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Introduction: Empirical Risk Minimization
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regularization term

Empirical loss

» Popular choices of £: square loss for least squares method, logistic loss for LR,
hinge loss for SVM, etc.
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Introduction: Performance Analysis in the Big Data Regime

Modern ML: comparably numerous features and samples, i.e., p ~n > 1.
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Analysis of Modern ML:

» Complications of n ~ p:
P Performance sensitive to the sample size n/p, and the hyperparameters 7, \.

» Random classifier 3 depending on {(x, Yi)}ieq in a non-linear and implicit manner.
> Technical conveniences of n,p > 1:

P Convergence of performance curve as a function of sample ratio n/p.
> Gaussian universality (GU) induced by Central Limit Theorem (e.g., 8 = avg(yix:)).
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Introduction: Gaussian Universality of Empirical Risk Minimization

Implication of GU : universal performance depending on the first two moments.
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P The development of leave-one-out approach to characterize performance beyond GU.

» Condition of GU depending on LFMM. .

P Explicit condition allowing insight into the impact of data structure.

» Implication of GU breakdown on the optimal choice of loss.

> Consequence: square loss no longer optimal as in GMM [TPT20; ML20].
P Sharp results on the advantage of non-square losses in learning high-order data statistics.
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Linear Factor Mixture Model

Definition (Linear Factor Mixture Model (LFMM))
A data-label pair (x,y) ~ D(x,,) with class label y € {£1} is said to follow a linear

factor mixture model if x € RP is the linear combination of p factors z1,..., 2p
P P
x = E 2EVE = E (Ysk + ex) Vi, (1)
k=1 k=1
for linearly independent deterministic vi,...,vp € RP and standardized noises
e1,...,ep € R independent of y with bounded fourth moments.
» g informative factors z1, ..., zq with deterministic signals s, >0, k € {1,...,¢};
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Definition (Linear Factor Mixture Model (LFMM))

A data-label pair (x,y) ~ D(x,,) with class label y € {£1} is said to follow a linear

factor mixture model if x € RP is the linear combination of p factors z1,..., 2p

p p
X = szvk = Z(ysk +ek) Vi, (1)
k=1 k=1

for linearly independent deterministic vi,...,vp € RP and standardized noises
e1,...,ep € R independent of y with bounded fourth moments.

q informative factors z1, ..., zg with deterministic signals s, >0, k € {1,...,¢};
p — g noise factors zq41,...,2p with sy, =0, k€ {¢+1,...,p}.
Span{vi,...,vq} orthogonal to Span{vg41,...,vp}

class-conditional means and covariances of x:
E[x|y] = yp, Covlxly] =X ()

with p = ZZ=1 SkVE and X = 22:1 vkv;';.
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Sharp Performance under LFMM

Theorem (Asymptotic distribution of predicted scores under LFMM)

For ERM classifier B obtained on {(%4, i)}, of size n drawn i.i.d. from an LFMM,
we have that, for any bounded Lipschitz function f: R — R,

T

Testing score: |E [f(ﬁ I/)] —-E [f(B

1/)] — 0|, V deterministic v € RP

Training score: E[f(ﬁTxl)} — E[f(proxmé(,’yi)(ﬁTxi))] — 0|, Vie{l,...,n},

where

q
B=00,+02) 7" [nu+ > wpvi +925u |, (3)
k=1

for Gaussian vector u ~ N'(0p,I,/n) independent of {(x;,y;)}}"; and constants
0,1,v,wi,...,wq determined by a (known) self-consistent system of equations

[97 7, Wi, - - - :Wq] = Gl,)\,n/p,u,E,V] ,m,vq,D(zl 2q) ([9» Y, Wi, ... 7Wq]) .

6/15



Definition of Gaussian Universality

Definition (Equivalent Gaussian mixture model (Equivalent GMM))

For an LFMM D, x,y)r We define its equivalent Gaussian mixture model D(g’y) as the
GMM with the same class-conditional means p and covariances X as the LFMM in (2):

g~ N(yp,%). (4)

We denote ﬁg the ERM solution obtained on n i.i.d. (g1,91),- -, (8n,yn) ~ D(g,y)-
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For an LFMM D(x,y), we define its equivalent Gaussian mixture model D(g’y) as the
GMM with the same class-conditional means p and covariances X as the LFMM in (2):

g~ N(yp,%). (4)

We denote f'}g the ERM solution obtained on n i.i.d. (g1,91),- -, (8n,yn) ~ D(g,y)-

Definition (Gaussian universality under LFMM)

For an ERM solution [3‘ on LFMM D, ) and Bg on the equivalent GMM, we say
Gaussian universality holds if

Pr(y;x] B > 0) ~ Pr(y;g] 8% > 0)
Pr(y'x/TB > 0) ~ Pr(y'g'Tﬁ > 0)

for (x/,y") ~ D(x,y) independent of {(x;,y:)}7_;, and (g',y’) ~ D(g,,) independent
of {(gi, yi)}7y
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Conditional Gaussian universality under LFMM
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Conditional Gaussian universality under LFMM

Corollary (Conditional Gaussian universality under LFMM)

Uner LFMM, the Gaussian universality of ERM holds if and only if the informative
factors z1,...,zq of LEFMM are class-conditional Gaussian.
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Conditional Gaussian universality under LFMM

