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Section 1:

Diffusion Models: an Introduction




Diffusion Models

Introduction

(a) DALLE 3 (b) Stable Diffusion (c) Al4Science

Figure: Diffusion and flow-based generative models have exerted huge impacts on
scientific research in many fields.
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Problem Setting: Continuous Diffusion Models

> Task: Sample from data distribution pg accurately and efficiently
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Problem Setting: Continuous Diffusion Models

> Task: Sample from data distribution pg accurately and efficiently
> Forward SDE:

dxs = Bs(xs)ds + o,dws, with xy ~ po
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Problem Setting: Continuous Diffusion Models

> Task: Sample from data distribution pg accurately and efficiently
> Forward SDE:

dxs = Bs(xs)ds + o,dws, with xy ~ po
> Backward SDE:
- <1
o0

T
+ - -
+ %Vlo‘gpt(wt) dt + v dw,
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Discrete Diffusion Analysis

Problem Setting: Continuous Diffusion Models

> Task: Sample from data distribution pg accurately and efficiently
> Forward SDE:

dxs = Bs(xs)ds + o,dws, with xy ~ po
> Backward SDE:

5.5, + 0,0,
+ —+t "L Vlogp, (&)

B dt + ﬁtdwt

di, = [—Bt@t)

with py = pr = N'(0,I) and py = po
» Score Function: sY(x;) ~ V log p;(x;) by optimizing

£0) = /OT Uiy, [V g pr(a) — o8 (a)|[]
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Problem Setting: Continuous Diffusion Models
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with py = pr = N'(0,I) and py = po
» Score Function: sY(x;) ~ V log p;(x;) by optimizing

£0) = /OT Uiy, [V g pr(a) — o8 (a)|[]

> Implementations: SDE (v; = o), Probability Flow ODE (PF-ODE, v; = 0)
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Error Analysis: Continuous Diffusion Models
Take Bs(xs) = —0.52¢5 and o5 = I
> Forward SDE: dz, = —1x,ds + dw, with &y ~ pg
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Error Analysis: Continuous Diffusion Models
Take Bs(xs) = —0.52¢5 and o5 = I
> Forward SDE: dz, = —1x,ds + dw, with &y ~ pg

> Backward SDE: &, = [ + 1452 Vlog (%) | dt + vdw, with
Po =pr =~ N(0,I) and pr = po
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Error Analysis: Continuous Diffusion Models

Take Bs(xs) = —0.52¢5 and o5 = I
> Forward SDE: dz, = —ix,ds + dw, with &y ~ py

> Backward SDE: &, = | & + 152 Vlog p, (&) | dt + vdw, with
Po =pr =~ N(0,I) and pr = po

Theorem (Error Analysis of Continuous Diffusion Models)
Suppose to =0 < --- <ty =T — 6 satisfies tx+1 — txy < k(T — tg1) and

2
<e.

T = O(log(de™ 1)), k = O(d"telog™ (de™ 1)), N = O(de ' log?(de 1)),

—

Z (Sk+1 — Sk)E@sk~5sk {HVlOgﬁsk(fésk) - §§k (xs;)
k=0

Then with

we have
Dx1(0s|Gin) Sde™ + e+ drT Se.
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Error Analysis: Continuous Diffusion Models

Theorem (Error Analysis of Continuous Diffusion Models)
With

T = O(log(de™ 1)), kK = O(d"telog™ (de™ 1)), N = O(de ' log?(de 1)),

we have
Dxr(ps)|Gin) Sde™ T + e+ drT S e

~
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Error Analysis: Continuous Diffusion Models

Theorem (Error Analysis of Continuous Diffusion Models)
With

T = O(log(de™ 1)), kK = O(d"telog™ (de™ 1)), N = O(de ' log?(de 1)),

we have
DiL(psl|@in) Sde™" + e+ diT Se.

> Truncation Error: Error caused by approximating pr by po, of the order
O(dexp(=T));
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Error Analysis: Continuous Diffusion Models

Theorem (Error Analysis of Continuous Diffusion Models)
With

T = O(log(de™ 1)), kK = O(d"telog™ (de™ 1)), N = O(de ' log?(de 1)),

we have
DiL(psl|@in) Sde™" + e+ diT Se.

> Truncation Error: Error caused by approximating pr by po, of the order
O(dexp(-T));

> Approximation Error: Error caused by approximating V log p;(x;) by NN
§§’(mf,). assumed to be of O(e):
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Error Analysis: Continuous Diffusion Models

Theorem (Error Analysis of Continuous Diffusion Models)
With

T = O(log(de™ 1)), kK = O(d"telog™ (de™ 1)), N = O(de ' log?(de 1)),

we have
DiL(psl|@in) Sde™" + e+ diT Se.

