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Background

Denoising Diffusion Probabilistic Models
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Ho et al. Denoising Diffusion Probabilistic Models. NeurlPS, 2020.




Background

Denoising Diffusion Probabilistic Models

Forward Diffusion Process:

* q(xg.1) = q(xp) H —1q(xelxeq)
o q(x¢lxe—1) = N(xg; apxi_q,0 1)
e q(xr) > N(0,1)

Ho et al. Denoising Diffusion Probabilistic Models. NeurlPS, 2020.



Background

Denoising Diffusion Probabilistic Models

——————

Forward Diffusion Process: Backward Generation Process
o qlxgr) = qxo) [TE21 qCelxi—q) * po(xo.r) = q(xr) [1i=1 Po(xe—qlxe)
o q(xelxe_q) = N(xg; apxi_q, 0f ot ) * po(xe_qlx) = N(xt—l: Ho, (xt)»zez (xt))
* q(xr) > N(0,1) * po(xe_qlxe) = q(xe—q|xe)

Gaussian denoising model assumption

4
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Background

Mean of the Denoising Distribution

Backward Generation Process:

* po(xe_qlxy) = N(xt—ﬁ.uel (X)), 2o, (Xt))

How to learn the mean function u ?
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Mean of the Denoising Distribution

Backward Generation Process:

* po(xr_qlxe) = N(xt—1il191 (xt):ZQZ (Xt))

15t-Order Tweedie’s Formula
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E |xi_<lx:| =
q[xe-alx] .



Background

Mean of the Denoising Distribution

Backward Generation Process:

* po(xr_qlxe) = N(xt—1il191 (xt):zé?z (xt))

15t-Order Tweedie’s Formula
x¢ +0£V,, logq(x,)

E |xi_<lx:| =
q[xe-alx] .

Score Parameterization

Xe + 0152591 (x¢)

He, (x) = a ) S0, (x;) = Vi, log q(x¢)
t




Background

Mean of the Denoising Distribution

Backward Generation Process:

* po(xr_qlxe) = N(xt—1il191 (xt):zé?z (xt))

Denoising Score Identity

vxt logq(x;) = [Eq(xolxt) [th log q(x¢lxg)]

Denoising Score Matching

argemin IE:t,q(xo,x,;) | 591 (xt) _ vxt log Q(xtlxo) "%
1



Background

Covariance of the Denoising Distribution

Backward Generation Process:

* po(xe_qlxy) = N(xt—1i He, (X)), 2o, (Xt))

How to choose the covariance 2 ?

Ho et al. Denoising Diffusion Probabilistic Models. NeurlPS, 2020.



Background

Covariance of the Denoising Distribution

Backward Generation Process:

* po(xr_qlxe) = N(xt—li Ho, (x¢), 2g, (xt))

Heuristic choices of X gives good results when T — o &

Z(x¢) = Cov[q(x¢lx—1)] or Z(x¢) = Cov[q(xs_qlxs, xo)]

10
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Background

Covariance of the Denoising Distribution

Backward Generation Process:

* po(xe_qlxy) = N(xt—l; He, (xt):zez (xt))

40.0

\ —@— Z(xt) = Cov[q(x¢|x;_1)]
! —@— 2(x;) = Cov[q(x,_1lx¢, x0)]

35.0 A1

However, generation performance

2 drops significantly with fewer
25.0- denoising steps. aa;
=)
15.0 +

102 103
sampling steps Figure 8 in Nicholet al. 2021
Nichol et al. Improved Denoising Diffusion Probabilistic Models. ICML, 2021.
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Background

Covariance of the Denoising Distribution

Backward Generation Process:

* po(xr_qlxe) = N(xt—li Ho, (x¢), 2g, (xt))

_ -

Do we have a better choice of X ? /<

12



Background

Covariance of the Denoising Distribution

Backward Generation Process:

* po(xr_qlxe) = N(xt—li Ho, (x¢), 2g, (xt))

_ -

Do we have a better choice of X ? /<

YES, WE DO! @@
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Our Method

Optimal Covariance of the Denoising Distribution

Optimal Covariance: Given q(x, x;) = q(x)q(x:|x) with g(x¢|x) = N (a,x, 6?1),
the covariance of the posterior q(x|x;) x q(x)q(x.|x) has a closed form

Z(x) = (07'V%, logq(xy) + of D) /af
This is also known as the 2"9-Order Tweedie’s Lemma

Bradley Efron. Tweedie's Formula and Selection Bias. Journal of the American Statistical Association, 2011
Zhang et al. Moment Matching Denoising Gibbs Sampling. NeurlPS, 2023.
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Our Method

