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Why are regularizer functions useful?

• Regularizer functions promote certain properties on solution !𝐱 ∈ ℝ!
.

!𝐱 ∈ argmin
𝐱∈ℝ!

𝑓 𝐱 + 𝜆ℓ 𝐱

• 𝑓 𝐱 : objective function
• ℓ 𝐱 : regularizer function
• 𝜆: regularization parameter

• We propose Cauchy-Schwarz (CS) regularizers
• simple
• autoscaling
• differentiable → suitable for gradient-based numerical solvers 
• often invex (all stationary points are global minima)

Integrated Information Processing (IIP) Group
Integrated Systems Laboratory (IIS)



Our recipe

• Recall CS inequality for 𝐮, 𝐯 ∈ ℝ!

𝐮, 𝐯 % ≤ 𝐮 % 𝐯 %,

where equality holds if 𝐮 and 𝐯 are linearly dependent: 

𝐮 ∼ 𝐯.⇔. ∃ 𝛽&, 𝛽% ∈ ℝ%\ 0,0 ∶ 𝛽&𝐮 = 𝛽%𝐯

• Inspired by the CS inequality, we propose 

ℓ 𝐱 ≜ 𝐠 𝐱 % 𝐡 𝐱 % − 𝐠 𝐱 , 𝐡 𝐱 %,

which is zero iff 𝐱 ∈ 𝒳 ≜ A𝐱 ∈ ℝ!: 𝐠 A𝐱 ∼ 𝐡 A𝐱
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Regularizer example #1: Symmetric binary (bin)

• We want 𝑥' ∈ −𝛼, 𝛼 , ∀𝑖 for 𝛼 ∈ ℝ; equivalently, for 𝛽 > 0

𝑥&%
⋮
𝑥!%

= 𝛽
1
⋮
1

• Therefore, we set
𝐠 𝐱 ≜ 𝐱∘%, . 𝐡 𝐱 ≜ 𝟏!

⇒ ℓ)'* 𝐱 ≜ 𝑁M
*

𝑥*+ − M
*

𝑥*%
%
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Regularizer example #2: One-sided binary (osb)

• We want 𝑥' ∈ 0, 𝛼 , ∀𝑖; equivalently,

𝑥&%
⋮
𝑥!%

= 𝛽
𝑥&
⋮
𝑥!

• Therefore, we set
𝐠 𝐱 ≜ 𝐱∘%, . 𝐡 𝐱 ≜ 𝐱

⇒ ℓ,-) 𝐱 ≜ M
*

𝑥*% M
*

𝑥*+ − M
*

𝑥*.
%
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• We want 𝑥' ∈ −𝛼, 0, 𝛼 for 𝛼 ∈ ℝ; equivalently, for 𝛽 > 0

𝑥&.
⋮
𝑥!.

= 𝛽
𝑥&
⋮
𝑥!

• Therefore, we set
𝐠 𝐱 ≜ 𝐱∘., . 𝐡 𝐱 ≜ 𝐱

⇒ ℓ/01 𝐱 ≜ M
*

𝑥*% M
*

𝑥*2 − M
*

𝑥*+
%
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We can derive more 
regularizers following a 

similar logic!

Regularizer example #3: Symmetric ternary (ter)



Can we have regularizers beyond vector discretization?

• We set 𝐠 𝐱 ≜ 𝐂𝐱, 𝐡 𝐱 ≜ 𝐱, which gives
a

ℓ0'3 𝐱 ≜ 𝐂𝐱 % 𝐱 % − 𝐱4𝐂𝐱 %
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Regularizer example #4: Eigenvector (eig)

• We set 𝐠 𝐗 ≜ vec 𝐗4𝐗 , 𝐡 𝐗 ≜ vec 𝐈5 , which gives
a

ℓ,6 𝐗 ≜ 𝐾 𝐗4𝐗 7
%
− 𝐗 7

+

Regularizer example #5: Matrix with orthogonal columns (om)

7



Application example #1: Recovering discrete-valued solutions

• Find discrete-valued solutions to underdetermined linear system of equations 
where 𝐀 ∈ ℝ8×! is wide and full row rank 

!𝐱 ∈ argmin
𝐱∈ℝ!

ℓ 𝐱 subject to 𝐀𝐱 = 𝐛 P−rec

• Constrained optimization problem

• To measure performance of using CS regularizers, we 
• draw normal random 𝐀 and random bin/osb/ter solution 𝐱⋆ and calculate 𝐛 = 𝐀𝐱⋆

• solve (P-rec) using projected gradient descent
• measure success rate of recovering the true solution by averaging over trials 
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Application example #1: Results

• CS regularizers have a higher success rate than ℓ:-norm and ℓ&-norm baselines
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• Step 1: Regularized training of neural networks with ℓ)'* or ℓ/01

Application example #2: Quantizing neural network weights
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• Step 2: Quantizing the weights to binary or ternary scale factors

• Step 3: Training with quantized weights (fix the signs of weights; continue 
training shared scale factors, biases, BN parameters, etc.)



Application example #2: Results for image classification on ImageNet

• Comparable accuracy to SOTA baselines
• CS regularizers have storage and complexity advantage during training
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Binarized ResNet-18 Ternarized ResNet-18


