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Regularization
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Regularization on Latent Representations
literature review

▶ Principal component analysis (PCA) [7, 2, 3] has long been used as a
classic technique in factor analysis.

▶ Probabilistic PCA [8, 6] is a generalization that has PCs as maximum
likelihood estimation (MLE).

▶ Gaussian process latent variable model (GP-LVM) [4, 5, 10] considers the
dual problem of probabilistic PCA and replaces the linear mapping
with nonlinear Gaussian mapping.

▶ We propose a novel LVM based on q-exponential process (QEP-LVM)
which can

1. flexibly regularize the learned latent representations;
2. effectively identify the intrinsic latent dimensionality;
3. learn latent representations with better interpretability and adaptability

for supervised/semi-supervised learning.
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Q-Exponential Process (Q-EP)
flexible regularization on function spaces

Definition
A multivariate q-exponential distribution, denoted as q−EDd(µ,C), has the
following density

p(u|µ,C, q) = q
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,

r(u) = (u− µ)TC−1(u− µ)

(1)

▶ If u ∼ q−EDd(0,C), then we denote u∗ ∼ q−ED∗
d(0,C) following a

scaled q-exponential distribution.

Definition (Q-EP)

A (centered) q-exponential process u(x) with kernel C, q−EP(0, C), is a
collection of random variables such that any finite set,
u = (u(x1), · · · u(xd)), follows a scaled multivariate q-exponential
distribution, i.e. u ∼ q−ED∗

d(0,C).
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Q-EP Latent Variable Model
latent representation X

▶ Denote data by Y = [y1, · · · , yD]N×D , latent variable by
X = [x1, · · · , xQ]N×Q , and latent function as F = [f1(X), · · · , fD(X)]N×D .

likelihood : vec(Y)|F ∼ q−EDND(vec(F), ID ⊗Σ),

prior on latent function : f ∼ q−EP(0, C, ID).
(2)

▶ Marginalizing f yields a stochastic mapping from X to Y:

marginal likelihood : vec(Y)|X ∼ q−EDND(0, ID ⊗ K), K = CX +Σ. (3)

Theorem

Suppose YYT/D has eigen-decomposition UΛUT with Λ being the diagonal
matrix with eigenvalues {λi}Ni=1. Then the MLE for (3) is

X∗ = UQLV, L = diag({
√

α(cλi − β−1)}Qi=1), c(q) = D
1− 2

q (D ∧ Q)

[
q

2(D ∧ Q) + (q − 2)N

] 2
q
,

where UQ is an N × Q matrix with the first Q eigen-vectors in U, V is an
arbitrary Q × Q orthogonal matrix, and a ∧ b := min{a, b}.

C.P. Obite, Z. Chang, K. Wu, S. Lan | Latent Regularization



5

Bayesian QEP-LVM
latent representation X

▶ The Bayesian QEP-LVM has a Q-EP prior on latent variable X

marginal likelihood : vec(Y)|X ∼ q−ED(0, ID ⊗ K),

prior on latent variable : vec(X) ∼ q−ED(0, INQ).

▶ And we use variational Bayes to approximate the posterior X|Y with

variational distribution for latent variable : q(X) ∼ q−ED(µ, diag({Sn})).

▶ Sparse variational approximation by inducing points [9, 1] is adopted to
derive the evidence lower bound (ELBO).

▶ In addition to variational parameters, we jointly optimize the
regularization parameter q > 0.

▶ Generative models can be built based on QEP-LVM to predict labels.

▶ Refer to https://openreview.net/pdf?id=VOoJEQlLW5 for more
details.
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Swiss Roll
2 intrinsic dimensions
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MNIST
more interpretable latent representation

Figure: Latent representations of MNIST database by VAE (left), GP-LVM (middle), QEP-LVM with q = 1.5
(right). For the convenience of visualization, 10-dimensional latent spaces learned by these algorithms are
projected to 2-d subspace by t-SNE respectively.

Table: Classification on handwritten digits (MNIST) based on learned latent representation: accuracy (ACC),
area under ROC curve (AUC), adjusted rand index (ARI) score, normalized mutual information (NMI) score,
log predictive probability (LPP) values, and running time (per class) by various Bayesian QEP-LVMs. Results in
each cell are averaged over 10 experiments with different random seeds; values after ± are standard errors
of these repeated experiments.

Model (q) ACC AUC ARI NMI LPP time/class

1.5 0.973 ± 0.012 0.986 ± 0.0065 0.943 ± 0.024 0.952 ± 0.020 -26453.5 ± 481.9 129.91 ± 4.60
2.0 (Gaussian) 0.965 ± 0.012 0.981 ± 0.0062 0.923 ± 0.025 0.938 ± 0.019 -279414.9 ± 5184.6 127.18 ± 0.29
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Conclusion

▶ We propose a novel Bayesian LVM based on q-exponential process
(Q-EP) as a generalization of GP-LVM to regularize the learning of
latent representations via a parameter q > 0.

▶ Smaller q tends to contract the latent space and leads to a more
compact latent representation.

▶ Compared with GP-LVM, QEP-LVM learns more interpretable latent
representations with effective determination of intrinsic dimensions.

▶ In future, we will extend this work to deep probabilistic models.
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