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ABSTRACT
We introduce Sensitivity-Constrained Fourier Neural Operators (SC-

FNO) to improve parameter inversion and sensitivity estimation in

parametric differential equations (PDEs). Standard Fourier Neural Op-

erators (FNOs) fail to capture parameter sensitivities, limiting accu-

racy and generalization. SC-FNO addresses this by enforcing sensi-

tivity constraints, enhancing inversion quality, robustness, and data ef-

ficiency. Our contributions include introducing SC-FNO as a novel

extension of FNOs, integrating sensitivity constraints for improved in-

version, and demonstrating its effectiveness across benchmark prob-

lems. SC-FNO provides a scalable and robust framework for solving

parametric PDEs.

TEST PROBLEMS
ODEs:
ODE1: Composite Harmonic Oscillator du/dt = α sin(απt) +
β cos(βπt), u(0) = sin(γπ), Params: α, β, γ
ODE2: Duffing Oscillator d2x/dt2 + δdx/dt + αx + βx3 =
γ cos(ωt), x(0) = ϵ, dx/dt(0) = ζ, Params: δ, α, β, γ, ω, ϵ, ζ

PDEs:
PDE1: Nonlinear Damped Wave ∂2u/∂t2 = c2∂2u/∂x2 +
α∂u/∂t+ βu+ γ sin(ωu), Params: c, α, β, γ, ω
PDE2: Forced Burgers’ Equation (1/π)∂u/∂t + αu∂u/∂x =

γ∂2u/∂x2 + δ sin(ωt), Params: α, γ, δ, ω, x0, σ
PDE3: Navier-Stokes (Vorticity Form) ∂ω/∂t + ψy∂ω/∂x −
ψx∂ω/∂y = (1/Re)∆ω, Params: α, β
PDE4: Allen-Cahn Equation ∂u/∂t = ϵ∂2u/∂x2 + αu − βu3,
Params: ϵ, α, β, c, ω

RESULTS 2: SAMPLE FORWARD PREDICTION (WITH PERTURBATIONS)
• SC-FNO outperforms FNO in both standard and perturbed scenarios.
• SC constrained models demonstrate higher robustness to perturbations.
• SC-FNO achieves superior performance over PINN-loss models.
• Prediction accuracy remains stable despite parameter variations.
• Improvements in robustness lead to better generalization.

Performance Comparison for Zoned PDE2

Error for PDE2 with 2 × 103 training samples. Models prediction for ODEs, PDE1, and PDE2.

Sample prediction for PDE 3 (Navier-Stokes). Comparison of Model Training Time
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FUTURE DIRECTIONS
Sensitivity can now be obtained from differentiable solvers (Shen et al., 2023, Nature Reviews,

https://doi.org/10.1038/s43017-023-00450-9), now used in hydrology (Song et al.,

2024, Water Resources Research, https://doi.org/10.1029/2024WR038928), ecosystems, and

water quality. Several frameworks support differentiable programming (Lonzarich et al., 2025;

https://mhpi.github.io/codes/frameworks/).

RESULTS 1: GENERALIZATION
Performance Under Perturbed Parameter Ranges

• SC-FNO maintains stability across perturbations, outperforming FNO and baseline
models.

• Higher robustness demonstrated under extreme noise conditions, reducing sensitiv-
ity errors.

• Sensitivity constraints enable effective generalization, mitigating error amplification
seen in FNO.

• Critical for real-world applications where parameter uncertainty is a challenge.

Performance for PDE1 on perturbed data:

(a) Standardized ∂û
∂p

, (b) u(t).

Model Performance Across Training Data Volumes

• SC-FNO achieves high accuracy with significantly fewer training samples compared
to FNO.

• Gradient-informed learning enhances sample efficiency, reducing dependence on
large datasets.

• Performance gap widens as training data decreases, emphasizing SC-FNO’s advan-
tage in data-limited scenarios.

• Demonstrates potential for application in cases where labeled data is scarce or expen-
sive.

Performance of Models for PDE1 across training sizes:

(a) ∂u
∂ω

, (b) u(t).

RESULTS 3: PERFORMANCE IN INVERSION TASK
• Sensitivity-constrained neural operators achieve high accuracy

in parameter inversion tasks.

• Sensitivity-constrained neural operators can be extended be-
yond SC-FNO.

• Sensitivity Constrains Enable robust parameter recovery for
unseen scenarios.

• SC-FNO significantly reduces inversion errors compared to
baseline models.

Inversion of α in PDE1: (a) Single-parameter, (b) Multi-parameter.

Inversion performance for PDE1 across different neural operators.
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Multi-parameter inversion for PDE1 & PDE2.

MATERIALS & METHODS
Motivation Accurately recovering parameters and
their sensitivities is crucial for solving inverse prob-
lems in scientific computing, yet existing neural
operators struggle with these tasks, leading to poor
generalization and instability.

Base Model: Fourier Neural Operator (FNO)
Objective: Improve inversion, sensitivity, and robust-
ness

Loss Variants:

• FNO: Lu = ∥û− u∥2 (solution error)
• FNO-PINN: Lu + Leq (PDE residual)
• SC-FNO: Lu + Ls (sensitivity loss)
• SC-FNO-PINN: Lu + Ls + Leq

Sensitivity Loss: Ls = 1
M

∑M
j=1

∥∥∥ ∂û
∂p

− ∂u
∂p

∥∥∥2

Model Output: u = F(u0, x, t,p)
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Schematic of SC-FNO architecture

Key Features:

• Fourier-based neural operator architecture
• Sensitivity constraint enforces ∂û

∂p

• Extends to other Neural Operators (WNO,
MWNO, DeepONet)
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