> Truncation Error: Error caused by approximating pr by po, of the order
O(dexp(-T));

> Approximation Error: Error caused by approximating V log p:(x:) by NN
89 (x;), assumed to be of O(e);

> Discretization Error: Error caused by numerically solving the backward
SDE
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Problem Setting: Discrete Diffusion Models

> Task: Sample from discrete data distribution po € Al
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Problem Setting: Discrete Diffusion Models

> Task: Sample from discrete data distribution po € Al
> Forward Continuous Time Markov Chain (CTMC):

% = Qp:, with Q¢(z, x) ZQt (y,z) and Q¢(z,y) > 0 (z #y)

dt i
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Discrete Diffusion Analysis

Problem Setting: Discrete Diffusion Models

> Task: Sample from discrete data distribution po € Al

> Forward Continuous Time Markov Chain (CTMC):
d
% = Qp:, With Q¢(z, ) ZQt (y,x) and Q¢(x,y) >0 (x # y)
y#£T

> Backward CTMC:

hoy . o ?s(y) A v 6 X
P _Qpwith Q) = PP T
ds _Zy/7éa; Qs(y7x)7 Vx—yeX

with pg = pr = Unif(A) and pr = po

8/20
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Problem Setting: Discrete Diffusion Models

> Task: Sample from discrete data distribution po € Al

> Forward Continuous Time Markov Chain (CTMC):
d
% = Qp:, With Q¢(z, ) ZQt (y,x) and Q¢(x,y) >0 (x # y)
y#£T

> Backward CTMC:

hoy . o ?s(y) A v 6 X
P _Qpvith Q) = PO RS
ds - Zy';éa; Qe(y ,1’), Vo = AS X

with pg = pr = Unif(A) and pr = po
> Score Function: s;(z) = (s¢(z,y))yex = ey by optimizing

[ B [ (ron e - 1+s;gw;gg)st<x,y>czt<x,y>}dt
y#

x
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Problem Setting: Discrete Diffusion Models

> Task: Sample from discrete data distribution po € Al

> Forward Continuous Time Markov Chain (CTMC):
d
% = Qp:, With Q¢(z, ) ZQt (y,x) and Q¢(x,y) >0 (x # y)
y#£T

> Backward CTMC:

hoy . o ?s(y) A v 6 X
P _Qpvith Q) = PO RS
ds - Zy';éa; Qe(y ,1’), Vo = AS X

with pg = pr = Unif(A) and pr = po
> Score Function: s;(z) = (s¢(z,y))yex = ey by optimizing

[ B [ (~ron et -1 Stgw ) ()it
e

x

> Implementations: 7-leaping scheme ([Gil01, CBDB*22]), uniformization

(IvD92, CY24]) 8/20



Section 2:
A Stochastic Integral Frame-

work for Discrete DMs
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Mathematical Preliminaries

Poisson Random Measure with Evolving Intensity

(Q, F,P): probability space

(X, B,v): measure space

At(y): a non-negative predictable process on Rt x X x € satisfying

T
| [ vl v isPamiana < s, as.
0 X

for any T' > 0, The random measure N[A](dt,dy) on RT x X is called a Poisson
random measure with evolving intensity A (y) if
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Discrete Diffusion Analysis

Mathematical Preliminaries

Poisson Random Measure with Evolving Intensity

(Q, F,P): probability space

(X, B,v): measure space

At(y): a non-negative predictable process on Rt x X x € satisfying

T
| [ vl v isPamiana < s, as.
0 X

for any T' > 0, The random measure N[A](dt,dy) on RT x X is called a Poisson
random measure with evolving intensity A (y) if
Forany B e Band 0 < s < ¢, N[\((s, 1] x (f [ A (y)v(dy dT)

Interpretation: the number of jumps of magmtude y during the
infinitesimal time interval (¢,¢ + dt] is Poisson distributed with mean
At (v)y(dv)dt.

