min
X1 ,xz yoo

I Axi)

2. Assumptions

Assumption 1.5. Forall i € [n], the proximal operator Prox;(x;; jt) =
can be computed efficiently and exactly for any given x; € R4 %! and 1 > 0.

Assumption 1.6. If>""  [fi(x;) + hi(x;)] < +o0, it follows that |x;|| < +oc forall i € [n].

Assumption 1.7. For any i € [n), if the vector x; € RY*1 is bounded, then the set Prox;(x;; i) is
also bounded for all p € (0, 00).

surjective and injective). IM: Im([A 1, Ao, ...,

.....
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1. Multi-block Nonconvex Nonsmooth
Composite Optimization Problem

Z[f@ x;) + hi(x;)], s.t. [ZA}:1

1=1

Assumption 1.1. Each functzon fi(+) is L;-smooth for all i € [n| such that ||V f;(x;)
L;||x; —%;|| holds for all x;, X; € RY>L, This implies that | f;(x;) —

— X;||5 (¢f: Lemma 1.2.3 in (Nesterov, 2003)).
Assumption 1.2. The functions f,(-) and hy(-) are Lipschitz continuous with some constants C'
and Cy, satisfying ||V fr(xy)|| < Cr and ||Ohn(x4)|| < Ch for all xy,.

Assumption 1.3. We define X £ A\, (A, Al), )\
these two conditions holds for matrix A,,:

a) Condition BL: A,, is bijective (i.e., A = )\ > 0), and it holds that k = X/ A< 2.
b) Condition SU: A,, is surjective (i.e., A\ > 0, and \ could be zero).
Assumption 1.4. Given any constant B > 0, we let ©' £
— b||3. We assert that © > —oo.

fi(%i) —

miny &%} —x; 345 (x})

sz(Xz [
<vfz(xz) Xi— |

)\mm(AnAD, N = )\min(AlAn). Either of

Xn Zz Lfi(xi) + hi(xq)] +

3. Comparisons With Existing Works

Table 1: Comparison of existing ADMM approaches for solving the nonconvex problem in Problem
(1). CVX: convex. NC: nonconvex. LCONT: Lipschitz continuous.
restricted weakly convex. [F: the constraint set is non-empty. I: A, is identity. SU: A,, is surjective
with Apin(A,AT) > 0. IN: A, is injective with A, (ATA,) > 0. BI: A, is bijective (both
A, _1]) € Im(A,) with Im being the image of the

WC: weakly convex. RWC:

matrix.
Optimization Problems and Main Assumptions .

Reference Blocks | Func ﬁg ns f.(-) and hi()° P Matrices A, Complexity | Parameter o
(He & Yuan, 2012) n =2 CVX: fi, hi, Vi € [2] F O 2)? |o=1

(Li & Pong, 2015) n=2 | NC:hy,fa;f1i=0:hs=0 SU O ?) |o=1
(Yang et al., 2017) © n=23 CVX: hy, f3:NC: hy; fi=fo=0;hg =0 I Ole?) o€ |l,2)
(Yashtini, 2022) n=2 | NC: fi1.,hj1.2: ha =0 BI O(e2) € (0,1)
(Yashtini, 2021) n>2 | WC: fin1p: hin_1 = 0; hp =0 BL, IM O(c2) € (0,1)
(Wang et al., 2019b) n>2 RWC: hji y_1; By =0 IN, T Oe=*) og=1
(Bot & Nguyen, 2020) | n = 2 NC: hj1n], flin): f1 =0 ha =0 I Oe ) oell,2)
(Bot et al., 2019) n=2 NC: hyt o)y fins J1 =0, ha = 0 SU Oe?) oe (0,1)
(Huang et al., 2019) n=>2 CVX: hjy 1 B = 0 BI O(e?) o=1

(Li et al., 2022)¢ n=2 NC: f1,hy: CVX: hg; fa = 0; LCONT: hy # 0 I Oe ) o=1
This work n>2 NC: hyy n_11: Ji1.n]s CVX: By LCONT: fp, hy, # 0 | BI Oe ) e [1,2)
This work n>2 NC: hjy n11: Ji1.n]s CVX: By LCONT: fo, by, # 0 | SU O(e7) e (0,1)

Note a: h,, = 0 denotes that the n-th block has no non-smooth part, making the objective function smooth.
Note b: The iteration complexity relies on the variational inequality of the convex problem.

