International Conference On
Learning Representations

() Jilih, "‘3 ICL UNIVERSITY

COMPARING NOISY NEURAL
POPULATION DYNAMICS USING
OPTIMAL TRANSPORT DISTANCES

Amin Nejatbakhsh!, Victor Geadah'?, Alex H. Williams'® & David Lipshutz'4

'Center for Computation Neuroscience, Flatiron Institute; 2 Applied and
Computational Mathematics, Princeton University; > Center for Neural Science, New
York University; 4 Department of Neuroscience, Baylor College of Medicine



Central question: how similar are these representations?



Central question: how similar are these representations?

Network X

__‘_‘).

neuron1



Central question: how similar are these representations?

Network X Network Y

__‘_‘).

neuron1 neuron1



Central question: how similar are these representations?

Network X Network Y Shape Space

__‘_‘).

neuron1 neuron1



Central question: how similar are these representations?

Network X Network Y Shape Space

__‘_‘).

neuron1 neuron1



Central question: how similar are these representations?

Network X Network Y Shape Space

__‘_‘).

neuron1 neuron1



Representational similarity methods cover a range of assumptions

Figures from [2,3]



Representational similarity methods cover a range of assumptions

Deterministic responses

Figures from [2,3]



Representational similarity methods cover a range of assumptions

Deterministic responses

Linear regression (Yamins et al. 2014)
Representational Similarity Analysis
(Kriegeskorte et al. 2008)

One-to-One Matching (Li et al. 2016)
Canonical Correlations Analysis (Raghu et al.
2017)

Centered Kernel Alignment (Kornblith et al.
2019)

Procrustes alignment (Degenhart et al. 2020)
Shape distances (Williams et al. 2021)

Figures from [2,3]



Representational similarity methods cover a range of assumptions

Deterministic responses

Linear regression (Yamins et al. 2014)
Representational Similarity Analysis
(Kriegeskorte et al. 2008)

One-to-One Matching (Li et al. 2016)
Canonical Correlations Analysis (Raghu et al.
2017)

Centered Kernel Alignment (Kornblith et al.
2019)

Procrustes alignment (Degenhart et al. 2020)
Shape distances (Williams et al. 2021)

Applications: ConvNets, MLPs, etc.

Figures from [2,3]



Representational similarity methods cover a range of assumptions

Deterministic responses Stochastic responses

Linear regression (Yamins et al. 2014)
Representational Similarity Analysis
(Kriegeskorte et al. 2008)

One-to-One Matching (Li et al. 2016)
Canonical Correlations Analysis (Raghu et al.
2017)

Centered Kernel Alignment (Kornblith et al.
2019)

Procrustes alignment (Degenhart et al. 2020)
Shape distances (Williams et al. 2021)

Applications: ConvNets, MLPs, etc.

Figures from [2,3]



Representational similarity methods cover a range of assumptions

Deterministic responses Stochastic responses

Linear regression (Yamins et al. 2014) Stochastic Shape Distances (Duong et
Representational Similarity Analysis al. 2023)

(Kriegeskorte et al. 2008)

One-to-One Matching (Li et al. 2016)

Canonical Correlations Analysis (Raghu et al.

2017)

Centered Kernel Alignment (Kornblith et al.

2019)

Procrustes alignment (Degenhart et al. 2020)

Shape distances (Williams et al. 2021)

Applications: ConvNets, MLPs, etc.

Figures from [2,3]



Representational similarity methods cover a range of assumptions

Deterministic responses

Linear regression (Yamins et al. 2014)
Representational Similarity Analysis
(Kriegeskorte et al. 2008)

One-to-One Matching (Li et al. 2016)

Canonical Correlations Analysis (Raghu et al.

2017)

Centered Kernel Alignment (Kornblith et al.
2019)

Procrustes alignment (Degenhart et al. 2020)
Shape distances (Williams et al. 2021)

Applications: ConvNets, MLPs, etc.

Stochastic responses

s -

Stochastic Shape Distances (Duong et
al. 2023)

Applications: VAEs, BNNs, Dropout,
Noise Injection

Figures from [2,3]



Representational similarity methods cover a range of assumptions

Deterministic responses Stochastic responses Deterministic dynamic responses

Linear regression (Yamins et al. 2014) Stochastic Shape Distances (Duong et
Representational Similarity Analysis al. 2023)

(Kriegeskorte et al. 2008)
One-to-One Matching (Li et al. 2016)

Canonical Correlations Analysis (Raghu et al. Ap%)licat.ionﬁ: VAEs, BNNs, Dropout,
2017) Noise Injection

Centered Kernel Alignment (Kornblith et al.
2019)

Procrustes alignment (Degenhart et al. 2020)
Shape distances (Williams et al. 2021)

Applications: ConvNets, MLPs, etc.

