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- Graph learning

We consider a graph G = (V, E) with a set of nodes V and a set of edges E,
also equipped with some data (features) F, on each node v € V.

************

* Node prediction: predict a label y,, per node v € V.

3 F1 3 V‘| — V2 | F2 l

* Transductive — Train: partially labelled graph. Test:
/ partially unlabelled same graph.

rF3 v, _ v, o = G =(V,4i, YV, E)Whereonlynodesv eV, . are

4 labelled with a known y,.
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- Homophily vs. Heterophily

Homophilic graphs: Heterophilic graphs:
most neighbors have same label many neighbors have different labels

DA D

(a) Informative neighbors

Platonov et al., “Characterizing Graph Datasets for Node

Classification: Homophily—Heterophily Dichotomy and Beyond” (2023)

(b) Less informative neighbors
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TN Message passing

€41

€21 €31 f """ €21 €31 €21 €31

Graph. Messages. Propagation.

D. Grattarola, “Graph Deep Learning” (2021)
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Challenges of message passing

The input graph has 2 roles:
e provides relational information

* serves as the computational structure

HOWEVER, not all graphs propagate information easily!

= Limitations related to information flow, e.g. over-squashing.
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Over-squashing

Bottlenecks obstruct the flow of information.

Bottleneck + over-squashing

* Measure: low spectral gap A, - A, (= A,) of the
normalized Laplacian: L, = | - D™'/2AD™"/2, S

Alon et al., “On the Bottleneck of Graph Neural
Networks and its Practical Implications” (2021)
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Mitigation of over-squashing

TR\

Common mitigation: Maximizing A, by rewiring the input graph.

Spectral Graph Pruning Against Over-Squashing and Over-Smoothing
NeurlPS 2024 — Adarsh Jamadandi*, Celia Rubio-Madrigal*, and Rebekka Burkholz

= Deleting edges to maximize A, also improves over-smoothing.

o O
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|s spectral gap maximization always beneficial?

Not without considering node features and labels.
* Let's see this with a simple test bed: Planted partition model

Density

Stochastic block model (SBM) Feature distributions
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> The effect of the spectral gap on community structure

N\

e Spectral gap maximization reduces the strength of the community structure.
» Spectral gap minimization increases the structure.

Maximization Minimization

* If labels = communities (aligned task-graph), maximizing is BAD.
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Theory for SBMs

e Theorem 1 (previous slide): A less pronounced community structure corresponds
to a higher spectral gap. In fact, A, grows approximately like -(p - q)/(q + p).
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Theory for SBMs

e Theorem 1 (previous slide): A less pronounced community structure corresponds
to a higher spectral gap. In fact, A, grows approximately like -(p - q)/(q + p).

* Theorem 2: A less pronounced community structure harms performance —if
high task-graph alignment.
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s Theory for SBMs

N\
e Theorem 1 (previous slide): A less pronounced community structure corresponds

to a higher spectral gap. In fact, A, grows approximately like -(p - q)/(q + p).

* Theorem 2: A less pronounced community structure harms performance —if
high task-graph alignment.

* Theorem 3: Different alignment levels affect error more.

2y -1)p-q)

PM)=1-yw+Qy-1)P
/3P +q+p(1-p)+q(1-q)+2(p - q)2y(1 - @)
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Theoretical insights
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Intuition: High alignment + clear communities = low error

1.0 0.8
0.8 0.6
0.6
P(M) 0.4
0.4
0.2
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- Experiments in support of the theory
// W Accuracy for SBM (p,q)
e (0'99"’-220-710-2) agnngzm
* Alignment is crucial for GCN performance P
= The number of same-labelled edges changes, §orl #7030 psopmnn 189
indirectly reducing homophily. o on
. ‘),99,0,2) (0.5, 0.5)

0.6 0.7
SpectralGap

* Maximizing the spectral gap on homophilic datasets harms performance.

Cora - Alignment vs Avg Test Accuracy Citeseer - Alignment vs Avg Test Accuracy
. Maximize Gap by Adding Edges 1% @ Maximize Gap by Adding Edges 10.
5, 88.07 200 5, 80.51
@) 500 9
o 100@ © s0.0
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NMI between Community and Labels NMI between Community and Labels
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Alignment’s mechanism: Feature denoising

If nodes with similar features are connected

= there is a variance reduction of the feature distribution.