Note c: We adapt their application model into our optimization framework in Equation (1) with (L, S, Z) =
(%1, X2, x3), as their model additionally requires the linear operator for the first two blocks to be injective.

Note d: This paper studies manifold optimization with a fixed large penalty and small stepsize.

4. The Proposed Algorithm

» Smoothing the nonsmooth function of the last block:

Hlil’lxl X2 ,...,Xn hn(Xu )U’) + [Z?— 1 (X?f)] + [Z’L—l f?' (X'ﬁ)]

S.t. [Z?:l AiX«g] =b

» The resulting augmented Lagrangian function:

L(x,2;8,1) = b (x5 1) + {302, hi(x:)} + G(x, 2 B)
G(x,2;8) £ Y filxi) + (i Axi] = b,z) + 5|20, Aixi] — b3

» Our Key Strategy: Increasing Penalization and Decreasing Smoothing
= O(Vt), pt=0(1/V1)

» The Proposed IPDS-ADMM:

Algorithm 1: IPDS-ADMM: The Proposed Proximal Linearized ADMM for Problem (1).

Choose suitable parameters {p, &, } and {o, 01,65} using Formula (5) or Formula (6).
Initialize {x°,z"}. Choose 3° > L,,/(6\).

for ¢t from O to 7' do B

S1) IPDS Strategy: Set 3¢ = 60(1 + ftp) ut = 1/(\6BY).

We define gt £ V. G(x E"Zl 1],xz,x[z+1 n]s 2 z'; BY).

S2) xi ! € argminy, hy(x1) + (x1 — x4, g!) +

: .. 01L5
S3) x5! € arg miny, ha(x2) + (x2 — x5, 84) + “52[|x2 — x54|13
61L%
5 1%Xn—1 — X5, [I5
S5) x!t! € arg miny, Ay (X p) + (x, — xt, gt) + ¢ “ |x,, — x! ||5. It can be solved

using Lemma 3.6 as x/ ! = ﬁ( xt + upe), where xt*T1 = Prox,, (c; u + 1/p),

p=p' p=6sLL and c = xt, — gl /p.
S6) 2+1 = 7t + o B[S, AyxtFi] - b)

S4) xfjll € argming , hp_1(Xp_1) + (Xp_1 — X! _ 1:@% )+

end

» On Choosing the Parameters:

K—0
Bl:p=43, £€(0,00), 6€(0,5(2—-1)),0€[1,2),6, =1.01,6, = 1{+5 + gz O
2 =6=0="2"1 0, =1.01,0, = 15. (6)

Here, p £ 6woik, 01 = Tz and w £ 2 1+ £ + o&. Notably, 65 in (5) depends on (£, 6, 7).

5. lIteration Complexity

» Controlling Dual using Primal:

crﬁt ||Zt_H - Zt”z < @t @Tl + xL! ||xt+1 — x! ||§ + U

O 2 gA' + B! U ECEL (B —1)

» The Associated Lyapunov Function:

BL: ©° =0 + <52 - grl|a’ll3 + 257+ - 5o (Lallen — x| + fJun)”
£a LAt £p LBt
SU: ©' = O + 2522 - grlla’[ls + %57 - Fe (Lnllxn — %0 | + oflun)”
A8 NG - ,
= 2At £p St

O = L(x', 2585 ut) + 20wt LL = L + B Aill3
£ & (o SN LY ! — x3] + oLt i — xb 13 + 512t — 23
» A Summerable Property:
ct+1 < @t — e+l 4 Ut
Y U <U 2, 8 <E
» Approximate Critical Point

Crit(x,2z) <

Crit(x,2) 2 [|Ax — b|| + 7, dist(0, Vf;(%;) + Ohi(%;) + ATz).

» The Complexity Result

We define ¢ = {xt,xt,...,xt _,,xt}
LS Crit(qtth, 2zt < O(T®P=Y/2) + O(T~P)

with the choice p = 1/3, we have = _,_, Crit(q'™t,z!t) < O(T1/3).

6. Experiment Results

minVERdxr 2 ||D DVVT||F+p||V||1

st.VeM=2{V|VV =1}
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Conclusions:

(a) Sub-Grad tends to be less efficient in comparison to other
methods.

(b) SPGM, utilizing a variable smoothing strategy, generally
demonstrates slower performance than the multiplier-based
variable splitting method. This observation corroborates the widely
accepted notion that primal-dual methods are typically more robust
and quicker than primal-only methods.

(c) The proposed IPDS-ADMM consistently achieves the lowest
objective function values among all methods examined.