Figures from [2,3]



Representational similarity methods cover a range of assumptions

Deterministic responses Stochastic responses Deterministic dynamic responses

Linear regression (Yamins et al. 2014) Stochastic Shape Distances (Duong et Dynamic Similarity Analysis (Ostrow et
Representational Similarity Analysis al. 2023) al. 2024)

(Kriegeskorte et al. 2008)
One-to-One Matching (Li et al. 2016)

Canonical Correlations Analysis (Raghu et al. Ap%)licat.ionﬁ: VAEs, BNNs, Dropout,
2017) Noise Injection

Centered Kernel Alignment (Kornblith et al.
2019)

Procrustes alignment (Degenhart et al. 2020)
Shape distances (Williams et al. 2021)

Applications: ConvNets, MLPs, etc.

Figures from [2,3]



Representational similarity methods cover a range of assumptions

Deterministic responses Stochastic responses Deterministic dynamic responses

s -

Linear regression (Yamins et al. 2014) Stochastic Shape Distances (Duong et Dynamic Similarity Analysis (Ostrow et
Representational Similarity Analysis al. 2023) al. 2024)
(Kriegeskorte et al. 2008)

One-to-One Matching (Li et al. 2016) N c s
Canonical Correlations Analysis (Raghu et al. Applications: VAEs, BNNs, Dropout, Applications: RNNs, SSMs (e.g.

Noise Injection MAMBA), Transformers, Diffusion
2017) ; N
Models, biological systems, etc.

Centered Kernel Alignment (Kornblith et al.
2019)

Procrustes alignment (Degenhart et al. 2020)
Shape distances (Williams et al. 2021)

Applications: ConvNets, MLPs, etc.

Figures from [2,3]



Representational similarity methods cover a range of

assumptions . o |
Deterministic responses Stochastic responses Deterministic dynamic responses

Figures from [2,3]



Representational similarity methods cover a range of

assumptions . o |
Deterministic responses Stochastic responses Deterministic dynamic responses

Procrustes Distance

c
. 2
min m,(c) — Qm,(c
QEQ(N)‘;” z(c) y(©)l3

Mean Rotational
alignment

Figures from [2,3]



Representational similarity methods cover a range of

assumptions
Deterministic responses

_

.__‘}'

(Yo

Procrustes Distance

C
min m,(c) — Qm,(c)|?
Qi 3 [ma (c) ~ Qmy ()]}
Mean Rotational
alignment

Stochastic responses

Stochastic Shape Distance (SSD)

min i {(2 - a)||m(c) — Qmy(c)|?

QeO(N) o—

+aB’ (Py(c),QP,(c)Q")},

Covariance

Deterministic dynamic responses

Figures from [2,3]



Representational similarity methods cover a range of

assumptions . . |
Deterministic responses Stochastic responses Deterministic dynamlc responses

Procrustes Distance Stochastic Shape Distance (SSD) Dynamic Similarity Analysis (DSA)
2 T
Qi z Ima(c) — Qmy (o) Jin g{ (2 — a)[|mq(c) — Qmy ()| Jmin [14: - QA,Q|r
c=1 — —
Mean Rotational + aB? (Pm (c), QP, (C)QT) } , Llnearlzed
alignment —_ flow field

Covariance

Figures from [2,3]



Representational similarity methods cover a range of

assumptions . . |
Deterministic responses Stochastic responses Deterministic dynamlc responses

Procrustes Distance Stochastic Shape Distance (SSD) Dynamic Similarity Analysis (DSA)
2 T
Qi z Ima(c) — Qmy (o) Jin g{ (2 — a)[|mq(c) — Qmy ()| Jmin [14: - QA,Q|r
c=1 — —
Mean Rotational + aB? (Pm (c), QP, (C)QT) } , Llnearlzed
alignment —_ flow field

Covariance

Existing methods assume either dynamic or stochastic responses; not both.

Figures from [2,3]



Stochasticity alone is not sufficient to capture representational
similarities in noisy dynamical systems



Stochasticity alone is not sufficient to capture representational
similarities in noisy dynamical systems

Saddle
0.15-

0.00-

—0.15
15 0.0 1.5



Stochasticity alone is not sufficient to capture representational
similarities in noisy dynamical systems

Saddle LineAttractor

0.15:
0.00-

—0.15
15 0.0 1.5 ~15 0.0 1.5



Stochasticity alone is not sufficient to capture representational
similarities in noisy dynamical systems

Saddle LineAttractor PointAttractor

0.15:
0.00-

—0.15
15 0.0 1.5 ~15 0.0 1.5 ~15 0.0 15



Stochasticity alone is not sufficient to capture representational
similarities in noisy dynamical systems

