
Improved Convergence Rate for Diffusion Probabilistic Models
Gen Li Yuchen Jiao
CUHK CUHK

Diffusion models
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• forward process: (progressively) diffuse data into noise

• reverse process: convert pure noise into data-like distributions
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• score learning/matching: learn estimates st(·) for ∇ log pXt
(·)

• data generation: sampling w/ the aid of score estimates {st(·)}

Learning rate (randomized midpoint)

Xt
d
=
√
αtX0 +

√
1− αtWt, Xτ

d
=
√
1− τX0 +

√
τWt, Wt ∼ N (0, Id)

• Learning rate:

α̂T+1 =
1

T c0
, α̂t−1 = α̂t +

c1α̂t(1− α̂t) log T

T

αt ∼ Unif(α̂t, α̂t−1), for t = −N

2
+ 1, . . . , T + 1

• Continuous index:

τ̂k,n := 1− α̂T−kN
2 −n,

τk,n := 1− αT−kN
2 −n+1 for k = 0, · · · , K, n = 0, . . . , N.

Lemma: The above learning rate satisfies:

1− τ0,0 ≤ α̂T ≤ 2

T c0
, τK,0 ≤ 1− α̂1 ≤

1

T c0
,

τ̂k,n−1 − τ̂k,n
τ̂k,n−1(1− τ̂k,n−1)

=
c1 log T

T

Sampler

• Initialization: Y0 ∼ N (0, Id).

• For each k ranging from 0 to K − 1, iteratively update for n = 1, · · · , N :

Yk,0 = Yk,

Yk,n√
1− τk,n

=
Yk,0√
1− τk,0

+
sT−kN

2 +1(Yk,0)

2(1− τk,0)
3/2

(τk,0 − τ̂k,0)

+

n−1∑
i=1

sT−kN
2 −i+1(Yk,i)

2(1− τk,i)
3/2

(τ̂k,i−1 − τ̂k,i) +
sT−kN

2 −n+2(Yk,n−1)

2(1− τk,n−1)
3/2

(τ̂k,n−1 − τk,n),

• Noise injection:

Yk+1 =

√
1− τk+1,0
1− τk,N

Yk,N +

√
τk+1,0 − τk,N

1− τk,N
Zk, Zk

i.i.d.∼ N (0, Id)

Instance-dependent convergence rate

• Minimal data assumptions:

EX0∼pdata[∥X0∥22] ≤ T cR

for arbitrarily large constant cR > 0

• ℓ2 score estimation error: s⋆t (X) := ∇ log pXt
(X),

1

T

K−1∑
k=0

N−1∑
n=0

EYk∼qk

[
∥sT−kN

2 −n+1(Yk,n)− s⋆
T−kN

2 −n+1
(Yk,n)∥22

]
≤ ε2score

• Lipschitz constant: Define L as the smallest quantity such that

∥s⋆t (x′)− s⋆t (x)∥2 ≤ L∥x′ − x∥2, ∀t

Theorem: The presented sampler based on randomized midpoint obeys

TV
(
pX1

, pYK

)
≲

min{d3/2, dL1/2, d1/2L3/2} log4 T
T 3/2

+ εscore log
1/2 T

• iteration complexity Õ(min{d, d2/3L1/3, d1/3L}ε−2/3) to yield TV dist ≤ ε

• accommodate ε score estimation error in averaged ℓ2-norm

• comparison with prior works. left: ε = O(1), right: L = ∞
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Key ingredients of our analysis

• Probability flow ODE

Lemma: Define Φτ1→τ2(x) := xτ2|xτ1=x through the following ODE, where
s⋆τ (x) = ∇ log pXτ

(x)

d
xτ√
1− τ

= − s⋆τ (xτ )

2(1− τ )3/2
dτ.

We have

X̂k+1 =

√
1− τk+1,0
1− τk,N

Φτk,0→τk,N(X̂k) +

√
τk+1,0 − τk,N

1− τk,N
Zk

d
= Xτk+1,0

• Error decomposition

TV
(
pX1, pYK

)
≤

√√√√1

2
KL

(
pX̂0

∥pY0
)
+
1

2

K−1∑
k=0

Exk∼p
X̃k

[
KL

(
pX̂k+1|X̂k

(·|xk) ∥ pYk+1|Yk (·|xk)
)]

+ 2

K−1∑
k=0

P (X̂k ∈ Ec
k) (Ek : some “typical” set,X̃k : auxiliary sequence based on Ek)

• Analysis on one-step error ξk,n

Exτk,0∼pX̂k

[
∥ξk,n(xτk,0)∥22

]
≲

d log4 T

T 3
min

{Ndτ̂k,−1 log T

T (1− τ̂k,−1)
+

∫ τk,0

τk,n

E[Tr(Σ2
τ (xτ ))]

(1− τ )2
dτ,

NL2τ̂k,−1 log T

T (1− τ̂k,−1)

}
+
N log2 T

T 2

n−1∑
i=0

τ̂k,i(1− τ̂k,i)
−1ε2k,i,

with Στ (x) = Cov[Z|
√
1− τX0 +

√
τZ = x],

1

T
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N−1∑
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ε2k,i = ε2score

• Error propagation control

K−1∑
k=0
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[
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(
p
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(
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)
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Future directions

• instance-dependent bounds for other settings:

– accelerated samplers

– data distributions with low-dimensional structures

• estimating the Lipschitz constant in real-world case

– broadening the applicability of our results

– Gaussian mixture models, singular Gaussian distributions,...
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