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ODEs on manifolds are common
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Learning and solving such ODEs is non-trivial
Simple example

!" # $ " %" & '
Manifold: '
! Intrinsically 1D
! Embedded in 2D

Question:
Given trajectory data (!%" ! !" #

$

! How to learn $)" *, which should be a vector field on ' ?
! How to solve !" # $)" *, so that the solution stays on ' ?
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Learning and solving such ODEs is non-trivial
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Challenges illustrated – 1/2

#1 Suboptimal compression
#2 Unconstrained dynamics
#3 Vanilla time integrator
#4 Expensive training
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Challenges illustrated – 2/2
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#1 Suboptimal compression
#2 Unconstrained dynamics
#3 Vanilla time integrator
#4 Expensive training
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Our method to resolve all

#1 Suboptimal compression
#2 Unconstrained dynamics
#3 Vanilla time integrator
#4 Expensive training



Our solution
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Identity of exponential map:



Ingredient #1: Geometric Multivariate KRR
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Conventional regression with 
linear Features
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Reformulate for
(regularized) linear regression

Intractable
number of features!
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Add projection to 
tangent space
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Should be in
tangent space
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Intractable
number of features!
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Number of samples
instead
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Recall kernel trick
(Univariate version)



Ingredient #1: Geometric Multivariate KRR
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Dimension still too high!

Kernelize!
(Multivariate version)
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' "" ' * #"
$ #" '  (scalar kernel)
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Kernel in 
ambient 

space
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Kernel in intrinsic space!
! Minimal possible dimension; #1 solved
! Guarantees tangency to manifold; #2 solved
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Dimension Reduction!
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Ingredient #2: Normal Correction
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Summary of algorithm
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Theory:

Algorithm:

Convergence:
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Numerical demonstrations
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Example: 1D Kuramoto-Sivashinsky
+I , ++J , +JJ , - +JJJJ # .

! Inertia manifold with - #
K

LM
 and 

periodic BC
! Time scale disparity: fast and slow

! Intrinsic dimension: 2
! Ambient dimension: 64



Fast Dynamics
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Slow Dynamics
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Summary

16

#1 Optimal compression – up to intrinsic dimension
#2 Constrained dynamics – by operator-valued kernel
#3 Time integrator – preserving geometry
#4 Efficient training – no NN’s at all
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