10/20
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Discrete Diffusion Analysis

Mathematical Preliminaries

Poisson Random Measure with Evolving Intensity

(Q, F,P): probability space

(X, B,v): measure space

At(y): a non-negative predictable process on Rt x X x € satisfying

T
| [ vl v isPamiana < s, as.
0 X

for any T' > 0, The random measure N[A](dt,dy) on RT x X is called a Poisson
random measure with evolving intensity A (y) if

Forany B e Band 0 < s < ¢, N[\((s, 1] x (f [ A (y)v(dy dT)
Interpretation: the number of jumps of magmtude y during the
infinitesimal time interval (¢,¢ + dt] is Poisson distributed with mean
At (v)y(dv)dt.
For any t > 0 and disjoint sets {B;};c[n) C B,
{N:[A(B:) == N[A((0,] x B;)};ep are independent stochastic
processes.
10/20



Stochastic Integral Formulation: True Processes

Forward Process:

so=wot [ [ = )N dn). it A (9) = @),

True Backward Process (5, denotes the true score):
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i = %o / / — F, N(dr, dy), With s () = 5+ (5, 9) @, (Fr- ),
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Stochastic Integral Formulation: 7-Leaping Scheme

Notation: time discretizations (s;)iefo.ny With so =0and sy =T =9, [ 7] = s,
forany 7 € [sn, Sp+1)
T-leaping inference scheme:

Tonis 4 Usw + D4 = To)P(EL (1) (5041 — 50)

yeX
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with the evolving intensity 77, | (4) = 5, G- )@ s @irs-¥) = B2, (4)
Approximate Backward Process (equivalent to 7-leaping)

—yo+//y Glr)- )N, ) (dr, dy)
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Discrete Diffusion Analysis

Stochastic Integral Formulation: Uniformization
Scheme

Notation: time discretization (sp)pejo,n] With so =0and sy =T — ¢
Uniformization inference scheme:

M ~P(As,y (841 — 1)), O ~ Unif([0, 1]) for m € [M]

Y, W.D. ﬁgb+a(m) (y)/XSbH’ fory e X,

ly\s +o(m — ~ 4 By
’ o {y8b7 Wp 1- Zyex MngrO'(m,) (y)/)\sb+l;

with the evolving intensity 2 (y) = 5% (G-, ) Q4 (35 )
Approximate Backward Process (equivalent to uniformization)

Ys = Yo + / /X/R(y —Ys-)lo<e<y, 79 gy N [2°](ds, dy, d€)
0

13/20



Assumptions for Discrete DMs

> Regularity of rate matrix Q: (i) Q(z,y) < Cand D < —Q(z,x) < D,
Va,y € X, where C, D, D > 0; (i) p(Q) > p > 0 for the modified
log-Sobolev constant p(Q) of the rate matrix Q.
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Assumptions for Discrete DMs

> Regularity of rate matrix Q: (i) Q(z,y) < C'and D < —Q(x,z) < D,
Vz,y € X, where C, D, D > 0; (i) p(Q) > p > 0 for the modified
log-Sobolev constant p(Q) of the rate matrix Q.

> Boundedness of true score s; and learned score 3;: s;(x,y) <1Vt~ 1 and
89(x,y) € (0, M], Va,y € X.
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Assumptions for Discrete DMs

> Regularity of rate matrix Q: (i) Q(z,y) < C'and D < —Q(x,z) < D,
Vz,y € X, where C, D, D > 0; (i) p(Q) > p > 0 for the modified
log-Sobolev constant p(Q) of the rate matrix Q.

> Boundedness of true score s; and learned score 3;: s;(x,y) <1Vt~ 1 and
89(x,y) € (0, M], Va,y € X.

> Continuity of true score For any ¢ > 0 and y € X such that Q(z;-,y) > 0,

Pt @) | . | pe(z,—)Q(me,y)
ue(y) | 7 | pe(z)Q(z,—,y)

we have
v € [0,1].

—1| £ 1Vvt77 for some exponent
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Discrete Diffusion Analysis

Assumptions for Discrete DMs

> Regularity of rate matrix Q: (i) Q(z,y) < C'and D < —Q(x,z) < D,
Vz,y € X, where C, D, D > 0; (i) p(Q) > p > 0 for the modified
log-Sobolev constant p(Q) of the rate matrix Q.

> Boundedness of true score s; and learned score 3;: s;(x,y) <1Vt~ 1 and
89(x,y) € (0, M], Va,y € X.

