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Motivating Questions

asan t?

1. Can we anticipate the behavior of the loss within regions of low
training data density?

2. Can we enforce this using a scalable computational solution that
applies to general function approximators?

Empirical Risk Minimization (ERM) does not explicitly regularize model be-
havior in regions of low training data density. A common way to trans-
formed risk minimization (TRM) with T being randomly sampled transfor-
mation parameterized by ¢

meiﬂEamy[f(fe(X), y)] (ERM)
min E¢E5X><y[€<f€(7}?‘x>v 7. y)] (TRM)

We propose a particular class of transformations to enforce the loss land
scape to solve a partial differential equation (PDE) with useful properties.

Our Contributions

1. We describe a new regularization scheme that enforces the model
loss as a function of inputs to satisfy an elliptic PDE;

2. We theoretically characterize the practical properties of this
regularization through PDE theory:;

3. We introduce an efficient computational approach that endows the
properties of the elliptic regularization.

Why Elliptic PDEs?

PDEs characterize the joint rates in change of different variables. We apply
PDE to study how the loss changes as a function of perturbations in the
input space, this:

= provides insights into the robustness of the model for regions
outside of the training data;

= provides a correspondence between the model loss as a function of
inputs and qualitative properties of elliptic PDEs to bound the loss.

We define the loss landscape as a function u(X,y) : D — R4. Our goal is
to prescribe the function u(X,y) with a specified level of regularity over
the data space in a way that also imbues ¢(fg(X),y) with regularity and
thereby obtain desirable properties.

minu(X,y), (X,y) €D
0=0Vu(X,y), (X,y)€D (1)
uw(X,y) =Ufp(X),y), (X,y) €D (2)
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A Scalable Solution

PDE in (1) can be solved by the following expectation with a by applying
the Feynman-Kac formula, which requires sampling a stopping time r:

u(z,y) = min B[E(fp(27), yr)lzo = =, 30 = y] (3)

To avoid infinite stopping times, we instead take expectations over Brow-
nian bridges connecting points on the boundary:

1
/O g(f@(Xs% ys>d5 (4)

min [E N E Xoye
g Xy )X ( Xy )nPDZx oy BB

ﬁ?yﬁ

for all s, where we denote BBﬁg’y; as a Brownian bridge sample path
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where — denotes starting points and «— denotes end points and II is the
set of points in the support of 5(X><y) X 5(X><y).

x(2)

Figure 1. lllustration of the loss values over a
domain with 4 points on the boundary. The
expected loss at point X* is composed of losses
at e—balls around X i =1...4. Black paths
represent sample paths starting at X™.

The Maximum Principle

Once the optimization is solved, the loss landscape u(x, y) should follows:

The Maximum Principle Consider any point X,y € D, suppose the func-
tion pairs u, fy solves (1). Then, the expected loss u at X,y satisfies the
inequality:
' U fo(X),y).
PN (fo(X),y)
To illustrate this (Figure 2) consider two-moon classifiers, one trained with
ERM and another with elliptic regularization, using only the blue scattered
boundary data and evaluate on the red interior data to plot the loss surface.

0 (X)) < w(X. 1) <
(fo(X),y) < uf ,y)_ijrg%y

Zooming in on the interior of the ERM loss surface, the training loss ex-
ceeds the loss of boundary (circled area) whereas elliptic regularization
bounds the loss, as the theory predicts.
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Empirical Evaluation

We apply elliptic regularization on classic group-imbalance, data-shift, and

spurious correlation datasets and compare the results for classification:

Algorithm WaterBirds CelebA Camelyon1/
Avg(%)  Worst(%) Avg(%)  Worst(%) Aveg(%)
CVaR-DRO [Levy et al., 2020] 90.3:|:1_2 77-2:|:2.2 86.8:&0.7 76.9i3_1 70.5:&5.1
CVaR-DORO [Zhal et al., 2021] 91-5j:0.7 77-Oj:2.8 89.610_4 75.éi4,2 é7.3i7.2
XQ-DRO [L@VY et al., 2020] 88.3i1'5 74-Oj:1.8 87.7i0‘3 78.43:34 68.0i6‘7
X2—DORO [Zhal et al., 2021] 89.5i1_0 76.0:|:3_1 87-O:|:0.6 75.6i3_4 68.Oi7_5
E”IptIC + W 92.04_0'3 84.14_1'1 91.310.3 77.4:|:4'5 77.913_0
Tvvo—stage: JTT [LIU et al., 2021] 93-6iNA 86.0iNA 88.0iNA 81-1iNA 69-1i6.4
Tvvo—stage: UMIX [Han et al., 2022] 93.0 +0.5 9O°Oj:1.1 90.110_4 85.3i4,1 75-1i5.9

for robust regression under (sub)domain shift and spurious correlation:

Algorithm
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RCF-MNIST

Avg

Worst

Avg

Worst

Avg

Worst

C—mixup [Yao et al., 2022] é.27i0.537 8.8311‘010 0-13210.003 O.lé7i0_010 O.iéSlL()‘()Ol O.18Oi0‘001
5-97:|:O.283 9-j|-7:I:1.15() O-132:|:O.OO3 0-164:|:0.01

Elliptic

0.162. 9002 0.17810.002

and with scenarios with additional 50% label corruption:

Breast Blood Path OrganC
Method Avg(%) Worst(%) Avg(%) Worst(%) Avg(%) Worst(%) Avg(%)  Worst(%)
ERM 80.0434 32441138 814497 5634173 55.7438 10.743¢ 84.1419 65.1459
mixup 83. 1404 4714109 /88431 41.74193 543101 1249, 85.6494 56.841110
Elliptic  87.6418 6/.6444 855116 60.241149 623495 26441102 8/.7109 65.9134
+ W 873109 67.6430 84.1y40 68.01137 62.7,15 20.9.65 88.0197 66.2445
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