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ODEs on manifolds are common
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Question:

Given trajectory data {((, %)} »

nd solving such ODEs is non-trivial

Simple example
"1# $(")% &'
Manifold: "
' Intrinsically 1D
' Embedded in 2D

I How to learn 9" *, which should be a vector field on' ?
| How to solve "!# $"*, so that the solution stayson' ?
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#1 Suboptimal compression
#2 Unconstrained dynamics

nallenges illustrated — 1/2

Neural ODE (NODE)
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X2

Challenges illustrated — 2/2

#1 Suboptimal compression
#2 Unconstrained dynamics
#3 Vanilla time integrator
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Our method to resolve all
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Our solution

|dentity of exponential map:
Xi+1 = eprZ_ (f(XZ)At) = X -+ E[‘ZT;I_ (Xi_|_1 — X12+NZN: (Xi_|_1 — Xz’)

_J

Tangent: f(x;)At Normal: O((At)?)
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Ingredient #1: Geometric Multivariate KRR

Conventional regression with Add projection to Reformulate for $
linear tangent space (regularized) linear regression
HEN R #
% T +» & NN EM* *% 49 %,
EEEE. .
Should be in J

Y
tangent space Intractable $e

/ number of features!
[ Recall kernel trick 1

(Univariate version) J

B % #$ $, & #h #e % " & B % (% ) 4
Intractable Number of samples

number of features! instead



Ingredient #1: Geometric Multivariate KRR

Kernelize! 4
(Multivariate version)

"o X 4. (scalar kernel)

BN « = BREaE
B ” + [ M

L] i ]

W_J

Ho Dimension still too high!

Dimension Reduction! l
J Op * +--+..$ e * . .+,$ +u.

" . L8 " Kernel in intrinsic space!
% % I Minimal possible dimension; #1 solved

I Guarantees tangency to manifold; #2 solved
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Ingredient #2: Normal Correction
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Summary of algorithm

Theory: Xit+1 = expy, (F(xi)At) = X Ty Ty (X1 — %) + NalN;' (i1 = X;)

N

Tangent: f(x;)At Normal: O((At)?2?)

Algorithm: X j+1 = Xe i + At (Xe ;) + (At)QNe,ig(Tzife(ie,i)))

B(&-(0)+3$C./0+K")+"0($  F&)-"/$L&))(30+&6$85
D()6(/$9+,*($9(*)(22+&6B(6()"/+M(,$CE&K+6*$>("20$?N.")(2

89:;<=>72@B==CD:EAA

Qs

log(N F:CG;:A@BEA;=:
Convergence: \/Eu (|7, — g(e,n”z] < C|e+ At ( Ogjsf ) @

OP1(30(,$())&)$ D% 675 0))&)$&7$/("M6(,$ 20(1$2+M( Q$&7$,"0"$18+602
K(308)$7+(/,  !7+)E),()$"33.)"0(#

12



Numerical demonstrations

Example: 1D Kuramoto-Sivashinsky
o, ty, ta, -t #

. . . K
l  Inertia manifold with - # mand

periodic BC
I Time scale disparity: fast and slow

| Intrinsic dimension: 2
| Ambient dimension: 64
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Fast Dynamics
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Slow Dynamics
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Summary

#1 Optimal compression — up to intrinsic dimension
#2 Constrained dynamics — by operator-valued kernel
#3 Time integrator — preserving geometry

#4 Efficient training — no NN’s at all

CASE MODEL Training  Pred. RMSE Maximum
Time (s) Time (s) Error

KS CANDyMan 48.04 0.6703 0.2744 2.130

Beating GMKRR 0.01367  0.5133 0.02549  0.1972
CANDyMan 70.10 19.44 2.391 15.22

KS NODE 395.6 4.166 6.690 22.14

Travelling LDNet 77.87 13.53 7.600 22.46
GMKRR-Full 11.68 20.82 1.604 12.45
GMKRR-FFT 0.04550 24.41 0.3671 3.088

Reaction. CANDyMan 265.8 14.59 0.1797 0.5517

Diffusion GMKRR-Full 3.723 175.4 7.394E-4  2.959E-3
GMKRR-PCA-TO | 0.01953 4.786 7.399E-4  2.961E-3
GMKRR-PCA-T4 | 0.1187 8.56855 1.216E-4 1.339E-3
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