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Deep Learning

f0(x)= x , fh(x)=σh(Whfh−1(x)+bh) ∀h = 1..H

Huge success in practice (e.g., Image Recognition, Natural Language
Processing...)

Not fully understood theoretically
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The landscape problem

Does a global minimizer exist?
Do (stochastic) gradient-based algorithms converge?
If so, what are the properties of the limit points?
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Critical points

For a smooth function L, we distinguish different types of critical points W (i.e.
∇L(W)= 0):

Local (Global) minimizers/maximizers
Saddle points: Neither a minimizer nor a maximizer:

Strict saddle points: σmin(∇2L(W))< 0
Non-strict saddle points: σmin(∇2L(W))= 0

(a) 3 types of critical points (b) Strict saddle point (c) Non-strict saddle point
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Gradient methods and saddle points

Non-convex optimization
Under smoothness conditions,

GD converges almost surely to a second-order critical point, therefore
escaping strict saddle points. (Jin et al., 2017)

Perturbed GD outputs with high probability an ε-second-order critical
point in a polynomial time, therefore escaping strict saddle points (Lee
et al., 2019).

Empirically for deep linear networks:

(a) Initialization close to a strict vs a
non-strict saddle (b) Histogram of escape epochs
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Loss landscape of linear networks

Multi-output regression problem, square loss

Linear fully-connected neural network W= (WH , . . . ,W1)

X ∈Rdx×n and Y ∈Rdy×n the training data.

L(W)=∑n
i=1 ∥WHWH−1 · · ·W2W1xi −yi∥2

2 = ∥WH · · ·W1X −Y∥2
F

Under weak assumptions on the data, we have (Baldi and Hornik 1989,
Kawaguchi 2016):

Previous work
Every critical point of L is a global minimizer or a saddle point.

For shallow networks (H = 2), all the saddle points of L are strict.

For deep networks (H ≥ 3), W= 0 is a non-strict saddle point of L.
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Loss landscape of linear networks

Figure: loss landscape of linear network (Baldi and Hornik’89)
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Main theorem: Classification of critical points
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Loss landscape of linear networks

Conclusion
Complete classification of critical points: global minimizers; strict
saddle points; non-strict saddle points.

Non-strict saddle points are associated with rank-constrained minimizers
of the problem.

Perspectives
Characterize the non-strict saddles manifold and its attraction basin.

How much time does it take to escape their vicinity?

Characterize higher-order saddle points.

Extend to nonlinear (or structured) networks.

Design better algorithms.
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