Overcoming Lower-Level Constraints in Bilevel Optimization:

A Novel Approach with Regularized Gap Functions
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The constrained bilevel optimization (BiO) is formulated as:

min  F(z,y) st. yeS(x):= argmin{ flx,y) s.t. g(z,y) < 0},
zeX,yey yey

which tackles nested structures present in constrained learning tasks like constrained
meta-learning, adversarial learning, and distributed bilevel optimization.

Assumptions:
» F' is Smooth and bounded below over the feasible set.
» f is Convex in y, and smooth in both variables.

» g 1s Convex in y, smooth, and Lipschitz continuous (including its gradients).

Goal: develop a single-loop, first-order algorithm without projection onto the coupled
lower-level constraint set.




Here we introduce the doubly regularized gap function for the lower-level problem:
1 1
Y, 2) = a Llx,y,\) — —||A—z||* — L(x,0,2) — —||6 — 2},
0,y 2) 1= amax  {£(.9:3) = 5 IA =2l = £(a,6,2) = 50—
where the Lagrangian function £(z,vy, z) := f(z,y) + 2" g(z,y).

Property I (Lemma 2.1.)
Gy(z,y,2) <0< ye S(z)and z € M(z,y)

Property II (Lemma 2.2.)
Ve f(@,y) + (X)) Vig(2,y) Vo f(x,0%) + 2" Vyg(x,0%)
VG, (x,y,2) = |Vyf(z,y) + (\) Vyg(z,y) | - (y—0%) /m
—(z2=X) /7 g(x,07)
6* := 0*(x,y, z) :=argmin {ﬁ(:c 6, z) + —||¢9 y||2}
ocy

A i Xy, 2) margmax { £(2,9,2) — 5|\~ 5|1 | = Profgy (2 +129(,0).
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Based on the Property I of gap function, we can reformulate the BiO equivalently as

min Fi{ @, S.t. z,y,z) < 0.
(%,y,2) EX XY xRE ( y) g'y( Y )

To develop a gradient-based algorithm, we explore its penalty formulation:

I F
(CC,y,Z)rél;(anxZ (:U, y) + Cg’Y(m7yv Z),

» Bilevel Constrained GAp Function-based First-order Algorithm (BiC-GAFFA)
1. Update Auxiliary Variables:
941 =Projy (0 — Vo (L(a, 0%, 24) + 110" — o |))
2m

Ak+1

_ : k E K
=Projpy (2" + 129(z",y"))

2. Update Main Variables:

(SCIH_l, yk—|—17 zk—l—l)
1

— PrOjXXYXZ ((xk,yk7zk) T Odk;v (;F('xk?yk) _|_ g’)/(xk7yk7zk)))




For bilevel optimization with minimax lower-level problem:

i F(z,y,2) st (y,2) €S —81[ , ]
rex ol o F(®y:2) st (y,2) € SP(z) := Sol | mipmax f(z,y,2)

We use following gap function:

1 1
saddle 2 2
z = max z,y,2)— —||IA— 2| = f(z,0,2) — — |0 —y]|> }.

eeY,)\eRﬁ
And reformulate the BiO as:
min F(z,9,2) st Q,Syaddle(x, s 2 55105

(%,y,2) EX XY xRE
» Single-loop Hessian-free algorithm for BiO with minimax lower-level problem
1. Update Auxiliary Variables:
9+ =Projy (6 — V(L (2", 6%, 25) + - [16% —4*|))
27
pLad :ProjRi (zk’ + fygg(:r;k, yk))

2. Update Main Variables:
( k+1 yk—l—l k:—i—l)

= Projxxyxz ((37 ’yk’zk) — oV (

1 5saddle
—Flat,0) + et 24 ) )
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i (y1—2 1) (x —1p) + [ly2 + 3 - 1|?
(y1,52)€Y n @ h( )
T
s.t.  (y1,y2) € argmin {—||y1|| —x'y1 + 1 ys st Zh(xi) + 1y +1,y2=0}.
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BERP AR+

M
. ]- A S(m 2
s.t. B € argmin {5 Z b; — B a;|? + Z A8 | + )\M+1||/6||1}.
BERP 7= . m=1
, 1
min Z b — BT Hyperpa.rameter
BERP uER e Decoupling

.t Be argmin{% > b — BTay]? s.t.| 183 < i, m € [M], [|B]1 < 'u,M_|_1}.
BERP i€l
nTr = 100, nVal = 100, nTest = 300 nTr = 300, nVal = 300, nTest = 300
Method
Time (s) Val Err Test Err Time (s) Val Err Test Err

