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Operator Learning

Learning a function:

Learning an operator:

1. Lu, Lu, et al. "Learning nonlinear operators via DeepONet based on the universal approximation theorem of operators." Nature machine intelligence 3.3 (2021): 218-229.
2. Li, Zongyi, et al. "Fourier neural operator for parametric partial differential equations." arXiv preprint arXiv:2010.08895 (2020).
3. Seidman, Jacob, et al. "NOMAD: Nonlinear manifold decoders for operator learning." Advances in Neural Information Processing Systems 35 (2022): 5601-5613.

Application: Learning the solution operator of parametric PDEs

DeepONet Fourier Neural Operator (FNO)

input function output function
ODE/PDE Solver

Neural Operator



Continuous Vision Transformer (CViT) 

Grid-based coordinate embedding



Lipschitz constant & Spectral Bias

1.Rahaman, N., Baratin, A., Arpit, D., Draxler, F., Lin, M., Hamprecht, F., Bengio, Y. and Courville, A., 2019, May. On the spectral bias of neural networks. 

In International conference on machine learning (pp. 5301-5310). PMLR.

2. Latorre, F., Rolland, P. and Cevher, V., 2020. Lipschitz constant estimation of neural networks via sparse polynomial optimization. arXiv preprint arXiv:2004.08688.

Spectral bias

Lipschitz constant:

MLP:

Assume 



Lipschitz constant of Coordinate Embeddings

Trivial coordinate embedding

Random Fourier features

Grid-based embedding

Tancik, Matthew, et al. "Fourier features let networks learn high frequency functions in low dimensional domains." Advances in neural information processing 
systems 33 (2020): 7537-7547.



Advection of Discontinuous Waves

Problem setup

de Hoop, M.V., Huang, D.Z., Qian, E. and Stuart, A.M., 2022. The cost-accuracy trade-off in operator learning with neural networks. arXiv preprint arXiv:2203.13181.

Initial condition

Goal: Learning the mapping from initial condition 
to 𝑢(0.5,⋅)



1. Takamoto, M., Praditia, T., Leiteritz, R., MacKinlay, D., Alesiani, F., Pflüger, D. and Niepert, M., 2022. Pdebench: An extensive benchmark for scientific machine 
learning. Advances in Neural Information Processing Systems, 35, pp.1596-1611.
2.Gupta, J.K. and Brandstetter, J., 2022. Towards multi-spatiotemporal-scale generalized pde modeling. arXiv preprint arXiv:2209.15616.

Benchmarks 

Incompressible Navier-Stokes

# Trajectories: 6,500

# Time steps: 14

Resolution: 128 x 128 

Variables: Passive Scalar & Velocity 

Compressible Navier-Stokes

# Trajectories: 9,000

# Time steps: 100

Resolution: 128 x 128 

Variables: Passive Scalar & Velocity 

Shallow Water

# Trajectories: 5,600

# Time steps: 11

Resolution: 96 x 192

Variables: Vorticity & Pressure 

Diffusion Reaction

# Trajectories: 900

# Time steps: 100

Resolution: 128 x 128 

Variables: Density fields 



Shallow Water Equation

Model CViT-S CViT-B CViT-L

Encoder 
layers

5 10 15

Embedding 
dim

384 512 768

MLP width 384 512 1536

Heads 6 8 12

# Params 13 M 30 M 92 M



Results

Hao, Z., Su, C., Liu, S., Berner, J., Ying, C., Su, H., Anandkumar, A., Song, J. and Zhu, J., 2024. Dpot: Auto-regressive denoising operator transformer for large-scale 
pde pre-training. arXiv preprint arXiv:2403.03542.



Ablation Studies

Visualizations of decoder cross-attention map 



Thank you!
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