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Background

Overview of interactive theorem prover and formalization in Lean



What is formal language (ITP) ?

* Interactive Theorem Provers:
° bUiId theorems from aXiomS theorem Group.class_equation [Fintype G]:
card (Subgroup.ce;ter G) + Y X € noncenter G, card x.carrier = card G := by
i ShOW prOOf StateS /- Rewrite "G° as partitioned by its conjugacy classes -/

nth_rw 2 [« sum_conjClasses_card_eq_card']
° Verify 'the proof ' /- Canc?l out nontr‘%vial cor?jugacy classes from summe.ltion -/ .
Tactic <$——12L[e Finset.sum_sdiff (ConjClasses.noncenter G).toFinset.subset_univ]; congr 1
/- Now we can obtain the result by calculation -/
calc
_ = card ((noncenter G)°¢ : Set (ConjClasses G)) :=
. card_congr ((mk_bijoOn G).equiv _)
® Lean IS a pOpUlar ITP _ = Finset.card (Finset.univ \ (noncenter G).toFinset) := by

rw [« Set.toFinset_card, Set.toFinset_compl, Finset.compl_eq_univ_sdiff]
= ) X € Finset.univ \ (noncenter G).toFinset, 1 :=

 Mathlib4 is its mathematical " Finset. card_eq_sun_ones _

= ) X € Finset.univ \ (noncenter G).toFinset, card x.carrier := by
Iibrary rw [Finset.sum_congr rfl _];
rintro (g) hg; simp at hg
rw [« Set.toFinset_card, eq_comm, Finset.card_eq_one]
exact (g, by

rw [« Set.toFinset_singleton];
exact Set.toFinset_congr (Set.Subsingleton.eq_singleton_of_mem hg mem_carrier_mk))



Formalization

Theorem 7. (The Class Equation) Let G be a finite group and let g;, g2, ..., g be
representatives of the distinct conjugacy classes of G not contained in the center Z(G)
of G. Then

IGI = 1Z(G)|+)_IG : Colgl.

i=1

Proof: As noted in Example 2 above the element {x} is a conjugacy class of size 1 if
and only if x € Z(G), since then gxg~! = x forall g € G. Let Z(G) = {1, z2, ..., Zm}»
let Ky, Ks, ..., K, be the conjugacy classes of G not contained inthe center, and let g;
be arepresentative of K; for each i. Then the full set of conjugacy classes of G is given
by

{l}v {22}, CEERY {Zm}v K]v K21 ceey ’Cr-

Since these partition G we have
IGI=) 1+ IKi|
i=1 i=1

=1Z(G) + Y_IG : Co(g),

i=l

Natural language version

25x slower
2x-10x longer

theore
card
/- R

nth_

/- C
rw [
/- N
calc

m Group.class_equation [Fintype G]:

(Subgroup.center G) + Y X € noncenter G, card x.carrier = card G := by
ewrite "G° as partitioned by its conjugacy classes -/
rw 2 [« sum_conjClasses_card_eq_card']
ancel out nontrivial conjugacy classes from summation -/
« Finset.sum_sdiff (ConjClasses.noncenter G).toFinset.subset_univ]; congr 1
ow we can obtain the result by calculation -/

_ = card ((noncenter G)¢ : Set (ConjClasses G)) :=

card_congr ((mk_bijOn G).equiv _)
= Finset.card (Finset.univ \ (noncenter G).toFinset) := by
rw [« Set.toFinset_card, Set.toFinset_compl, Finset.compl_eq_univ_sdiff]
= Y X € Finset.univ \ (noncenter G).toFinset, 1 :=
Finset.card_eq_sum_ones _
= ) X € Finset.univ \ (noncenter G).toFinset, card x.carrier := by
rw [Finset.sum_congr rfl _];
rintro (g) hg; simp at hg
rw [« Set.toFinset_card, eqg_comm, Finset.card_eqg_one]
exact (g, by
rw [« Set.toFinset_singleton];
exact Set.toFinset_congr (Set.Subsingleton.eq_singleton_of_mem hg mem_carrier_mk))

Formal language version



Translation

theorem exists polynomial
(a b : R) (f : C(Set.Icc a b, R))

|
Stone-Weierstrass theorem |
|
I (¢ : R)(pos : @ < €) : 3 p :R[X],
|
|

A fundamental result in real analysis
stating that any continuous function...

|p.toContinuousMapOn _ - f|| < €

Natural language statement Formal language statement

How can we train LLM for this?



Herald Dataset

Pipelines for auto-informalization and augmentations
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Retrieval-Augmented Generation

« Contextual information
 Retrieval human-annotated similar examples use LeanSearch

Formal theorem:
| theorem addOrderOf dvd natCard {G : Type*} [AddGroup G]

(x : G) : addOrderOf x | Nat.card G
@ &. Retrieved Human-Annotated Examples:
_ 1. theorem orderOf dvd natCard {G : Type*} [Group G]
Human Annotated NL-FL Search Engine {x : G} : orderOf x | Nat.card G
Statement Pairs l The order of an element in a group divides the cardinality of the group.
2. theorem AddSubgroup.card addSubgroup dvd card {o : Type*}

[AddGroup o] (s : AddSubgroup a) : Nat.card Is | Nat.card o
The order of an additive subgroup divides the order of its ambient additive group.