Corollary (Conditional Gaussian universality under LFMM)
Uner LFMM, the Gaussian universality of ERM holds if and only if the informative

factors z1,...,zq of LEFMM are class-conditional Gaussian.
Universality GMM Breakdown
1072 1072 102
1.5 [~ [ = Theo
e Emp

1 | |
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Figure: Theoretical and empirical distribution of predicted scores ﬁTxl for some fresh test data
(x',y") ~ D(x,y) independent of B. The theoretical probability densities (red), and the empirical

histograms (blue) are the values of ETx/ over 10% independent copies of x’, for three different

LFMMs with n = 600, p = 200, p = 0.5, s = [v/2; 0,,_1] (so that ¢ = 1), and Haar distributed
V. Left: normal e; and uniformly distributed es, . .., ep; Middle: normal ey, ..., e;,; Right:
uniformly distributed e1, and normal ez, ..., e;.
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Performance under Gaussian Universality Breakdown

GMM Breakdown
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Figure: Empirical classification accuracy of Wy  averaged over 100 trials with a width of 1
standard deviation, versus theoretical curve given by the square loss and the logistic loss on n = 800
training samples. Left: GMM under with p = 200, p = 0.5, s = [1, 5;0.5; 0,_2] (so that ¢ = 2),
and V = diag(2, 1,—1)H with Haar distributed H. Right: LFMM identical to the GMM in the
left, but with Rademacher e;.

9/15



Performance under Gaussian Universality Breakdown

GMM Breakdown

&QGG@
0.9¢ 4

Square loss, Emp
O Logloss, Emp A

0.8 [{ === Square loss, Theo

OP

Classification Accuracy (%)

= = = Log loss, Theo | p | |
279 272 25 279 272 2°
A A

Figure: Empirical classification accuracy of Wy  averaged over 100 trials with a width of 1
standard deviation, versus theoretical curve given by the square loss and the logistic loss on n = 800
training samples. Left: GMM under with p = 200, p = 0.5, s = [1, 5;0.5; 0,_2] (so that ¢ = 2),
and V = diag(2, 1,—1)H with Haar distributed H. Right: LFMM identical to the GMM in the
left, but with Rademacher e;.

Remark: under LFMM, the square loss is no longer optima as in GMM [TPT20; ML20].
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Experiments on Real Image Data

Case 1: Classes 3&7 of Fashion-MNIST data, for which approximately Gaussian
informative factors (estimated by the principal components in PCA) can be observed.
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Experiments on Real Image Data

Case 2: Classes 4&5 of Fashion-MNIST data, as an example of non-Gaussian
informative factors (estimated by the principal components in PCA).
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Experiments on Real Image Data

Case 1: Universality

Case 2: Breakdown

Figure: Classification accuracies as a function of the regularization penalty ~, for Fashion-MNIST
data and Equivalent GMM of sample size n = 512, with square (left), logistic (middle), and square

hinge (right) losses.
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Experiments on Real Image Data

Case 1: Universality

Case 2: Breakdown
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Figure: Classification accuracies as a function of the regularization penalty, for square, logistic, and
square hinge loss, on Fashion-MNIST data of sample size n = 512. Left: Class 3 versus 7, as an
example of (close-to) Gaussian information factors. Right: Class 4 versus 5, as an example of
non-Gaussian information factors.

13/15



Take-away

14/15



Take-away

> Previous proofs of GU in ERM [MS22; Dan+24] required assumptions on the
unknown statistical behaviour of ,3 not verifiable from the data distribution.

14 /15



Take-away

> Previous proofs of GU in ERM [MS22; Dan+24] required assumptions on the
unknown statistical behaviour of ,@ not verifiable from the data distribution.

» Our results demonstrate a breakdown of GU in ERM conditioned on the data
structure: under LFMM, GU only holds in the case of class-condltiional Gaussian
informative factors.

14 /15



Take-away

> Previous proofs of GU in ERM [MS22; Dan+24] required assumptions on the
unknown statistical behaviour of ,@ not verifiable from the data distribution.

» Our results demonstrate a breakdown of GU in ERM conditioned on the data
structure: under LFMM, GU only holds in the case of class-condltiional Gaussian
informative factors.

» Our sharp performance analysis provides insight into the advantages of non-square
losses in learning higher order data statistics under the GU breakdown.

14 /15



Take-away

> Previous proofs of GU in ERM [MS22; Dan+24] required assumptions on the
unknown statistical behaviour of ,@ not verifiable from the data distribution.

» Our results demonstrate a breakdown of GU in ERM conditioned on the data
structure: under LFMM, GU only holds in the case of class-condltiional Gaussian
informative factors.

» Our sharp performance analysis provides insight into the advantages of non-square
losses in learning higher order data statistics under the GU breakdown.

» Our results help predict GU on real-word data from the distributions of their
principal components.

14 /15



Take-away

> Previous proofs of GU in ERM [MS22; Dan+24] required assumptions on the
unknown statistical behaviour of ,@ not verifiable from the data distribution.

» Our results demonstrate a breakdown of GU in ERM conditioned on the data
structure: under LFMM, GU only holds in the case of class-condltiional Gaussian
informative factors.

» Our sharp performance analysis provides insight into the advantages of non-square
losses in learning higher order data statistics under the GU breakdown.

» Our results help predict GU on real-word data from the distributions of their
principal components.

Our Poster Session: Thu 24 Apr 10 a.m. SGT — 12:30 p.m. SGT.
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