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Key: Matching samples from
high-dimensional distribution




How to learn continuous and stochastic dynamics from
multiple snapshot data?
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Theoretical Principles: Dynamic Optimal Transport

a) Dynamic Optimal Transport (continuous)
Dynamical OT (Benamou & Brenier, 2000)
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Continuous Normalizing Flow
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b) Unbalanced Dynamic Optimal Transport

(continuous, unbalanced)

Con

tinuous cellular dynamics

TIGON

Wasserstein-Fisher-Rao (Benamou (2003)
Lenaic Chizat et al. (2018))
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Theoretical Principles: Dynamic Optimal Transport

c) Schrodinger Bridge Problem (continuous, stochastic)

“Imagine that you observe a system of diffusing particles
which is in thermal equilibrium. Suppose that at a given time
t0 you see that their repartition is almost uniform and that at
t1 > t0 you find a spontaneous and significant deviation from
this uniformity. You are asked to explain how this deviation
occurred. What is its most likely  behavior?”
---- Erwin Schrodinger 1932
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How to generalize the dynamic Schrodinger Bridge problem
to the unbalanced case? @
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Formulation: Regularized Unbalanced Optimal Transport
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>If g(x,t) = 0,¥(g) = +ounless g = 0 and ¥(0) = 0 it degenerates to the
regularized optimal transport.

>If a(t) » 0and Y(g(x,t)) = |g(x,t)|* this degenerates to the unbalanced
dynamic optimal transport with Wasserstein-Fisher-Rao (WFR) metric.

>If g(x,t) = 0and o(t) — 0, this degenerates to dynamic optimal transport
problem.
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1
0p = =V - (pb) + 5 Vi: (a%(OIp) + gp. p(to) = po, P(t1) = s
velocity diffusion  growth (Baradat & Lavenant, 2021)

>If g(x,t) = 0,¥(g) = +ounless g = 0 and ¥(0) = 0 it degenerates to the
regularized optimal transport.

>If a(t) » 0and Y(g(x,t)) = |g(x,t)|* this degenerates to the unbalanced
dynamic optimal transport with Wasserstein-Fisher-Rao (WFR) metric.

>If g(x,t) = 0and o(t) — 0, this degenerates to dynamic optimal transport
problem.
Remain Question:

> How to learn RUOT from samples? - Neural ODE (Fisher
(Neural SDE?) information regularization)



Efficient solver: Fisher Information Regularization
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_ 1 1 , | % () | o%(t) 1 do?(t)
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velocity  velocity
Parameterize v(x, t), g(x, t), and %azlog p(x,t) using neural networks respectively.
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Efficient solver: Designing the Loss Function
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Transport energy Mass Matching PINN for score matching
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Efficient solver: DeepRUOT

Algorithm 1 Training Regularized Unbalanced Optimal Transport

Require: Datasets Ay, ..., A7_1, batch size N, maximum ode iteration n.4., maximum log density

iteration njog-density, initialized ODE wvg, growth gy and log density sq

Ensure: Trained neural ODE vy, growth function gy and log density function sg.
1: Pre-Training Stage:

2: for i = 1 to nyq. do > Distribution Reconstruction training

3 fort =0to7T —2do

4. At+1 — d)g (At,t + 1), ’I.U(At+1) — ng (’lU(At),t + ].)

5 ERecons — LRecons + Ath + AdWZ (ﬁ,t, ’ll)(t)) (1 1), l.lpdate 'Ue and ge W.I'.t. ERecons
with hyperparameter scheduling (Appendix C.2).

6: fort =0to7T — 2do

oioe =

A\t+1 — ¢ (A\t,t + 1) > Generating samples from learned vg.
: for i = 1 to nyog-density O > CFM Score matching (Tong et al., 2024b)
(o, 1) ~ q(xo, x1); t ~U(0,1); x ~ p(x,t | (xo, 1)) at generated datasets
Aoy s A1, Lscore || As(t) Vsg(x,t) + el||§ (13), update sy w.r.t. the 1oss Lscore

10: Training Stage:

11

12:
13:

14:

15:

16:
17:
18:

: for i = 1 to nyge do
Estimate the initial distribution through Gaussian Mixture Model (Appendix A.3).
fort=0to7 —2do

A1 +— o (A\t,t + 1), w(;{t-ﬂ) — ¢ (w(;l\t)vt + 1)

2 /
Lonrgy < Eaonpe [, [ I00ll3 + 3 1 Vasoll3 = (5 + 50) 90 — S 50 + 0¥ (99)] w(z)dz
ERecons T LRecons =+ )\th + AdWZ (ﬁ’ta ’U](t)) (1 1)

Lrp + [0:po + Va - (Pove(®,t)) — go(x,t)pal| + Aw [IPo(,0) — pol| (12)
L < LEnergy + ArLrecons + A Lrp (9) , update vg, go and sg w.r.t. £
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Synthetic gene regulatory network: Unbalanced Stochastic case

(a) Transition (b) True dynamics
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Gaussian mixture model: High dimensional case

t=0 landscape
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Real scRNA seq data
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Summary and Future Directions

ODeepRUOT provides a promising approach to learn
from snapshots datasets

OMath: Inference of noise term in spatiotemporal dynamics?

OPhysics: Mechanical effects into the model? Cellular Interactions?

OAI: Learning latent cell state space simultaneously?

OBiology: Integrating with or multi-modal measurements?
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