Saddle LineAttractor PointAttractor
condition 1
O' ]'5 - condition 2
£ 0.00 L
-0.15 %

-1.5 0.0 1.5 -15 0.0 15 -15 0.0 15



Stochasticity alone is not sufficient to capture representational
similarities in noisy dynamical systems

0.15:

—0.15

0.15

-0.15

condition 1

condition 2

Saddle

-1.5

&

-1.5

i
N

0.0
X]

1.5

1.5

LineAttractor

-15

B

0.0

-
'u""

0.0
X

15

PointAttractor

-15 0.0 15

lmw"
‘w ,o."

B

-1.5 0.0 1.5
X]



Key idea: compute distances on trajectories



Key idea: compute distances on trajectories

Population A
Trial I+ Trial M

Neuron 1 ” ”l ”| ”"l | m
Neuron 2 {[[[ [ fl [ [ 1

Neuron N “_l_l_"” I_U_I_I_I_H

Population B

Trial 1 === Trial M
Neuron | H || |||| | | "l"”

Newron 2 ([ [T Il ([T 10

Newron N [T [T

A
AN
A
Trial 1
Trial M
> xf&

B
AN
4 Trial 1
Trial M
B
|



Key idea: compute distances on trajectories

Population A Population B
| , _ AN
[rial 1 === Trial M Trial 1 =+ Trial M
Newon I [ I 1l [T 1 | Newont [ JUTH [ [T N
Newron 2 [ I 1] [0 @ Newon2 [[HFF [l (L[N
Neuron N Neuron N
A B
AN XN
A 4 Trial 1
Trial 1 '
Trial M R
Trial M
> x| > X7




Causal Optimal Transport Distances



Causal Optimal Transport Distances

4 )

Stochastic dynamics x(t)
Mean trajectory ™, (t)

Noise covariance P;(s,t)

- /




Causal Optimal Transport Distances

-

Mean trajectory ™, (t)

Noise covariance P;(s,t)

\_

~

Stochastic dynamics x(t)

)

/ Noise covariance \
P,.(1,1) P.(1,7)
Cm 0 5
P, (T,1) P.(T,T)
\_ /




Causal Optimal Transport Distances

-

Mean trajectory ™, (t)

Noise covariance P;(s,t)

\_

~

Stochastic dynamics x(t)

-

)

Noise covariance

P,.(1,1)

P, (’..T, 1)

P.(1,7)

P, (1.’, T)

~

)

L
((‘»‘*!iiiﬁ!.!:x.



Causal Optimal Transport Distances

4 ) 4 Noise covariance ) ' /’ ™, (t)

Stochastic dynamics x(t) P, (t,t)
P,(1,1) ... P.(1,T) 4

Mean trajectory ™, (t)

Noise covariance F;(s, 1) P,(T,1) ... P,(T,T) VA
\ X /
/C:a usal OT 0

- /




Causal Optimal Transport Distances

g N (7 osscovariance. )
Stochastic dynamics X(t) Noise covariance
P,(1,1) ... P.(1,T)
Mean trajectory ™, (t) C. —
Noise covariance P;(s,t) pP,(T,1) ... P,(T,T)
- ) = )

/C:ausal oT
Aligned mean dist.

~

)




Causal Optimal Transport Distances

Stochastic dynamics x(t)

4 ) 4 Noise covariance N ' /’ ™. ()

~

P, (t,1)
P(1,1) ... P.(LT) S
Mean trajectory 1, (%) C. — [
Noise covariance P;(s,t) P,(T,1) ... P,(T,T) Wi
- / \ /
/Causal oT . . )
Aligned mean dist. Aligned covariance dist.
i
e () = guin {5(2 @)l (1) — @m, (O + aAB 7 (C:., (12 8 Q)C, (I ©@1) }.
t=

)




Causal Optimal Transport Distances

" orms covarianee )
/Stochastic dynamics X(t)\ Nolse covariance
P,.(1,1) P.(1,7)
Mean trajectory 1, (%) C. —
o - TP
Noise covariance P, (s,t) P, (T,1) P, (T,T) it
- / \ /

/Causal oT
Aligned mean dist.

Aligned covariance dist.

~

by oo (X,3) o= i {i':(z — )llma(t) — Qmy (B)[2 + adB1(Con (Ir ® Q)C, (Ir @ Q n} ,

QeO(N) (=1

Rotational
alignment

\

)




Causal Optimal Transport Distances

" orms covarianee )
/Stochastic dynamics X(t)\ Nolse covariance
P,.(1,1) P.(1,7)
Mean trajectory 1, (%) C. —
o - TP
Noise covariance P, (s,t) P, (T,1) P, (T,T) it
- / \ /

/Causal oT
Aligned mean dist.

