
Regret Bounds for Episodic Risk-Sensitive Linear
Quadratic Regulator

Wenhao Xu Xuefeng Gao Xuedong He

Department of Systems Engineering and Engineering Management
The Chinese University of Hong Kong

Risk-sensitive LQR 1 / 13



Introduction

What is LQR? Why we need to study risk-sensitive LQR?

LQR: optimize a quadratic cost function subject to linear dynamics.
Abbasi-Yadkori and Szepesvári (2011); Mania et al. (2019); Cohen
et al. (2019); Simchowitz and Foster (2020) have studied regret
bounds for the risk-neutral LQR in the infinite-horizon average
reward setting.
Basei et al. (2022) is among the first to establish regret bounds for the
risk-neutral continuous time finite-horizon LQR in the episodic
setting.

Risk-sensitive LQR 2 / 13



Introduction

What is LQR? Why we need to study risk-sensitive LQR?
LQR: optimize a quadratic cost function subject to linear dynamics.
Abbasi-Yadkori and Szepesvári (2011); Mania et al. (2019); Cohen
et al. (2019); Simchowitz and Foster (2020) have studied regret
bounds for the risk-neutral LQR in the infinite-horizon average
reward setting.
Basei et al. (2022) is among the first to establish regret bounds for the
risk-neutral continuous time finite-horizon LQR in the episodic
setting.

Risk-sensitive LQR 2 / 13



Introduction

Risks exist in many applications, e.g. finance, robotics and healthcare.
The linear exponential-of-quadratic regulator (LEQR) problem is
one of the most fundamental problems in risk-sensitive optimal
control, and there is extensive literature on this topic (Jacobson, 1973;
Whittle, 1990; Zhang et al., 2021).
We design two algorithms for the LEQR problem in the episodic
finite-horizon setting: one requiring a specific identifiability assumption
and the other relaxing this assumption. We also provide the regret
guarantee for the algorithms.
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The LEQR Problem

Linear dynamics: xt+1 = Axt + But + wt , where the state vector
xt ∈ Rn, the control vector ut ∈ Rm, the matrices A ∈ Rn×n,
B ∈ Rn×m, and the process noise wt ∈ Rn form a sequence of i.i.d.
Gaussian random vectors.
Policy π = {u0, u1, · · · , uT−1}.
The exponential risk-sensitive cost:
Jπ(x0) =

1
γ logE exp

(
γ
2

(∑T−1
t=0 ct(xt , ut) + cT (xT )

))
, where

ct(xt , ut) = x⊤t Qxt + u⊤t Rut , cT (xT ) = x⊤TQT xT , Q ⪰ 0,QT ⪰ 0,
R ≻ 0, and γ is the risk-sensitivity parameter.
The goal in the finite-horizon LEQR problem is to choose a control
policy π to minimize Jπ(x0).
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The LEQR Problem

When the system parameters are all known, under the assumption
that I − γPt+1 ≻ 0 for all t = 0, 1, · · · ,T − 1, the optimal feedback
control is u⋆t = Ktxt , where (Kt) can be solved from the modified
Riccati equation:

PT = QT ,

P̃t+1 = Pt+1 + γPt+1 (In − γPt+1)
−1 Pt+1,

Kt = −(B⊤P̃t+1B + R)−1B⊤P̃t+1A,

Pt = Q + K⊤
t RKt + (A+ BKt)

⊤P̃t+1(A+ BKt),

t = 0, 1, · · · ,T − 1.
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The Least-Squares Greedy Algorithm

We consider episodic learning with N episodes and use total regret
to measure the performance of our algorithm.
Divide N episodes into L epochs, where the l-th epoch has ml

episodes, thus
∑L

l=1 ml = N.
Apply the least-squares estimation for the unknown system matrices
θ = [A B]⊤ by using the data from the (l − 1)-th epoch.
Execute the policy according to the greedy strategy.
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The Least-Squares Greedy Algorithm
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Theoretical Result

Assumption 1 (Persistence of Excitation). For the sequence of the
controller (Kt), we assume that{
v ∈ Rn+m

∣∣∣ [In K⊤
t

]
v = 0, ∀t = 0, · · · ,T − 1

}
= {0}.

Suppose Assumption 1 holds, the regret upper bound of the
Least-Squares Greedy Algorithm is logarithmic in the number of
episodes N.
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The Least-Squares-Based Algorithm with Exploration Noise

What would happen if the identifiability condition is not satisfied? In
particular, is

√
N regret achievable?

The answer is yes. The Least-Squares-Based Algorithm with
Exploration Noise can achieve this bound without the identifiability
condition.
Apply the least-squares estimation for the unknown system matrices
θ = [A B]⊤ by using the data from the previous (k − 1) episodes.
Execute the control with decaying exploration noise (gk

t ).
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The Least-Squares-Based Algorithm with Exploration Noise
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Theoretical Results

The Least-Squares-Based Algorithm with Exploration Noise can
achieve

√
N-regret without the identifiability assumption.
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Future Direction

Study regret bounds for LEQR in the non-episodic setting.
Study regret bounds for online LQR with other risk measures.
Study the regret lower bounds for online LEQR.
Study regret bounds for LEQR with partially observable states.
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