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scRNA-seq (2018) Spatial transcriptomics (2020)

Make use of dynamical systems models 
(a natural “generative model”)

Ao Chen et al.
Cell, Volume 185, Issue 10, 1777 - 1792.e21
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How to learn continuous and stochastic dynamics from 
multiple snapshot data? 🌟
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a) Dynamic Optimal Transport (continuous)
Dynamical OT (Benamou & Brenier, 2000) 

𝑊 𝑝", 𝑝# = inf
$,&
. 𝒗 𝒙, 𝑡 ! 𝑝 𝒙, 𝑡 𝑑𝒙𝑑𝑡

s.t. 𝜕'𝑝 𝒙, 𝑡 + ∇ 6 𝒗 𝒙, 𝑡 𝑝 𝒙, 𝑡 = 0
𝑝 ⋅, 𝑡" = 𝑝", 𝑝 ⋅, 𝑡# = 𝑝#

TrajectoryNet (Alexander Tong et al. ICML 2020)
Continuous Normalizing Flow



Theoretical Principles: Dynamic Optimal Transport

a) Dynamic Optimal Transport (continuous)
Dynamical OT (Benamou & Brenier, 2000) 

𝑊 𝑝", 𝑝# = inf
$,&
. 𝒗 𝒙, 𝑡 ! 𝑝 𝒙, 𝑡 𝑑𝒙𝑑𝑡

s.t. 𝜕'𝑝 𝒙, 𝑡 + ∇ 6 𝒗 𝒙, 𝑡 𝑝 𝒙, 𝑡 = 0
𝑝 ⋅, 𝑡" = 𝑝", 𝑝 ⋅, 𝑡# = 𝑝#

TrajectoryNet (Alexander Tong et al. ICML 2020)
Continuous Normalizing Flow

b) Unbalanced Dynamic Optimal Transport 
(continuous, unbalanced)

Wasserstein-Fisher-Rao (Benamou (2003)
Lenaic Chizat et al. (2018))

inf
$,&,(

.( 𝒗 𝒙, 𝑡
!
++𝜏| 𝑔 |!) 𝑝 𝒙, 𝑡 𝑑𝒙𝑑𝑡

s.t. 𝜕'𝑝 𝒙, 𝑡 + ∇ 6 𝒗 𝒙, 𝑡 𝑝 𝒙, 𝑡 = 𝑔(𝒙, 𝑡)𝑝(𝒙, 𝑡)
𝑝 ⋅, 𝑡" = 𝑝", 𝑝 ⋅, 𝑡# = 𝑝#TIGON 

(Yutong Sha et al. Nature Machine Intelligence 2024)
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c) Schrödinger Bridge Problem (continuous, stochastic)

“Imagine that you observe a system of diffusing particles
which is in thermal equilibrium. Suppose that at a given time
t0 you see that their repartition is almost uniform and that at
t1 > t0 you find a spontaneous and significant deviation from
this uniformity. You are asked to explain how this deviation
occurred. What is its most likely behavior?”
---- Erwin Schrodinger 1932
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min
𝜇"𝑿 = 𝜈", 𝜇#𝑿 = 𝜈#

𝒟*+ 𝜇[",#]𝑿 ∥ 𝜇[",#]𝒀 ,

d𝒀' = 𝝈 𝒀', 𝑡 d𝑾'

d𝑿' = 𝒃 𝑿', 𝑡 dt + 𝝈 𝑿', 𝑡 d𝑾'

Dynamic Formulation

inf
(",𝒃)

2
&

'
2
ℝ!

1
2𝒃

𝑻(𝒙, 𝑡)𝒂*'(𝒙, 𝑡)𝒃(𝒙, 𝑡) 𝑝(𝒙, 𝑡)d𝒙 d𝑡

𝜕+𝑝 𝒙, 𝑡 = −∇𝒙 ⋅ 𝑝 𝒙, 𝑡 𝒃 𝒙, 𝑡 +
1
2∇𝒙

-: 𝒂 𝒙, 𝑡 𝑝 𝒙, 𝑡
velocity diffusion

equivalent

(Paolo Dai Pra 1991; Ivan Genti 2017) 𝑝 ⋅, 𝑡& = 𝑝&, 𝑝 ⋅, 𝑡' = 𝑝'
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How to generalize the dynamic Schrödinger Bridge problem 
to the unbalanced case?🔥
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Remain Question:
Ø How to learn RUOT from samples? 

(Neural SDE?)
à Neural ODE (Fisher 
information regularization)

(Baradat & Lavenant, 2021) 
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Energy loss +
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Parameterize 𝑣(𝑥, 𝑡), 𝑔(𝑥, 𝑡), and "
&
𝜎&log 𝑝(𝑥, 𝑡) using neural networks respectively. 
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Efficient solver: Designing the Loss Function

Zhang, Li and Zhou, ICLR 2025;   Raissi et al.

Transport Energy
loss

Mass Matching
loss

“global shape”

“local mass”
Particle 
weights

Mass MatchingTransport energy PINN for score matching

PINN loss for
“score matching”

𝑠1 ≈ log𝑝 𝑥, 𝑡
𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 "𝑙𝑎𝑛𝑑𝑠𝑐𝑎𝑝𝑒"
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Efficient solver: DeepRUOT

Pretraining Stage

Learn initial velocity, growth and score function  

Training Stage

Recons loss Flow matching

Energy loss +
Reconstruction loss + 
Fokker-Planck constraint
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Experimental Results🛠



Synthetic gene regulatory network: Unbalanced Stochastic case

Balanced SB



Gaussian mixture model: High dimensional case



Real scRNA seq data

hematopoiesis EMT



pDeepRUOT provides a promising approach to learn unbalanced stochastic dynamics
from snapshots datasets 

pMath:  Inference of noise term in spatiotemporal dynamics?

pPhysics: Mechanical effects into the model? Cellular Interactions?

pAI: Learning latent cell state space simultaneously? 

pBiology: Integrating with live-imaging data or multi-modal measurements?

Summary and Future Directions
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Visit our poster: #13 (Hall 3 + Hall 2B)
Today 3 p.m. CST — 5:30 p.m. CST

Project Website Contact information:

Zhenyi Zhang: zhenyizhang@stu.pku.edu.cn

Tiejun Li: tieli@pku.edu.cn

Peijie Zhou: pjzhou@pku.edu.cn `
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