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Data Modalities

LLMs:
Attention, GPT-3.5, · · ·

[Vaswani et al., 2017, Brown et al., 2020]

Vision:
ResNet, Vision Transformer (ViT), · · ·

[He et al., 2016, Dosovitskiy et al., 2020]

Multimodal data:
CLIP, GPT-4, Google’s Gemini, · · ·

[Radford et al., 2021, OpenAI, 2023, Google, 2023]
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Platonic Representation Hypothesis (PRH)

”Neural networks, trained with different objectives on different data and modalities, are
converging to a shared statistical model of reality in their representation spaces.”

—– [Huh et al., 2024]

3



How do we mathematically quantify and evaluate this alignment of
feature learning across modalities?
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Outline

Review of Representation Alignment

Stitching: Task-Aware Alignment

Future Works
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Setup and Notations

Reality
(Ξ, ξ)

Objects/data
(X1, µ1)

Objects/data
(X2, µ2)

Representation
(Z1, λ1)

Representation
(Z2, λ2)

Output
(Y1, ν1)

Output
(Y2, ν2)

m1 m2

f1 f2

g1 g2

h1 h2

[Insulla et al., 2025]
Function spaces Hq := {hq : Xq → Yq | hq = gq ◦ fq}, q = 1, 2.

6



From Representation to Kernel

▶ Feature map f : X → Z , Kernel K(x, x′) = ⟨f(x), f(x′)⟩, RKHS HK

▶ Kernel matrix Kn ∈ Rn×n with sample {xi}ni=1
▶ Integral operator Lk : L2(X , µ) → L2(X , µ) as

LKg(x) =
∫
X
K(x, x′)g(x′)dµ(x′)
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Kernel Alignment (KA)

Empirical KA with kernel matrix (Kq,n)ij = Kq(xiq, x
j
q), i = 1, . . . , n:

Â(K1,n,K2,n) =
⟨K1,n,K2,n⟩F√

⟨K1,n,K1,n⟩F⟨K2,n,K2,n⟩F
[Cristianini et al., 2001]

Population KA:

A(K1,K2) =
Tr (LK1LK2)√

Tr
(
L2
K1

)
Tr

(
L2
K2

)
with

Tr (LK1LK2) =

∫
K1(x1, x′1)K2(x2, x′2)dµ(x1, x2)dµ(x′1, x′2).

Statistic property: With probability at least 1− δ, we have

|Â(K1,n,K2,n)− A(K1,K2)| ≤
√
(32/n) log(2/δ).
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Spectral Interpretation of KA

▶ Eigen-pairs (ηℓ, ϕℓ) of LK , then Mercer’s theorem:

K(x, x′) =
∑
ℓ

ηℓϕℓ(x)ϕℓ(x′).

▶ Let fℓ =
√
ηℓϕℓ, then

A(K1,K2) =

∑
i,j⟨f1,i, f2,j⟩√∑
i η

2
1,i
∑

i η
2
2,i

=

∑
i,j η1,iη2,j⟨ϕ1,i, ϕ2,j⟩2√∑

i η
2
1,i
∑

i η
2
2,i

.

Remark
1. Similarity between the eigenfunctions of the two integral operators
2. Let [Φ1,2]i,j = ⟨ϕ1,i, ϕ2,j⟩. If Φ1,2 = I, then A(K1,K2) = ⟨η̂1, η̂2⟩
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Distance Alignment (DA)

Suppose d2
q = 2(1− Kq), i.e. d2

q(xq, x′q) = ∥fq(xq)− fq(x′q)∥2 and Kq(xq, xq) = 1, define

D(d1, d2) =

∫
(d2

1 (x, x′)− d2
2(x, x′))2dµ(x)dµ(x′).

[Igel et al., 2007]
Equivalence: If ∥Kq∥ = C,

D(d1, d2) = 8C(1− A(K1,K2)).
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KA to Independence Testing

▶ Hilbert-Schmidt Independence Criterion (HSIC): Cross-covariance operator
C1,2[h1, h2] = Ex1,x2 [(h1(x1)− Ex1(h1(x1))(h2(x2)− Ex2(h2(x2))] for h1 ∈ H1, h2 ∈ H2.

HSIC(µ,H1,H2) = ∥C1,2∥2HS,

[Gretton et al., 2005]
▶ Centered KA (CKA): replace LK by HLKH, H = I− E[·]

CKA(K1,K2) =
Tr(HLK1HLK2H)√

Tr((HLK1H)2)Tr((HLK2H)2)

▶ Equivalence between HSIC and CKA:

CKA(K1,K2) =
HSIC(H1,H2)√

HSIC(H1,H1)HSIC(H2,H2)
.

