large positive € (single term approximation). function in turbulent flows.” In: LearnCAx Knowledge Base. Available
Model Response: For large ¢ When ¢ is large, the term ez® dominates the polynomial for most z. at: https://learncax.com
0 However, focusing on the dominant term gives: P(z) ~ ex®. Setting this equal to zero for an approximation
. suggests that we don’t get meaningful roots from this term alone since 2° = 0 doesn’t provide roots that 2. OpenAl (2024). “Simple Evals.” In: GitHub Repository. Available
O 60 satisfy. the original polynomial’s requirement for non-zero roots. ' at: https://github.com/openai/simple-evals
- Grading: The response wrongly sets up the dominant balance as A = 0 and does not provide a concrete
=S list of roots for large e. Therefore, score for large positive € is 3. Achiam, Josh, Adler, Steven, Agarwal, Sandhini, Ahmad, Lama,
O 2 \ J Akkaya, llge, Aleman, Florencia Leoni, Almeida, Diogo,
Polynomial Roots (error mode: missing dominant balance cases) Altenschmidt, Janko, Altman, Sam, Anadkat, Shyamal, et al. (2023).
i “GPT-4 Technical Report.” In: arXiv preprint arXiv:2303.08774.
Question: Consider the polynomial P(z) = ez® + z* — 1. Find approximate expressions for all roots of o _ o
i the polynomials in the limit of small positive € and large positive € (single term approximation). 4. OpenAl (2024). “OpenAl o1-mini.” In: Advancing Cost-Efficient
Model Response: When e is small, the term exz® becomes negligible, so we balance term B and C and Reasoning. Available at;
015 CoT the polynomial simplifies to: P(z) ~ z* — 1. Solving the equation gives roots [1,—1,1, —i). httos:// : lindex/ i-01-mini-ad . t-efficient
Grading: The response only includes the roots from the balance B + C = 0 and completely misses the ps-//fopenal.com/index/openal-oi-mini-advancing-cost-eflicient-rea
roots from the balance A + B = 0. Therefore, score for small positive € is soning/

5. Meta Al (2024). “Meta Llama 3.” In: Meta Al Blog. Available at:
https://ai.meta.com/blog/meta-llama-3/
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—=> Few-shot CoT prompting increases
mOdel performance by Changing correct missing dominant balance cases
Correct_partial com pOSitionS msm incorrect dominant balance terms drop imaginary roots
- H |gh|y dependent on model and GPT-4 0 shot CoT error composition GPT-4 5 shot CoT error composition

problem types



