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Motivation

• Inverse problems involving PDEs can be seen as discovering a mapping from 

measurement data to unknown quantities

• Such problems are often framed within operator learning models 𝑒. 𝑔. ,Neural Inverse 

Operators1

• However, existing methods typically rely on large amounts of labeled training data, 

which is impractical for most real-world applications

• Moreover, these supervised models may fail to capture the underlying physical 

principles accurately

21 R. Molinaro et al., Neural Inverse Operators for Solving PDE Inverse Problems. ICML 2023



Goal

• We propose Physics-Informed Deep Inverse Operator Networks (PI-DIONs)

• Learn the solution operator for PDE-based inverse problems without labeled training 

data

• Ensure the trained solution operator adheres to underlying physical principles

• Establish stability estimates for the proposed operator learning framework 
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Inverse problems

• Consider a generic PDE

𝒩 𝑢, 𝑠 = 0, 𝑥 ∈ 𝛺

ℬ 𝑢 = 0, 𝑥 ∈ 𝜕𝛺

• In the supervised training paradigm, one directly parametrizes the inverse operator:

ℱ𝜃: 𝑢 ቚ
𝜕𝛺𝑚

→ 𝑠

it is hard to impose PDE loss as we do not parameterize 𝑢, 𝑠 as functions of 𝑥, 𝑡

• We decided to employ DeepONet architecture to model 𝑢 and 𝑠 as functions of (𝑥, 𝑡)
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PI-DIONs

• Physics-Informed Deep Inverse Operator Networks
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Experiments

• Inverse source problem using boundary measurement for the reaction-diffusion 

equation

൞

𝑢𝑡 + ℒ𝑢 = 𝑓 𝑥 𝑥, 𝑡 ∈ Ω × 0, 𝑇

𝑢 𝑥, 𝑡 = 𝑏 𝑥, 𝑡 , 𝑥, 𝑡 ∈ 𝜕Ω × 0, 𝑇
𝑢 𝑥, 0 = 𝑢0 𝑥 , 𝑥 ∈ Ω

• In many engineering configurations, the internal source 𝑓(𝑥) is very hard to measure

• The inverse source problem amounts to approximate 𝑓 𝑥 using 𝑢 𝑥, 0 , 𝑢 𝑥, 𝑇 , 𝑏 𝑥, 𝑡 ,

and the reaction diffusion equation
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Experiments

• We trained the PI-DIONs using 1,000 training samples of 𝑢ȁ𝜕Ω𝑇
to predict 𝑓(𝑥) and 

tested on unseen 1,000 samples

• PI-DIONs learns both ℐ ∶ 𝑢ȁ𝜕Ω𝑇
→ 𝑢 and 𝒥: 𝑢ȁ𝜕Ω𝑇

→ 𝑓

• The trained model can predict the solution and the source function in arbitrary 

resolution
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Experiments

• Relative test errors
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Theoretical results

• We showed that the stability estimate for the PINNs can be extended to PI-DIONs 

where 𝑢𝜂,𝜃 and 𝑠𝜁,𝜃 denote the output of PI-DIONs
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Conclusion

• We proposed a novel architecture, called PI-DIONs, for learning the solution operator 

of the PDE inverse problems

• Numerical studies demonstrate that the proposed method achieved test errors 

comparable to those of traditional supervised baselines, thereby indicating that 

unsupervised training can be as effective as its supervised counterpart in certain 

contexts

• Theoretical results show that PI-DIONs can accurately predict both the solution 𝑢 and 

the unknown quantity 𝑠 based on partial measurement data 𝑢ȁΩ𝑚
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