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IMPLICIT BIAS OF OPTIMIZATION PROCEDURES

• For overparametrized deep learning models, there may exist many
candidate parameter values that minimize the empirical risk.

• Which specific solution is picked by the training algorithm?
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MIRROR DESCENT

• Let θ denote the model’s parameter and L denote the loss function
defined on the parameter space Θ.

• Gradient descent iteration:

θ(t+ 1) = argmin
θ

{η⟨θ − θ(t),∇L(θ(t))⟩+ 1
2∥θ − θ(t)∥2}

• Mirror descent iteration:

θ(t+ 1) = argmin
θ

{η⟨θ − θ(t),∇L(θ(t))⟩+ DΦ(θ, θ(t))}

Here DΦ(θ, θ
′) = Φ(θ)− Φ(θ′)− ⟨∇Φ(θ′), θ − θ′⟩ is the Bregman

divergence induced by the potential function Φ: Θ → R.
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A QUESTION

• Different notions of the ”distance” can lead to different update steps:

• How does the choice of the “distance” affect the learned network
function?
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SET-UP

• Consider shallow neural networks with n hidden units, d input units and
activation function σ:

f(x, θ) =
n∑
j=1

(
ajσ(⟨x,wj⟩ − bj)

)
+ d, ∀x ∈ Rd.

• Assume the parameter is randomly initialized by i.i.d. samples:

∀j, wj ∼ W = Unif(Sd−1), bj ∼ B, aj ∼
1√
n
A; d ∼ D,

where B, A and D are sub-Gaussian random variables. Assume B has
continuous density function pB(·), and (W,B) d

= (−W,−B).

• Consider training data set {(xi, yi)}mi=1 that satisfies xi ̸= xj when i ̸= j
and {∥xi∥2}mi=1 ⊂ supp(pB), and the mean squared error

L(θ) =
m∑
i=1

(f(xi, θ)− yi)2.
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SET-UP

• With infinitesimal learning rate η, the training dynamics of mirror
descent is captured by mirror flow:

d
dtθ(t) = −η

(
∇2Φ(θ(t))

)−1
∇L(θ(t)).

• Let y = [y1, . . . , ym]T ∈ Rm, f(t) = [f(x1, θ(t)), . . . , f(xm, θ(t))]T ∈ Rm, and
Jθf(t) denote the Jacobian matrix of f(t) with respect to θ. By the chain
rule,

d
dt f(t) = −nηH(t)(f(t)− y),

H(t) ≜ n−1Jθf(t)(∇2Φ(θ(t)))−1Jθ(f(t))T.

• The evolution of f(t) is governed by the kernel-like matrix H(t).
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UNSCALED POTENTIAL FUNCTION

Assumption (Unscaled potential)
Assume the potential function Φ: Θ → R satisfies:
• Φ is separable, i.e., Φ(θ) =

∑dim(Θ)
j=1 ϕ(θj − θ̂j) for some real-valued

function ϕ, where θ̂j is selected as the initialized value of θj;
• Φ is twice continuously differentiable;
• ∇2Φ(θ) is positive definite for all θ ∈ Θ.

• Examples of unscaled potentials:
• ϕ(x) = x2 , which recovers gradient flow;
• ϕ(x) = xp + ωx2 , for ω > 0 and p > 2;
• ϕ(x) = cosh(x).

6



MAIN RESULT I

Theorem (Implicit bias of mirror flow with unscaled potential; Part I)
For shallow NN with ReLU activation, d ≥ 1 input units, and sufficiently
large width n, consider mirror flow with unscaled potential Φ and learning
rate η = Θ(1/n). There exist constants C1, C2 > 0 such that with high
probability over random parameter initialization, for any t ≥ 0,

∥θ(t)− θ(0)∥∞ ≤ C1n−
1
2 , lim

n→∞
∥H(t)− H(0)∥2 = 0, ∥f(t)− y∥2 ≤ e−η0C2t∥f(0)− y∥2.

Corollary
Let θ(∞) = limt→∞ θ(t) and θGF(∞) denote the limiting point of gradient
flow on the same training data and initial parameter. For any given x ∈ Rd,

lim
n→∞

|f(x, θ(∞))− f(x, θGF(∞))| = 0.