Density

D AN

= Aggregation =

Density
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- Rewire based on feature similarity
AN
N Sizes A, B, and C of the three edge areas:
2-cluster W
raph: S 4= : B = : ol :
grap il A=jallcl  B=lGl-lal = lal-al
Co C
ComMa(k) FeaSt(k) ComFy(k)
LowerComMa HigherComMa Add Del Add Del

,Wx = If Del,Adraw and If Addf; draw and Add top k Delete bottom k Fzzcsit( {ﬁ ' kJ ) Fgait( Lﬁ ) kJ )
1 A . e

#m#ﬁ dellte LHC kJ erges | add LAJrC kJ edges | ¢ sim(u,v)_for of sim(u, v) for

(u,v) € & (u,v) € &

e ) If Add, draw and If Del, draw and FeaSt B FeaSt B
Cox Cy- add k edges delete k edges Add ( L‘*B*C . kJ ) Del ( L‘”B*C . kJ )

%//x//g// If Del, draw and If Add, draw and U"’®“'U U'{X\'U FeaSt(l o kJ) FeaSt(L o kJ)

c c A+B+C Del A¥B+C

000, | delete |50 k] edges| add |6 k] edges P
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> Comparison of methods
%>
Table 1: Accuracy on node classification comparing different rewiring schemes.
Method Cora Citeseer Pubmed Cornell Texas Wisconsin  Chameleon Squirrel Actor
GCN 86.1240.36  77.83+0.35 85.57+0.11 35.14+1.63 35.14+1.50 38.00£1.47 39.33+0.59 31.69+0.42 27.24+0.21
GCN+BORF 87.50+£0.20 73.80+0.20 NA 50.80+1.10 NA 50.30+£0.90 61.50+0.40 NA NA
GCN+FoSR 83.50£039 7547:0.31 86.08+0.10 40.54+147 51.35:1.75 5400£1.46 41.01£0.63 3236037 27.57+021
GCN+ProxyAddMin 84.1040.39 78.77+£0.40 86.15+0.10 45.95+1.50 48.65+1.45 42.00+1.23 39.33%0.55 33.71+0.40 28.03+0.22
GCN+ProxyAddMax 85.924043 79.25+£0.35 86.41+0.11 48.65+1.41 40.54x1.64 50.00£1.25 38.20+£0.70 35.06+0.44 25.99+0.20
in 25924037 79 01
Spectral [ GCON+ProxyDelMax  8632+0.38 8184:0.38 8595:0.11 54.05:1.67 48.65:135 5200£133 3933:0.70 34612039 27.30£0.22
GCN+HigherComMaAdd 83.64+0.38 77.13+0.38 85.86+0.10 49.93+1.34 52.66+1.47 50.55+1.24 41.23+0.72 34.51+0.40 30.92+0.21
GCN+HigherComMaDel  83.8240.31 77.31+0.41 85.90+0.11 49.03+1.26 48.57+1.53 50.32+1.38 40.44+0.69 34.66+0.39 30.71+0.24
GCN+LowerComMaAdd ~ 83.41:037 77.15:0.36 85.85:0.09 51.08+1.67 50.20+1.71 50.95:1.29 40.61+0.64 34.48039 30.79+0.23
GCN+LowerComMaDel  83.61+0.35 77.39+0.37 85.90+0.10 49.69+1.43 50.59+£1.52 50.61%£1.35 40.43+0.71 34.76+0.40 30.79+0.22
GCN+FeaStAdd 87.730.30 78.54:034 86.43£0.09 59.46+149 54.05:1.51 60.00£1.09 43.26:0.62 39.33:0.73 31.25:0.22
GCN+FeaStDel 90.74+0.39 81.60+0.39 86.76+0.10 51.35+1.63 64.86+1.43 60.00£1.27 42.70+0.69 36.40+0.36 31.97+0.21
GCN+ComFyAdd 87733026 77.36:0.38 86.74+0.10 67.57+1.68 62.16+1.52 62.00+1.12 41.57+0.83 36.85:038 32.30+0.25
GCN+ComFyDel 88133027 78.07:035 8623:0.11 70.27:1.50 64.86x1.51 66.00+1.34 45.51:0.76 30.10:0.43 31.12+0.19