Aligned covariance dist.

~

by oo (X,3) o= i {i':(z — )llma(t) — Qmy (B)[2 + adB1(Con (Ir ® Q)C, (Ir @ Q n} ,

QeO(N) (=1

Rotational
alignment

\

Adapted

Bures dist.

)




Causal Optimal Transport Distances

~

/ . . \ / Noise covariance \ /’ m (f)

Stochastic dynamics x(t) P, (t,t)
P,.(1,1) P.(1,7) ]
Mean trajectory 1, (%) C. —
e ' e

Noise covariance P;(s,t) P, (T,1) P, (T,T) il

N ) /

/Causal oT

Aligned mean dist.

Aligned covariance dist.

by oo (X,3) o= i {i':(z — )llma(t) — Qmy (B)[2 + adB1(Con (Ir ® Q)C, (Ir @ Q n} ,

QeO(N) (=1

Rotational
alignment

\

Full NTxXNT
covariance

Adapted
Bures dist.

)




Why is Causal Optimal Transport desirable? Scalar case for
intuition building



Why is Causal Optimal Transport desirable? Scalar case for
intuition building

39 x(t) o ] y(t)
] i
1 e |
|
0 A .\i ° 19 " ¢
-1 A ) @ i
-5 Transition
=== Deterministic
—3 - —— Sstochastic
1 2 1 ?



Why is Causal Optimal Transport desirable? Scalar case for
intuition building

39 x(t) o ] y(t)

, i

1 @

0 $ . 197 °
-1 4 .’E(].)NN(O’E2) ) @
-5 Transition

=== Deterministic
=3~ —— Stochastic
1 2 L ?



Why is Causal Optimal Transport desirable? Scalar case for
intuition building

39 x(t) o ] y(t)

] ]

1 A =]

0 $ : 197 “ |
-1 4 .’E(].)NN(O’E2) ) =
-5 Transition z(2) = Zz(1)

- == Deterministic ¢

=3~ —— Stochastic




Why is Causal Optimal Transport desirable? Scalar case for
intuition building

39 x(t) o ] y(t)

] ]

1 A =]

0 $ : 1" o n—o “ |
-1 A $(1)NN(0762) o o ’ y(l) -
-5 Transition z(2) = Zz(1)

- == Deterministic ¢

=3~ —— Stochastic




Why is Causal Optimal Transport desirable? Scalar case for
intuition building

31 (1) . . y(t)

5 | ]

1 e

0 8 © { @ ® N
_14 (1) ~ N(0,%) [ v)=0
—> Transitio.n o z(2) = 22(1) N

- -~ Deterministic ¢ y(2) ~ N(0,0?%)
=3~ —— Stochastic
1 2 1 2



Why is Causal Optimal Transport desirable? Scalar case for
intuition building

31 (1) . . y(t)
5 | ]
1 e N ] ‘
0 o\i ¢ . - P |
_14 z(1) ~N(0,€%) o . y(1) =0
—> Transition 2(2) = Zz(1)
- -~ Deterministic B y(2) ~ N(0,0?%)
=3~ —— Stochastic
1 2 ' 1 2
t t

dProcrustes (.’13., y) =0 dWasserstein (.SL', y) =€ dl—SSD (.’B, y) =€



Why is Causal Optimal Transport desirable? Scalar case for
intuition building

3- (1) . : y(t)
5 | ]
1 @ N
0 O\i “ 2 ®
_1d 2(1) ~ N(0,€2) . [ v®)=0
—> Transition 2(2) = Zz(1)
- -~ Deterministic B y(2) ~ N(0,0?%)
=3~ —— Stochastic
1 2 ' 1 2
t t

dProcrustes (IIJ, y) =0 dWasserstein (mt' y) =€ dl—SSD (.’L‘, y) =€

[ dl-causal(a’:y) = Ve ]




Motor preparatory dynamics in the null space of cortical activity
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Summary

e Representational similarity enables studying shared computational principles
across neural systems.

e Existing methods for comparing population activity either assume dynamic or
stochastic responses; not both.

e We demonstrate that existing metrics can fail to capture key differences between
neural systems with noisy dynamic responses.

e We then propose a metric for comparing the geometry of noisy neural trajectories,
which can be derived as an optimal transport distance between Gaussian
processes.

e We use the metric to compare models of neural responses in different regions of the

motor system and to compare the dynamics of latent diffusion models for text-to-
image synthesis.

Future direction: Computing Causal-OT requires many trials. The latent variable model
in [1] can reduce the computational cost and data requirements.
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