• For many model with fixed parameter dimension, the implicit biases of
mirror flow and gradient flow are different [1, 2].
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MAIN RESULT I

Theorem (Implicit bias of mirror flow with unscaled potential; Part II)
Assume d = 1. Let µ denote the measure associated with (W,B). For any
given x ∈ R, we have that limn→∞ |f(x, θ(∞))− f(x, θ(0))− h̄(x)| = 0, where
h̄(·) is the solution to the following variational problem:

min
h∈FReLU

G1(h) + G2(h) + G3(h) s.t. h(xi) = yi − f(xi, θ(0)), ∀i ∈ [m],

G1(h) =
∫
supp(pB)

(h′′(x))2

pB(x)
dx

G2(h) =
(

lim
x→+∞

h′(x) + lim
x→−∞

h′(x)
)2

G3(h) =
1

E[B2]

(∫
supp(pB)

h′′(x)|x|dx− 2h(0)
)2

.

Here
FReLU =

{
h(x) =

∫
α(w, b)[wx− b]+dµ : α uniformly continuous on supp(µ)

}
.
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MAIN RESULT I

• If B is supported on [−B,B] for some B > 0, then

G3(h) =
1

E[B2]

(
B
(

lim
x→+∞

h′(x)− lim
x→−∞

h′(x)
)
−

(
h(B) + h(−B)

))2
.

◦ If h is above the x-axis, then G3 promotes h′(+∞) > h′(−∞) and thus
favors a U-shaped function.

◦ If h is below, G3 favors an inverted U-shape.
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EXPERIMENTS

Figure 1: Left: ReLU networks trained with mirror flow on a common data set using
unscaled potentials: ϕ1 = x2 , ϕ2 = |x|3 + x2 , and ϕ3 = x4 + x2 . Middle: L∞-error
between the solution to the variational problem and the trained networks, against the
network width. Right: ReLU networks trained with gradient descent on five different
data sets with shifted labels.
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SCALED POTENTIAL FUNCTION

Can we design training algorithms capable of inducing implicit biases
depending on the parameter geometry?

Assumption (Scaled potential)
Recall that n denotes the network width. Assume the potential function
Φ: Θ → R satisfies:
• Φ can be written in the form of Φ(θ) = 1

n2
∑p

k=1 ϕ
(
n(θk − θ̂k)

)
for some

real-valued function ϕ, where θ̂j is selected as the initialized value of θj;
• ϕ takes the form of ϕ(x) = 1

1+ω

(
ψ(x) + ωx2

)
, where ω > 0 and ψ ∈ C3(R)

is a convex function on R.
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MAIN RESULT II

Theorem (Implicit bias of mirror flow with scaled potential)
Assume B is compactly supported. For shallow NN with absolute value
activation, d ≥ 1 input units and sufficiently large width n, consider mirror
flow with a scaled potential Φ with sufficiently large parameter w, and
learning rate η = Θ(1/n). There exist constants C1, C2 > 0 such that with
high probability over the random parameter initialization, for any t ≥ 0,

∥θ(t)− θ(0)∥∞ ≤ C1n−1, ∥f(t)− y∥2 ≤ e−η0C2t∥f(0)− y∥2.

Assume univariate input data d = 1. For any given x ∈ R that
limn→∞ |f(x, θ(∞))− f(x, θ(0))− h̄(x)| = 0, where h̄(·) solves:

min
h∈FAbs

∫
supp(pB)

Dϕ
( h′′(x)
2pB(x)

, 0
)
pB(x)dx s.t. h(xi) = yi − f(xi, θ(0)), ∀i ∈ [m].

Here Dϕ denotes the Bregman divergence on R induced by ϕ and FAbs =

{h(x) =
∫
α(w, b)|wx− b|dµ : α is even and uniformly continuous on supp(µ)}.
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MAIN RESULT II

min
h∈FAbs

∫
supp(pB)

Dϕ

( h′′(x)
2pB(x)

, 0
)
pB(x)dx s.t. h(xi) = yi − f(xi, θ(0)), ∀i ∈ [m].

• The parameter initialization pB determines the strength of the
penalization of the function’s second derivative at different locations;

• The scaled potential ϕ determines the strength of the penalization of
the different magnitudes of the second derivative.
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EXPERIMENTS

Figure 2: Left: absolute value networks trained with mirror flow on a common data set
using scaled potentials: ϕ1 = x2 , ϕ2 = |x|3 + x2 , and ϕ3 = x4 + x2 . Middle: L∞-error
between the solution to the variational problem and the trained networks, against the
network width. Right: distribution of the magnitude of the second derivative of the
solutions to the variational problems.
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