Augmentation

» What if data is still not
enough? Feasible generation

. Previous efforts:

« Symbolic generator
« Swap conditions

« Swap lead to repetitions ;
I | :

» Random generation collapse  Trivial . Easy Provable  Conj. Unprovable
the curve e |

» We need provable data

Distribution of Theorem in Real World



Augmentation

» Our approach: Use proof state

» Advantage: All local state are provable.

example {R :

C

Typex} [Ring R] [Nontrivial R] (a b
:R) (ha:a*b=1) (hc:bx*xc=1):
a=c A IsUnit b := by .
-- We have $a = a1l = a(be) =7(a63?“5m1¢ = c$.
have : a = ¢ := byg ¢
rw [« mul_one a, hc, ¢ mul_assoc, ha, -
one_mul] —————-—

Tw [¢ this] at hc ' N

-- Thus $ab = ba = 14, and $b$ is a unit:\n

exact (this, isUpdt_iff_exists.mpr ¢ ~—

(Exists.intro ﬁ‘(hc, ha)))

Formal Proof

R : Type u_1l
instt* : Ring R - -
instt :|R : Type u_1 i
a b c :]inst# : Ring R
ha : a qinst+ : [R : Type u_1
hc : bja b c : |instt? : Ring R
~ a = clha : a Hinstt : Nontrivial R
hc : babc: R
this : dha : a*x b =1
—¥ - R hc : bxa=1
this : a=¢
= - I 3b_1l, bxb_1l=1Ab_1lxb=1

-- Let $a b c$ be three elements in a ring $R$. If $a x b = 1$
and $b * ¢ = 1%, then $a = c§$.

example {R : Typex} [Ring R] [Nontrivial R] (a b ¢
b=1) (hc¢ : b*c=1) : a=c := by

: R) (ha : a

x Lean compiling failed. Type is not a proposition.

Extracted Proof State

-- Let $a b$ be two elements in a ring $R$. If $a * b = 1$ and $b
1$, then there exist an element $b_1$ that is both the
right and left inverse of b .

example {R : Typex} [Ring R] [Nontrivial R] (a b :
=1) (hc : b * a =1)

¥ a =

R) (ha : axb
:3b.1, bxb_1=1Ab_1x%xb=1:=Dby

Validated NL-FL Statement Pair

https://github.com/reaslab/jixia




Augmentation

Augumentation Group 1

o The infaite sun of the soquence  is divergeat, wheee 1 is & positive natural sumber

® The infinite sum of the sequence = s divergent for sy positive matural mamber n

Augumentation Group 2

. e N*_ The series * 1 diw
o Lot n € N*. The series 37, 1 diverges

COHOCP( Substitution o For n € N*, the harmonic series 0., L diverges.

bwnml n

Original statement:
Let n be a positive natural number.
The infnite sum of the sequence %
is not convergent.

Augumentation Group 3

pa— » - "
o The series 3, } diverges

Textbook Style

o The sequence 1/n does not have a convergent infinite sum.

L Augumentation Group %
Multi-linguistic o n HIEERK- FIIL MEFMRUNL .

. . . 1
® Scut 1 un narmbre nosured postif. La sormmne mime de s e ;) 1lest pas comerpent




Augmentation Result

Obtaining 580k statements out of 291k raw statement in
Mathlib4.

Mathlib4 Original Statements  Augmented Statements  Mathlib4 Proofs

Number of NL-FL pairs 291k 580k 44k




Herald Translator

Auto-formalization of mathematical statements



Inferencing

| I 1 I
Informal r Herald | .: L.ZG" l §: Back-translation :_, Formal
statement i Translator | i Validator | passed . Comparison Jpassed statement

Lean type correct Mathematical correct



Result

Model minik2F . Extract Theorem  College CoT
test valid

TheoremLlama 50.1% 55.6% 4.0% 2.9%

InternLM2-Math-Plus-7B 73.0% 80.1% 7.5% 6.5%

Llama3-instruct 28.2% 31.6% 3.6% 1.8%

Herald 93.2%  96.7% 22.5% 17.1%

Table 2: Performance comparison of different models across various datasets. The last two
datasets (Extract Theorem and College CoT) are shuffled subsets of 200 samples each.



Real-world Formalization Project

« Formalized Stacks Project (online resource of algebraic

geometry and related topics), section Normal Extensions

import Mathlib
pen Polynomial
/—— Let SK / E / F$ be a tower o nsions. If $K$ is
normal er $FS$, then $K$ is no 11 over y
the‘rhm tower _top_of_normal (F E K : Type*) [Field F] [Field E]
[Algebra F E]
[Field K] [Algebra F K] [Algebra E K] [IsScalarTower F E K] [h : Normal

FK
Normal E K

\bigcap E_i$ is normal over $F$.-/
theorem normal_iInf of normal extracted {F M : Type*} [Field F] [Field
M] [Algebra F M] {E t - IntermediateField F M}
(V (i : ¢t), Normal F 2 (E i)) - Normal F

[Algebra.IsAlgebraic F M]
T i, JBr i) = byusorry

" [Field E] [Algebra

[Field F]
(this : Algebra

Normal F E)

ext ta

orem normal ext _sep_ext
F E] [Algebra.IsAlgebraic F E]

I (separableClosure F E) E)

(h :
Normal 1 (separableClosure F E) E

by sorry
—-— Let $E / F$ be
an algel
(1) SES
(2) for ¢ y \in peratorname{Mor}_F (E,
\bar{F} we have $\ ! \prime} (E)$. —/
theorem normal_ 1ff forall map_eq_of 1sAlgebra1c ext_ext (F E Type*}
[Field F]
[Field E] [Algebra F E] [Algebra.IsAlgebraic F E] (overlineF Type*)
[Field overlineF]
[IsAlgClosure F overlineF]
Set.range {l¢ = Set.range fo

[Algebra F overlineF]
: E »4[F] overlineF),

Normal F E & V (0 o'
IR by

sorry



Future Work

How far can we push in data preparation?



Future Work

* How can we further assist human experts in formalization?

« How far can we push by augmenting and using the existing
dataset?

————————

—————————————————




Thank you!