15/16



\"I

N / .
> Comparison of methods
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Table 1: Accuracy on node classification comparing different rewiring schemes.
Method Cora Citeseer Pubmed Cornell Texas Wisconsin  Chameleon Squirrel Actor
GCN 86.12+0.36  77.83+0.35 85.57+0.11 35.14+1.63 35.14+1.50 38.00+1.47 39.33+0.59 31.69+0.42 27.24+0.21
GCN+BORF 87.50+0.20 73.80+0.20 NA 50.80+1.10 NA 50.30+0.90 61.50+0.40 NA NA
GCN+FoSR 83.50+0.39 75.47+0.31 86.08+0.10 40.54+1.47 51.35+1.75 54.00+1.46 41.01+0.63 32.36+037 27.57+021
GCN+ProxyAddMin 84.10+0.39 78.77+0.40 86.15+0.10 45.95+1.50 48.65+1.45 42.00£1.23 39.33+0.55 33.71x0.40 28.03+0.22
GCN+ProxyAddMax 85.92+0.43 79.25+0.35 86.41+0.11 48.65+1.41 40.54+1.64 50.00+£1.25 38.20+0.70 35.06+0.44 25.99+0.20
GCN+ProxyDelMin 85.92+0.37 79.01+£0.34 86.28+0.11 45.95+1.50 48.65+1.63 44.00+£1.13 39.89+0.59 34.83+045 26.58+0.25
GCN+ProxyDelMax ~ 86.32+0.38 81.84:0.38 85.95+0.11 54.05+1.67 48.65+1.35 52.00+1.33 30.33:0.70 34.61£039 27.30+0.22
GCN+HigherComMaAdd 83.64+0.38 77.13+0.38 85.86+0.10 49.93+1.34 52.66+£1.47 50.55%£1.24 41.2320.72 34.51x0.40 30.92+0.21
GCN+HigherComMaDel ~ 83.82+0.31 77313041 8590+0.11 49.03+126 48.57+1.53 50.32+1.38 40.4440.69 34.66£0.39 30.71+0.24
GCN+LowerComMaAdd ~ 83.4130.37 77.15£036 85.85:0.09 51.08+1.67 50.29+1.71 50.95+129 40.61£0.64 34.48+0.39 30.79+0.23
GCN+LowerComMaDel  83.61+0.35 77.39+0.37 85.90+0.10 49.69+1.43 50.59+1.52 50.61+1.35 40.43+0.71 34.76£0.40 30.79+0.22
feature
similarity GCN+FeaStDel 90.74+0.39 81.60+0.39 86.76+0.10 51.35+1.63 64.86x1.43 60.00+1.27 42.70+0.69 36.40+0.36 31.97+0.21
Y GCN+ComFyAdd 87.73£0.26 77.36+0.38 86.74+0.10 67.57+1.68 62.1621.52 62.00+1.12 41.57+0.83 36.85+0.38 32.30+0.25
GCN+ComFyDel 88.13:0.27 78.07+0.35 86.23x0.11 7027150 64.8621.51 66.00+1.34 45513076 39.10£0.43 31.12%0.19

* Feature similarity max. even boosts performance for homophilic graphs.
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> Comparison of methods
%>
Table 1: Accuracy on node classification comparing different rewiring schemes.
Method Cora Citeseer Pubmed Cornell Texas Wisconsin ~ Chameleon Squirrel Actor
GCN 86.12+0.36 77.83+0.35 85.57+0.11 35.14£1.63 35.14+£1.50 38.00+1.47 39.33+0.59 31.69+0.42 27.24+0.21
GCN+BORF 87.50+0.20 73.80+0.20 NA 50.80+1.10 NA 50.30+0.90 61.50+0.40 NA NA

GCN+FoSR 83.50+£0.39 75.47+0.31 86.08+0.10 40.54+£1.47 51.35%£1.75 54.00+1.46 41.01+0.63 32.36+0.37 27.57+0.21
GCN+ProxyAddMin 84.10£0.39 78.77+£0.40 86.15+0.10 45.95+£1.50 48.65+1.45 42.00+1.23 39.33+£0.55 33.71+040 28.03+0.22
GCN+ProxyAddMax 85.92+0.43 79.25+0.35 86.41+0.11 48.65+1.41 40.54+1.64 50.00+1.25 38.20+0.70 35.06+0.44 25.99+0.20
GCN+ProxyDelMin 85.92+40.37 79.01+0.34 86.28+0.11 45.95+1.50 48.65+1.63 44.00+£1.13 39.89+0.59 34.83+0.45 26.58+0.25
GCN+ProxyDelMax ~ 86.32+0.38 81.84+0.38 85.95:0.11 54.05:1.67 4865:135 52.001.33 3933070 34.61:0.39 27.30:0.22
GCN+HigherComMaAdd 83.64+0.38 77.13+£0.38 85.86+0.10 49.93+1.34 52.66+1.47 50.55+1.24 41.23+0.72 34.51+040 30.92+0.21
GCN+HigherComMaDel = 83.82+0.31 77.31+0.41 85.90+0.11 49.03+£1.26 48.57£1.53 50.32+1.38 40.44+0.69 34.66+0.39 30.71+0.24
GCN+LowerComMaAdd ~ 83414037 77.15£0.36 85.85£0.09 51.08+1.67 50.29+1.71 50.95:129 40.61+0.64 34.48+0.39 30.79:0.23
GCN+LowerComMaDel  83.61+0.35 77.39+0.37 85.90+0.10 49.69+1.43 50.59+1.52 50.61£1.35 40.43+0.71 34.76:0.40 30.79+0.22
GCN+FeaStAdd 87.73:0.39 78.54:034 8643:0.09 59.46:149 5405+1.51 60.00+1.00 43.26:0.62 39.33:0.73 31.25+0.22
feature GCN+FeaStDel 90.74+0.39 81.60+0.39 86.76+0.10 51.35+1.63 64.86+1.43 60.00+1.27 42.70+£0.69 36.40+0.36 31.97+0.21

