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1 Diffusion Models: an Introduction

2 A Stochastic Integral Framework for Discrete DMs

3 Main Results: Theoretical Guarantees of Inference Algorithms
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Section 1:
Diffusion Models: an Introduction
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Diffusion Models
Introduction

(a) DALL∙E 3 (b) Stable Diffusion (c) AI4Science

Figure: Diffusion and flow‐based generative models have exerted huge impacts on
scientific research in many fields.
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Problem Setting: Continuous Diffusion Models

Task: Sample from data distribution p0 accurately and efficiently

Forward SDE:

dxs = βs(xs)ds+ σsdws, with x0 ∼ p0

Backward SDE:

d ⃗xt =

[
− ⃗βt( ⃗xt) +

⃗σt ⃗σ⊤
t + ⃗υt ⃗υ⊤

t

2
∇ log ⃗pt( ⃗xt)

]
dt+ ⃗υtdwt

with ⃗p0 = pT ≈ N (0, I) and ⃗pT = p0

Score Function: sθt (xt) ≈ ∇ log pt(xt) by optimizing

L(θ) =
∫ T

0

ψtExt∼pt

[∥∥∇ log pt(xt)− sθt (xt)
∥∥2] dt

Implementations: SDE (υt = σt), Probability Flow ODE (PF‐ODE, υt ≡ 0)
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Error Analysis: Continuous Diffusion Models
Take βs(xs) = −0.5xs and σs = I :

Forward SDE: dxs = − 1
2xsds+ dws with x0 ∼ p0

Backward SDE: d ⃗xt =
[
1
2
⃗xt +

1+υ2

2 ∇ log ⃗pt( ⃗xt)
]

dt+ υdwt, with
⃗p0 = pT ≈ N (0, I) and ⃗pT = p0

Theorem (Error Analysis of Continuous Diffusion Models)

Suppose t0 = 0 ≤ · · · ≤ tN = T − δ satisfies tk+1 − tk ≤ κ(T − tk+1) and
N−1∑
k=0

(sk+1 − sk)E ⃗xsk
∼ ⃗psk

[∥∥∥∇ log ⃗psk( ⃗xsk)− ⃗ŝθsk(xsk)
∥∥∥2] ≤ ϵ.

Then with

T = O(log(dϵ−1)), κ = O(d−1ϵ log−1(dϵ−1)), N = O(dϵ−1 log2(dϵ−1)),

we have
DKL(pδ∥q̂tN ) ≲ de−T + ϵ+ dκT ≲ ϵ.
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Error Analysis: Continuous Diffusion Models

Theorem (Error Analysis of Continuous Diffusion Models)

With

T = O(log(dϵ−1)), κ = O(d−1ϵ log−1(dϵ−1)), N = O(dϵ−1 log2(dϵ−1)),

we have
DKL(pδ∥q̂tN ) ≲ de−T + ϵ+ dκT ≲ ϵ.

Truncation Error: Error caused by approximating pT by p∞, of the order
O(d exp(−T ));
Approximation Error: Error caused by approximating ∇ log pt(xt) by NN
ŝθt (xt), assumed to be of O(ϵ);
Discretization Error: Error caused by numerically solving the backward
SDE
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Problem Setting: Discrete Diffusion Models
Task: Sample from discrete data distribution p0 ∈ ∆|X |

Forward Continuous Time Markov Chain (CTMC):

dpt

dt = Qtpt,with Qt(x, x) = −
∑
y ̸=x

Qt(y, x) and Qt(x, y) ≥ 0 (x ̸= y)

Backward CTMC:

d ⃗ps

ds = Qs ⃗ps,with Qs(y, x) =

{
⃗ps(y)
⃗ps(x)

⃗Qs(x, y), ∀x ̸= y ∈ X,
−
∑

y′ ̸=xQs(y
′, x), ∀x = y ∈ X.

with p0 = pT ≈ Unif(∆) and ⃗pT = p0
Score Function: st(x) = (st(x, y))y∈X = pt

pt(x)
by optimizing∫ T

0

ψtExt∼pt

[∑
y ̸=x

(
− log ŝθt (x,y)

st(x,y)
− 1 +

ŝθt (x,y)
st(x,y)

)
st(x, y)Qt(x, y)

]
dt

Implementations: τ ‐leaping scheme ([Gil01, CBDB+22]), uniformization
([VD92, CY24])
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Section 2:
A Stochastic Integral Frame‐

work for Discrete DMs
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Mathematical Preliminaries
Poisson Random Measure with Evolving Intensity
(Ω,F ,P): probability space
(X,B, ν): measure space
λt(y): a non‐negative predictable process on R+ × X× Ω satisfying∫ T

0

∫
X
1 ∨ |y| ∨ |y|2λt(y)ν(dy)dt <∞, a.s..

for any T > 0, The random measure N [λ](dt, dy) on R+ × X is called a Poisson
random measure with evolving intensity λt(y) if

1 For any B ∈ B and 0 ≤ s < t, N [λ]((s, t]×B) ∼ P
(∫ t

s

∫
B
λτ (y)ν(dy)dτ

)
;

Interpretation: the number of jumps of magnitude y during the
infinitesimal time interval (t, t+ dt] is Poisson distributed with mean
λt(ν)γ(dν)dt.