Optimal Covariance of the Denoising Distribution

Optimal Covariance: Given q(x, x;) = q(x)q(x:|x) with g(x¢|x) = N (a,x, 6?1),
the covariance of the posterior q(x|x;) x q(x)q(x.|x) has a closed form

Z(x) = (07'V%, logq(xy) + of D) /af
This is also known as the 2"9-Order Tweedie’s Lemma

DDPM, GT COV DIAG
—— DDPM, GT COV FULL
—<+— DDPM, Covl[qg(x¢|x:-1)]

DDPM, Covlq(x¢|xt-1, x0)]

Sampling steps

2 5 10 20 50 100 500 1000

Covariance structure of the denoising distribution matters!
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Our Method

Optimal Covariance of the Denoising Distribution

Optimal Covariance: Given q(x, x,) = q(x)q(x.|x) with g(x:|x) = N (a;x, 6Z1),
the covariance of the posterior q(x|x;) « q(x)q(x;|x) has a closed form

Z(x) = (07'V%, logq(xy) + of D) /af
This is also known as the 2"9-Order Tweedie’s Lemma

Two challenges in applying optimal covariance for D-dimensional data

1. Memory inefficiency: store Hessian requires O (D?)
2. Computation inefficiency: compute Hessian requires O (D) network evaluations
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Tackle Memory Inefficiency

Optimal Diagonal Covariance Estimation

e Estimate the diagonal of the optimal covariance

diag(S(x,)) = (ofdiag(V3, logq(x)) + of1)/a?
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Tackle Memory Inefficiency

Optimal Diagonal Covariance Estimation

e Estimate the diagonal of the optimal covariance
diag(E(x,)) = (ofdiag(V3, logq(x))) + o21)/a?

* Hutchinson diagonal Hessian estimation

Rademacher RVs

] 1 M 1 :_> .
dlag(H(xt)) X~ Xm=1 UmGLI;I(Xt)Um Jacobian Vector Product
H(x;) = Vz,logq(x) =~ V,,se(x¢)
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Tackle Memory Inefficiency

Optimal Diagonal Covariance Estimation

e Estimate the diagonal of the optimal covariance
diag(Z(x,)) = (o¢diag(VZ, logq(x,)) + of D)/ ai

* Hutchinson diagonal Hessian estimation

diag(H(x,)) =~ -

Rademacher RVs

(a) OCM-DDPM (M =5) (b) OCM-DDPM (M =10) (c) OCM-DDPM (M = 15) (d) OCM-DDPM (M = 20)

Larger Monte-Carlo sample number leads to better generation quality! v



Tackle Memory Inefficiency

Optimal Diagonal Covariance Estimation

e Estimate the diagonal of the optimal covariance
diag(E(x,)) = (ofdiag(VZ, log q(x))) + o21)/a?

* Hutchinson diagonal Hessian estimation

Rademacher RVs

. 1wy . - |
dlag(H (xt)) X~ Ym=1 va){_I(xt)vm Jacobian Vector Product
H(xt) = szct IOg q(xt) =~ vxtSQ (xt)

One challenge in applying diagonal covariance estimation for D-dimensional data

Y i ciopen e s D2

2. Computation inefficiency: Hutchinson estimator requires O (M) network evaluations
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Tackle Computation Inefficiency

Optimal Diagonal Covariance Matching
* Naive optimal diagonal covariance matching

. 1
min Eq qe) I 7o, (Xe) = = Sy vm@H (x0) vy 11
2
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Tackle Computation Inefficiency

Optimal Diagonal Covariance Matching

* Naive optimal diagonal covariance matching
H(x.) f vxt591 (x¢)

] 1
I%IH Et,q(xt) " ilgz (Xt) — H ZnM1:1 UmGH(xt)vm "%
2

h: X —» R
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Tackle Computation Inefficiency

Optimal Diagonal Covariance Matching

* Naive optimal diagonal covariance matching
H(x.) f vxt591 (x¢)

] 1
I%IH IEt,q(xt) " ilgz (Xt) — H ZnM1:1 UmGH(xt)vm "%
2

h: X —» R

consistent if M —» oo

-~ .,

=

23



Tackle Computation Inefficiency

Optimal Diagonal Covariance Matching

* Naive optimal diagonal covariance matching
H(x.) f vxt591 (x¢)

. 1
I%IH Et,q(xt) " ?92 (Xt) — H nM1=1 UmGH(xt)vm "%
2

h: X —» R

consistent if M —» oo

-~ .,

=

-~ .

biased forsmall M &
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Tackle Computation Inefficiency

Optimal Diagonal Covariance Matching

* Naive optimal diagonal covariance matching
H(x.) f vxt591 (x¢)

: 1 oM 2
I%IH Et,CI(xt) | ?92 (xt) o H Zm=1 Um@H(Xt)Um "2 biased for small M
2

h: X ~ R&I
* Unbiased optimal diagonal covariance matching (OCM) @@

Locm(63) = Et,q(xt),p(v) | h92 (x¢) —vOH (x)v ”%

-~ .

