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The “Big Picture” Question

How Is semantic meaning encoded In
the representation spaces of LLMs?
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Key Questions in This Work

|. What Is a representation of a single feature (e.g., is_animal)!

2. How are categorical conce
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& How are hierarchical relations between concepts re




Summary of Contributions

[ Dingle teatures are
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bresented as vectors

2. Categorical concepts are
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bresented as polytopes
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(a) Pictorial depiction of the representation of hierarchically related concepts.

o plant=animal vs mammal = bird
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(b) Hierarchy is encoded as orthogonality in Gemma.
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(c) Categorical concepts are represented as polytopes in Gemma.



Background
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Background |. Linear Representation Hypothesis

wWoman

"High-level concepts are represented linearly

as directions In the representation space’

“king”
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Background |. Linear Representation Hypothesis

wWoman

"High-level concepts are represented linearly

as directions In the representation space’

But... a vector = direction + magnitude

“king”
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Background 2. Causal Inner Product
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Result |. Vector Representations of
Binary Features



Linear Representations of Binary Concepts

Desideratum: If a linear representation exists as a direction,

moving an embedding vector in this direction should modify
the probability of the target concept in isolation




Result |. Vector Representations of
Binary Features
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0 See [heorem 4 iR (fic e



Result |. Vector Representations of
Binary Features
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Result |. Vector Representations of
Binary Features
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Result |. Vector Representations of
Binary Features
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not animal IS animal

A binary feature W = {not_w,is_w|} has a vector representation l_w if

it is a linear representation for W with an associated magnitude.

| See [heorem 4 iR (fic e



Result 2. Polytope Representations of
Categorical Concepts



Result 2. Polytope Representations of
Categorical Concepts

The polytope representation of a categorical concept {wy, ..., w,_} is

the convex hull of vector representations [, , ..., [,, for each element.
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Experiment with Gemma-2B model



Result 3. Hierarchical Semantics Are
Encoded as Orthogonality



Result 3. Hierarchical Semantics Are
Represented As Orthogonality
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5 See Theorem 8 In the paper; experiment with Gemma-28 model



Result 3’. Cosine Similarities Between Vector
Representations Capture Their Semantic Relations

Pairwise Shortest Distance cos(Z,, ) (Original Unembeddings) cos(Zy, £,) (Shuffled Unembeddings) L 00
animal
domestic_animal . 0.75
young . |
chordate - . 0.50
invertebrate
aquatic_vertebrate - 0.25
bird R
reptile -0.00
S e m m m
passerine I I —0.25
gallinaceous bird
carnivore I —0.50
ungulate
odd-toed_ungulate —0.75
even-toed ungulate . 100
Shortest-path distances between  Cosine similarities between Cosine similarities between
features in VWordNet hierarchy vector representations shuffled vector representations

16 Experiment with Gemma-2B model



Result 3”. Validating Hierarchical Orthogonality
on the Full WordNet Hierarchy
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7 Experiment with Gemma-2B model and VWordNet Hierarchy



How IS semantic meaning encoded In
the representation spaces of LLMs?



How IS semantic meaning encoded In
the representation spaces of LLMs?
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How IS semantic meaning encoded In
the representation spaces of LLMs?
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Result 3. Hierarchical Semantics Are
Represented As Orthogonality
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20 See Theorem 8 In the paper; experiment using Gemma-2B model



Result 3’. Cosine Similarities Between Vector

Representations Capture Their Semantic Relations

Pairwise Shortest Distance
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A Subgraph of the WordNet Hierarchy
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Binary Features in WordNet Hierarchy
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Theoretical Prediction: (Z_W)Tg(y)/Hl_WH2 = ] forany y € % (w).
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Proof Sketch for the “Magnitude Theorem”

Theorem: Linear Representations have Magnitude

If Z\v is a linear representation of binary feature W then there is some b,, > 0 such that

- )by ifye#(w)
twely) = {O ity &% (w)

' Proof Sketch
Adding £.,ima1 shouldn’t change probability of “dog” vs “cat”.

Softmax gives:

P(“dOg” | E(X) -+ azanimal)
P(“cat” | £(x) + 0tlanima1

log — K(x )T (gdog — gcat) + aZ;—nimal (gdog - gcat)-

This expression is free of o only if £] . 1 8a0g = £} ina18cat-
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The End