[Kornblith et al., 2019]
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KA to Measure Alignment

Maximum Mean Discrepancy (MMD):

MMD(µ1, µ2;H) = sup
h∈H

E [h(x1)− h(x2)] .

Relationships

MMD(µ, µ1 ⊗ µ2;H1 ⊗H2)
2 = HSIC(µ,H1,H2) = ∥E [Kx1 ⊗ Kx2 ] ∥2 = ∥Σ1,2∥2HS
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Wrap-up

▶ Mathematically formalized the setup.

▶ KA: One metric of representation similarity (statistics property).

▶ KA and DA are mathematically equivalent.

▶ KA, HSIC, and MMD form a unified theoretical framework (integral operators,
covariance operators, spectral analysis).

13



Outline

Review of Representation Alignment

Stitching: Task-Aware Alignment

Future Works

14



Stitching

Reality
(Ξ, ξ)

Objects/data
(X1, µ1)

Objects/data
(X2, µ2)

Representation
(Z1, λ1)

Representation
(Z2, λ2)

Output
(Y1, ν1)

Output
(Y2, ν2)

m1 m2

f1 f2

g1 g2

s1,2

s2,1

h1 h2

▶ Hq := {hq : Xq → Yq|hq = gq ◦ fq, gq ∈ Gq, fq ∈ Fq} with q = 1,2.
▶ H1,2 := {h1,2 = g2 ◦ s1,2 ◦ f1 : s1,2 ∈ S1,2}
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Stitching Error

▶ The risk (least squares loss)

Rq(hq) =

∫
Xq×Yq

∥hq(x)− y∥2dρq(x, y), hq ∈ Hq.

▶ The stitching error

Rstitch
1,2 (s1,2) := R2(g2 ◦ s1,2 ◦ f1) = R2(h1,2)

and the minimum

Rstitch
1,2 (S1,2) := min

s1,2∈S1,2
R2(h1,2) = R2(H1,2).

▶ The excess stitching risk (how usable f1 is)

Rstitch
1,2 (S1,2)−R2(h2).
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Stitching between Output Layers

Lemma
Suppose dim(Y1) = dim(Y2) = d and R1 = R2. Let gq ∈ Gq be linear with gq(zq) = Wqzq
and Wq ∈ Rd×dq . Let s1,2 : Z1 → Z2 be linear with s1,2(z1) = S1,2z1 and S1,2 ∈ Rd2×d1 . Then
Rstitch

1,2 (S1,2) = R1(H1).

Remark
▶ Linear stitching: stitching is not learning [Bansal et al., 2021]
▶ Stitching does not degrade performance.

[Insulla et al., 2025]
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Stitching between Middle Layers

Let ∥M∥2η = ⟨M,Mdiag(η)⟩.

Theorem
Suppose g2 is κ2-Lipschitz. Again let s1,2 be linear, identified with matrix S1,2. With the
spectral interpretations of Σ1,2 = E

[
f1fT2

]
= diag(η1)1/2Φ1,2diag(η2)1/2 and

Ã2 = ∥I∥η2 − ∥Φ1,2∥2η2
, we have

Rstitch
1,2 (S1,2) ≤ R2(h2) + κ2

2Ã2 + 2κ2(Ã2R2(h2))
1/2.

Remark
▶ Ã2 is the misalignment
▶ If two representations are similar in the alignment sense, they are also similar in

the stitching sense; however, the converse does not necessarily hold.

[Insulla et al., 2025]
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Stitching Forward

Theorem
Let Y1 = Y2 and R1 = R2 = R. Let S1,2 ◦ G2 ⊆ G1 and let gq be κq-Lipschitz for q = 1,2.
Then

R(H1)−R(H2) ≤ Rstitch
1,2 (S1,2)−R(H2) ≤ κ2

2Ã2 + 2κ2(Ã2R(H2))
1/2.

[Insulla et al., 2025]

Remark
▶ It supports building universal models that share architectures across modalities as

scale increases.
▶ Bansal et al., 2021 showed SGD minima have low stitching costs, which aligns with

works that argue feature learning under SGD can be understood through the lens of
adaptive kernels [Radhakrishnan et al., 2022].
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Future Work

▶ To understand which layer should be stitched
▶ Experimental verifications
▶ How to apply this to transfer learning

21



Thanks for listening!
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