> Continuity of true score For any ¢ > 0 and y € X such that Q(z;-,y) > 0,

Bt (y) | . | pe(z,—)Q(ze,y
pe(y) |7 | pe(z) Q- vy

we have
v € [0,1].
> ¢d-accurate score estimation:

; — 1‘ < 1Vt~ for some exponent

= . ~
Z(SnJrl - sn)]E |:/XK (g:}‘@%ﬂ)) §sn (Esgay)Q(fESZvy)y(dy) S 5

n=0

14/20



Assumptions for Continuous DMs (for Comparison)

> Regularity of data distribution: py has finite second moment and is
normalized, i.e., covp, (xo) = Iy
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Assumptions for Continuous DMs (for Comparison)

> Regularity of data distribution: py has finite second moment and is
normalized, i.e., covp, (xo) = Iy

> Bounded learned score: The learned score 8¢ has bounded C'* norm with
Lipschitz const L.
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Assumptions for Continuous DMs (for Comparison)

> Regularity of data distribution: py has finite second moment and is
normalized, i.e., covp, (xo) = Iy

> Bounded learned score: The learned score 8¢ has bounded C'* norm with
Lipschitz const L.

> ¢§-accurate score estimation:
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Assumptions for Continuous DMs (for Comparison)

> Regularity of data distribution: py has finite second moment and is
normalized, i.e., covp, (xo) = Iy

> Bounded learned score: The learned score 8¢ has bounded C'* norm with
Lipschitz const L.

> ¢-accurate score estimation:
SDE The learned score s¢ is L([0, tn]) -accurate:

N-1

> (b~ )5, |

3=0

sfj (&) =V logpy, (&)

2
}gég.
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Assumptions for Continuous DMs (for Comparison)

> Regularity of data distribution: py has finite second moment and is
normalized, i.e., covp, (xo) = Iy

> Bounded learned score: The learned score 8¢ has bounded C'* norm with
Lipschitz const L.

> §-accurate score estimation:
SDE The learned score s¢ is L([0, tn]) -accurate:
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N-1 2
S (1 U 0, (5,) — Viogh, (&) } <2
=0
PF-ODE The learned score sf is L°°([0,T — 4]) d-accurate:
0 (< o < 2 2
]E:ﬁtj { St (&) — Vlogp,, (&) } <.

Discrete Diffusion Analysis
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Assumptions for Continuous DMs (for Comparison)

> Regularity of data distribution: py has finite second moment and is
normalized, i.e., covp, (xo) = Iy

> Bounded learned score: The learned score 8¢ has bounded C'* norm with
Lipschitz const L.

> §-accurate score estimation:
SDE The learned score s¢ is L([0, tn]) -accurate:
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N-1 2
S (1 U 0, (5,) — Viogh, (&) } <2
=0
PF-ODE The learned score sf is L°°([0,T — 4]) d-accurate:
0 (< o < 2 2
]E:ﬁtj { St (&) — Vlogp,, (&) } <.

> Continuity of true score (PF-ODE): The true score V log p; has bounded
C* norm with Lipschitz const L.
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Section 3:
Main Results: Theoretical Guar-

antees of Inference Algorithms




Convergence Guarantee for 7-leaping

Theorem (Theoretical Guarantees for 7-Leaping)

Take time discretization scheme (s;)ie[o,n) Satisfying so = 0, sy =T — & and
Sk+1 — Sk < K (1V (T — sp41)7777) for k € [0 : N — 1]. Under aforementioned
assumptions and the following choices of parameters

_ log(571 10g|X|) _ €p _J0, v <1,
r=0 (HGE), k=0 () 6= {fem, 151

we have the following error bound with probability 1 — O(e)

ap
E
=
i
&
o
<
%)
3
o
x
©
c
[}
=
O
T
c
(7}
x
>

P —2
Dxu1(psllgr—s) S exp(—pT) log X[ + e+ D kT Se,
and the total number of neural network evaluations is

52,02 logQ(e_1 log |X|) )

€

N:/{_lT:O(
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Convergence Guarantee for Uniformization

Theorem (Theoretical Guarantees for Uniformization)

Take block discretization scheme (sp)ye(o,n] Satisfying so = 0, sy =T — d and
Skt1 — Sk < K (L V (T — sg41)) for k € [0 : N — 1]. Under aforementioned
assumptions and the following choices of parameters

T=0 (—log(e_ plogxl)> 6 =0(e”T)
we have the following error bound
Dy (psllar-s) S exp(—pT) log X[ + € S e,

and the total number N of neural network evaluations satisfies

E[N] = O (M)

p

18/20
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Discrete Diffusion Analysis

Major technique: Change of Measure for Poisson
Random Measure

Theorem (Generalized Girsanov’s Theorem for Poisson Random Measure)

Let N[\|(dt, dy) be a Poisson random measure with evolving intensity A:(y) in the
probability space (€2, F,P), and

log d]P" //loght A(dt x dy) — //ht ) — D)A(y)v(dy).

Then N[\|(dt, dy) under Q is a Poisson random measure with evolving intensity
A(y)he(y).

19/20
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