Grid 173 +09 359472 37.74+67 7874+19 189+23 198 +1.8
Random  17.4 +£0.7 33.6 £6.7 357 +6.2 786+25 187+24 19.5+19
TPE 169 £0.7 33.94+70 360£56 747+£22 189+23 198 =£1.9
IGJO 212 £22 19.7+£28 25644 4994+26 165£25 181+ 1.4
VF-iDCA 124 +05 146426 254+39 407+£17 149+21 172+1.3
BiC-GAFFA 21.4+0.7 73+£13 223+£30 220£1.0 128+14 171+1.3




Model: min Leen (G, D) s.t. D € argmin L (G, D).
G0 DeD

WGAN:  Lgen(G, D) = = B[ D(G(2)],
Laet(G, D) = = Exnp, [D(X)] + Eon[D(G(2)],

D= {D(x) st. max | VD)2 < 1}.

x€Px
== GAN =— WGAN-GP == UGAN =—— Bi-WGAN (BiC-GAFFA)
== WGAN Con-GAN ~ Bi-GAN (BiC-GAFFA) Bi-ConGAN (BiC-GAFFA)
- : - N\ ( . . )
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Sinkhorn Divergence
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Siﬁkhom Di;v'crglince
Sinkhorn D-i_verg_ence_
Sinkhorn Divcrg‘enc.‘c




Thanks

A
3 A+ a1 .
i1

e imed bilovel optizization (Bi0) is - > Bllevel Constrained GAp Function-based First-order Algorithn (BIC-GAFFA) mn % 3 - BT
¢ ilic sables: RE AERH
min _ Flr.y) st yeS()= m‘gmin{ flo,y) st gle,y) < n}, 1. Update Auxiliary Variables: Behrae €T
2EXWEY JeY

P . 1 2
O —projy (% — (Ll 0, 4) 4 o - #1)

3 .
s in{ b — BTaul* +
which tackles nested structures present in constrained learning tasks like constrained L Be ugmn { 3 ; Ibi —Bail
R

B4 _proi, (sF s
2. ial learning, and distri bilevel optimizati A ’_Pr‘”“: (& +7a0(a", 1) 1 o Hyperparameter
""""""""""""""""""""""""""""""""""" 2. Update Main Variables: min o 3 b= BT 7
Assumptions: (WHJ y"“ z"“) fereuer}rr 2 6 Decoupling
» I is Smooth and bounded below over the feasible set. il L L " Mﬂml.‘n{% 3 b= AT 1B < € (0], 111 < ]y
» [ is Convex in y, and smooth in both variables. = Projxxyxz | (%5, 2%) — oV FF(J’ )+ G (a8 R, ) fere L 0p
# g is Convex in y, smooth, and Lipschitz continuous (including its gradients). x

Methad

oo s o, ri s v o o e o | [AAMOR DA OPUIOR NN ] ' ' z

lower-level constraint set. For bilevel optimization with minimax lower-level problem: Grid 173409 35.9£72 3TT£6T 78719 180£23 198£18
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We use following gap function:
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where the Lagrangian function £{r,y,z) (x,y) + 2T glw,v). And reformulate the BiO as:
------------------- i Fla,y2) st @8%e(e,y,2) 0.
Property 1 (Lemma 2.1.) (:.u‘:l;‘-"?ald‘xR"' (@pz) st G @2) < nlaillile Logisticp_, (w.b) st. (w,b,€) € SVMp, (w, b€ c)
Gy, 2) <042y € S(z) and z € M(z.y) iy

» Single-loop Hessi

-free algorithm for BiO with minimax lower-level problem

-I"mp:ny] (Lemma 2.2.

) 1. Update Auxiliary Variables:
. . 1
Tof (e y) 4 () Veslag)] [Vl (e,0) + 27 Vogla,0°) 94 <Projy (i Va(2la" 0, 24) + 0t = o))
2.0.2) = |V, /(z, ATV (e ) | - — )
VG (z,0.2) vf(rijzjj ‘\‘)) E:y(l ) (yg(!‘y)_,;h A Projas (+ + Taglak, 1)
, 2. Update Main Variables:
- 2) = i 2+ —If- . ke i k
0" =0 (z,y,2) : nr&]?‘m{ﬂix.ﬂ'. )+ o 1# =yl } (k] gy Ry .
— Proi ok K koky | Gsaddle ko kK
A= A2, 2) :!argl:mx{ﬂ(:r.y‘z] - 2.riu,\ * =\|“} = Projgs (2 +nag(z.4))- = Projxcyuz ((“"' W) -V (‘C‘;F(f ) G 2 )))
AER] 2 -
Based on the Property 1 of gap function, we can reformulate the BiO equivalently as — - S DVOAN (VECATRY) S8 B CnGAN (IO GAPFA)

“}E'.:nx’; Flz.y) st. Gy(z.y.2) 0.

To develop a gradient-based algorithm, we explore its penalty formulation:
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