2 For any t ≥ 0 and disjoint sets {Bi}i∈[n] ⊂ B,
{Nt[λ](Bi) := N [λ]((0, t]×Bi)}i∈[n] are independent stochastic
processes.



D
isc

re
te

D
iff
us
io
n
An

al
ys
is

—
Y.
Re

n,
H
.C

he
n,

G
.R

ot
sk
off

,L
.Y

in
g

10/20

Mathematical Preliminaries
Poisson Random Measure with Evolving Intensity
(Ω,F ,P): probability space
(X,B, ν): measure space
λt(y): a non‐negative predictable process on R+ × X× Ω satisfying∫ T

0

∫
X
1 ∨ |y| ∨ |y|2λt(y)ν(dy)dt <∞, a.s..

for any T > 0, The random measure N [λ](dt, dy) on R+ × X is called a Poisson
random measure with evolving intensity λt(y) if

1 For any B ∈ B and 0 ≤ s < t, N [λ]((s, t]×B) ∼ P
(∫ t

s

∫
B
λτ (y)ν(dy)dτ

)
;

Interpretation: the number of jumps of magnitude y during the
infinitesimal time interval (t, t+ dt] is Poisson distributed with mean
λt(ν)γ(dν)dt.

2 For any t ≥ 0 and disjoint sets {Bi}i∈[n] ⊂ B,
{Nt[λ](Bi) := N [λ]((0, t]×Bi)}i∈[n] are independent stochastic
processes.



D
isc

re
te

D
iff
us
io
n
An

al
ys
is

—
Y.
Re

n,
H
.C

he
n,

G
.R

ot
sk
off

,L
.Y

in
g

10/20

Mathematical Preliminaries
Poisson Random Measure with Evolving Intensity
(Ω,F ,P): probability space
(X,B, ν): measure space
λt(y): a non‐negative predictable process on R+ × X× Ω satisfying∫ T

0

∫
X
1 ∨ |y| ∨ |y|2λt(y)ν(dy)dt <∞, a.s..

for any T > 0, The random measure N [λ](dt, dy) on R+ × X is called a Poisson
random measure with evolving intensity λt(y) if

1 For any B ∈ B and 0 ≤ s < t, N [λ]((s, t]×B) ∼ P
(∫ t

s

∫
B
λτ (y)ν(dy)dτ

)
;

Interpretation: the number of jumps of magnitude y during the
infinitesimal time interval (t, t+ dt] is Poisson distributed with mean
λt(ν)γ(dν)dt.

2 For any t ≥ 0 and disjoint sets {Bi}i∈[n] ⊂ B,
{Nt[λ](Bi) := N [λ]((0, t]×Bi)}i∈[n] are independent stochastic
processes.
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Stochastic Integral Formulation: True Processes

Forward Process:

xt = x0 +

∫ t

0

∫
X
(y − xτ−)N [λ](dτ, dy), with λτ (y) = Q̃τ (y, xτ−),

True Backward Process ( ⃗st denotes the true score):

⃗xt = ⃗x0 +

∫ t

0

∫
X
(y − ⃗xτ−)N [µ](dτ, dy), with µτ (y) = ⃗sτ ( ⃗xτ− , y)Qτ ( ⃗xτ− , y),
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Stochastic Integral Formulation: τ ‐Leaping Scheme

Notation: time discretizations (si)i∈[0:N ] with s0 = 0 and sN = T − δ, ⌊τ⌋ = sn
for any τ ∈ [sn, sn+1)
τ ‐leaping inference scheme:

ŷsn+1 ← ŷsn +
∑
y∈X

(y − ŷsn)P(µ̂θ
sn(y)(sn+1 − sn))

with the evolving intensity µ̂θ
⌊τ⌋(y) =

⃗ŝθ⌊τ⌋(ŷ⌊τ⌋− , y)Q⌊τ⌋(ŷ⌊τ⌋− , y) = µ̂θ
sn(y)

Approximate Backward Process (equivalent to τ ‐leaping)

ŷs = ŷ0 +

∫ s

0

∫
X
(y − ŷ⌊τ⌋−)N [µ̂θ

⌊·⌋](dτ, dy)
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Stochastic Integral Formulation: Uniformization
Scheme

Notation: time discretization (sb)b∈[0,N ] with s0 = 0 and sN = T − δ
Uniformization inference scheme:
M ∼ P(λsb+1

(sb+1 − sb)), σm ∼ Unif([0, 1]) for m ∈ [M ]

ŷsb+σ(m)
←

{
y, w.p. µ̂θ

sb+σ(m)
(y)/λsb+1

, for y ∈ X,
ŷsb , w.p. 1−

∑
y∈X µ̂

θ
sb+σ(m)

(y)/λsb+1
;

with the evolving intensity µ̂θ
s(y) =

⃗ŝθs(ŷs− , y)Qs(ŷs− , y)
Approximate Backward Process (equivalent to uniformization)

ys = y0 +

∫ s

0

∫
X

∫
R
(y − ys−)10≤ξ≤

∫
X µ̂θ

s(y)ν(dy)N [µ̂θ](ds, dy, dξ)
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Assumptions for Discrete DMs

Regularity of rate matrixQ: (i) Q(x, y) ≤ C and D ≤ −Q(x, x) ≤ D,
∀x, y ∈ X, where C,D,D > 0; (ii) ρ(Q) ≥ ρ > 0 for the modified
log‐Sobolev constant ρ(Q) of the rate matrix Q.