. . + + 4
similarity  (~GEN+ComFyDel 88.1320.27 78.07:035 86.23%0.11 70.27¢1.50 64.86x1.51 66.00+1.34 455120.76 39.1040.43 31.12+0.19

_+-

community

* Feature similarity max. even boosts performance for homophilic graphs.
 Community struct. + feature similarity tends to fare better for heterophily.
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Comparison of methods

Table 1: Accuracy on node classification comparing different rewiring schemes.

Method Cora Citeseer Pubmed Cornell Texas Wisconsin ~ Chameleon Squirrel Actor
GCN 86.12+£0.36 77.83x035 85.57+0.11 35.14+1.63 35.14+1.50 38.00x1.47 39.33#0.59 31.69+042 27.24+0.21

GCN+BORF 87.50+0.20 73.80+0.20 NA 50.80+1.10 NA 50.30+£0.90 61.50+0.40 NA NA
GCN+FoSR 83.50+0.39 75.47+0.31 86.08+0.10 40.54+1.47 51.35%#1.75 54.00£1.46 41.01£0.63 32.36+0.37 27.57+0.21
GCN+ProxyAddMin 84.10+0.39 78.77+0.40 86.15£0.10 45.95+1.50 48.65+1.45 42.00£1.23 39.33+0.55 33.71+040 28.03+0.22
GCN+ProxyAddMax 85.92+043 79.25+0.35 86.41+0.11 48.65+1.41 40.54+1.64 50.00+£1.25 38.20£0.70 35.06+044 25.99+0.20
GCN+ProxyDelMin 85.92+0.37 79.01+0.34 86.28+0.11 45.95+1.50 48.65+1.63 44.00£1.13 39.89+0.59 34.83+0.45 26.58+0.25
GCN+ProxyDelMax 86.3240.38 81.84+0.38 85.95+0.11 54.05£1.67 48.65+1.35 52.00£1.33 39.3320.70 34.61+0.39 27.30+0.22
GCN+HigherComMaAdd 83.64+0.38 77.13+0.38 85.86+0.10 49.93+1.34 52.66+1.47 50.55+1.24 41.23+0.72 3451040 30.92+0.21
GCN+HigherComMaDel  83.82+0.31 77.3120.41 85.90+0.11 49.03+1.26 48.57+1.53 50.32+1.38 40.44+0.69 34.66+0.39 30.71+0.24
GCN+LowerComMaAdd 83.41+0.37 77.15£0.36 85.85£0.09 51.08+1.67 50.29+1.71 50.95+1.29 40.61+0.64 34.48+0.39 30.7940.23
GCN+LowerComMaDel  83.61+0.35 77.39+0.37 85.90+0.10 49.69+1.43 50.59+1.52 50.61+1.35 40.4320.71 34.76+0.40 30.79+0.22
GCN+FeaStAdd 87.73£0.39 78.54+0.34 86.43+0.09 59.46+1.49 54.05+1.51 60.00£1.09 43.26+0.62 39.33+0.73 31.25+0.22
GCN+FeaStDel 90.74+0.39 81.60+0.39 86.76+0.10 51.35+1.63 64.86+1.43 60.00£1.27 42.70+0.69 36.40+036 31.97+0.21
GCN+ComFyAdd 87.73+0.26 77.36+0.38 86.74+0.10 67.57+1.68 62.16+1.52 62.00+1.12 41.57+0.83 36.85+0.38 32.30+0.25
GCN+ComFyDel 88.13+0.27 78.07£0.35 86.23+0.11 70.27+1.50 64.86+1.51 66.00+1.34 45.51+0.76 39.10£0.43 31.12+0.19

* Feature similarity max. even boosts performance for homophilic graphs.
 Community struct. + feature similarity tends to fare better for heterophily.

* Edge deletions most effective.
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