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Introduction

We build upon the mathematical mean-field model for Transformers dynamics introduced in [1, 2], 
modeling the evolution of  tokens  on  via a system of coupled ODEs:N xi(k)N

i=1 𝕊d−1
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Transformers as interacting particles systems



Introduction
The infinite-depth limit

We build upon the mathematical mean-field model for Transformers dynamics introduced in [1, 2], 
modeling the evolution of  tokens  on  via a system of coupled ODEs:N xi(k)N

i=1 𝕊d−1

·xi(t) = Pxi(t) ( 1
Zβ,i(t)

∑N
j=1 eβ⟨Qxi(t),Kxj(t),⟩Vxj(t)),

xi(0) = xi .
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Dynamic meta-stability
Our analysis

 = 50β

  

 = 5β

 = 7β

In the following regime:
,

,
,

we study the nonlinear PDE:

with .

In particular, we prove:
,

.

N ≫ 1
xi(0) ∼ U (𝕊d−1)

Q, K, V = Id

{
∂tμ + div(χ[μ]μ) = 0
μ|t=0 = μ(0)

χ[μ] = Px(∫𝕊d−1

eβ⟨x,y⟩y dμ(y))

T ≈ ln(N)
Ncluster ≈ β−1/2