Boundedness of true score st and learned score ŝt: st(x, y) ≲ 1 ∨ t−1 and
ŝθs(x, y) ∈ (0,M ], ∀x, y ∈ X.
Continuity of true score For any t > 0 and y ∈ X such that Q(xt− , y) > 0,
we have

∣∣∣µt+ (y)

µt(y)

∣∣∣ := ∣∣∣pt(xt− )Q(xt,y)

pt(xt)Q(xt− ,y) − 1
∣∣∣ ≲ 1 ∨ t−γ for some exponent

γ ∈ [0, 1].
δ‐accurate score estimation:

N−1∑
n=0

(sn+1 − sn)E
[∫

X
K

(
⃗ŝθsn ( ⃗x

s
−
n
,y)

⃗ssn ( ⃗x
s
−
n
,y)

)
⃗ssn( ⃗xs−n , y)Q̃( ⃗xs−n , y)ν(dy)

]
≤ δ.
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Assumptions for Continuous DMs (for Comparison)
Regularity of data distribution: p0 has finite second moment and is
normalized, i.e., covp0

(x0) = Id

Bounded learned score: The learned score sθt has bounded C1 norm with
Lipschitz const Ls.
δ‐accurate score estimation:

SDE The learned score sθ
t is L2([0, tN ]) δ‐accurate:

N−1∑
j=0

(tj+1 − tj)E ⃗ptj

[∥∥∥sθ
tj

(
⃗xtj

)
−∇ log ⃗ptj

(
⃗xtj

)∥∥∥2
]
≤ δ22 .

PF‐ODE The learned score sθ
t is L∞([0, T − δ]) δ‐accurate:

E ⃗ptj

[∥∥∥sθ
tj

(
⃗xtj

)
−∇ log ⃗ptj

(
⃗xtj

)∥∥∥2
]
≤ δ2∞.

Continuity of true score (PF‐ODE): The true score ∇ log pt has bounded
C1 norm with Lipschitz const Lp.
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Section 3:
Main Results: Theoretical Guar‐
antees of Inference Algorithms
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Convergence Guarantee for τ ‐leaping

Theorem (Theoretical Guarantees for τ ‐Leaping)

Take time discretization scheme (si)i∈[0,N ] satisfying s0 = 0, sN = T − δ and
sk+1 − sk ≤ κ

(
1 ∨ (T − sk+1)

1+γ−η
)
for k ∈ [0 : N − 1]. Under aforementioned

assumptions and the following choices of parameters

T = O
(

log(ϵ−1 log |X|)
ρ

)
, κ = O

(
ϵρ

D
2 log(ϵ−1 log |X|)

)
, δ =

{
0, γ < 1,

Ω(e−
√

T ), γ = 1,

we have the following error bound with probability 1−O(ϵ)

DKL(pδ∥q̂T−δ) ≲ exp(−ρT ) log |X|+ ϵ+D
2
κT ≲ ϵ,

and the total number of neural network evaluations is

N = κ−1T = O
(

D
2
ρ2 log2(ϵ−1 log |X|)

ϵ

)
.
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Convergence Guarantee for Uniformization

Theorem (Theoretical Guarantees for Uniformization)
Take block discretization scheme (sb)b∈[0,N ] satisfying s0 = 0, sN = T − δ and
sk+1 − sk ≤ κ (1 ∨ (T − sk+1)) for k ∈ [0 : N − 1]. Under aforementioned
assumptions and the following choices of parameters

T = O
(

log(ϵ−1 log |X|)
ρ

)
, δ = Ω(e−T )

we have the following error bound

DKL(pδ∥qT−δ) ≲ exp(−ρT ) log |X|+ ϵ ≲ ϵ,

and the total number N of neural network evaluations satisfies

E[N ] = O
(

D log(ϵ−1 log |X|)
ρ

)
.
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Major technique: Change of Measure for Poisson
Random Measure

Theorem (Generalized Girsanov’s Theorem for Poisson Random Measure)
Let N [λ](dt, dy) be a Poisson random measure with evolving intensity λt(y) in the
probability space (Ω,F ,P), and

log dQ
dP

∣∣∣∣
Ft

=

∫ t

0

∫
X

loght(y)N [λ](dt× dy)−
∫ t

0

∫
X
(ht(y)− 1)λt(y)ν(dy).

Then N [λ](dt, dy) under Q is a Poisson random measure with evolving intensity
λt(y)ht(y).



Thank you for your attention!
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