L

consistent if M - o0 &
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Tackle Computation Inefficiency

Optimal Diagonal Covariance Matching

* Naive optimal diagonal covariance matching
H(x.) f vxt591 (x¢)

: 1 oM 2
I%IH Et,CI(xt) | ?92 (xt) o H Zm=1 Um@H(Xt)Um "2 biased for small M
2

h: X +— R
* Unbiased optimal diagonal covariance matching (OCM) w®
Locm(63) = Et,q(xt),p(v) | h92 (x¢) —vOH (x)v ”%

Same gradient with the naive obective with M — oo

-~ .

L

consistent if M - o0 &
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Tackle Computation Inefficiency

Optimal Diagonal Covariance Matching

* Naive optimal diagonal covariance matching
H(x.) f vxt591 (x¢)

. 1
I%IH Et,q(xt) " ?92 (Xt) — H nM1=1 UmGH(xt)vm "%
2

h: X —» R

consistent if M - o0 &

-~ .

biased forsmall M &

* Unbiased optimal diagonal covariance matching (OCM) w®
Locm(63) = Et,q(xt),p(v) | hez (xr) —vOH(x)v ”%

Same gradient with the naive obective with M — oo

* Final state-dependent diagonal covariance estimation
diag(Zg, (x)) = (08 hg, (x¢) + 0 1) [ af
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Related Work

Improved DDPM (I-DDPM)

 |-DDPM learns a state-dependent diagonal covariance

po(xp_1lxy) = N(xt—1i Ho, (x¢), diag(ZQz (xt)))

Nichol et al. Improved Denoising Diffusion Probabilistic Models. ICML, 2021.
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Related Work

Improved DDPM (I-DDPM)

 |-DDPM learns a state-dependent diagonal covariance
po(xp_1lxy) = N(xt—1i Ho, (x¢), diag(Zgz (xt)))

* Maximize ELBO to learn diagonal covariance diag(Z,)

Argmin Ky gy x) KL(q(x¢-11xe, X0) lIPa, 0, (Xe—112%c))
2

Nichol et al. Improved Denoising Diffusion Probabilistic Models. ICML, 2021.
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Related Work

Improved DDPM (I-DDPM)

 |-DDPM learns a state-dependent diagonal covariance

po(xp_1lxy) = N(xt—1i Ho, (x¢), diag(ZQz (xt)))

* Maximize ELBO to learn diagonal covariance diag(Zy,)

Argmin Ee g (xox) KL(G(Xe-11xe, X0)lIPo, 0, (Xe—1x))
2

&5 A general solution applicable to all forward processes

&' Does not leverage the optimal covariance structure of Gaussian diffusion

Nichol et al. Improved Denoising Diffusion Probabilistic Models. ICML, 2021.
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Related Work

Analytical DDPM (A-DDPM)

* A-DDPM assumes a state-independent isotropic covariance

o (xe—11x0) = NV (x¢_1; o, (), T21)

Bao et al. Analytic-dpm: an analytic estimate of the optimal reverse variance in diffusion probabilistic models. ICLR, 2022.

31



Related Work

Analytical DDPM (A-DDPM)

* A-DDPM assumes a state-independent isotropic covariance
Po (e _11x%) = N (xe_1; g, (x0), T21)

* T, has an analytical form under the optimal ELBO
4

2 Ot
T, = (0f — F]Eq(xt) 1S (xe)])/ay
f

empirical estimation from training data

Bao et al. Analytic-dpm: an analytic estimate of the optimal reverse variance in diffusion probabilistic models. ICLR, 2022.
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Related Work

Analytical DDPM (A-DDPM)

* A-DDPM assumes a state-independent isotropic covariance
o (xe—11x0) = NV (x¢_1; o, (), T21)

* T has an analytical form under the optimal ELBO
4

2 Ot
T, = (0f — 7Eq(xt) 1S (xe)])/ay
f

empirical estimation from training data

&5 Training-free estimation estimation with the pre-trained score

=' State-independent and isotropic covariance has a limited flexibility

Bao et al. Analytic-dpm: an analytic estimate of the optimal reverse variance in diffusion probabilistic models. ICLR, 2022.
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Related Work

Square Noise DDPM (SN-DDPM)

* SN-DDPM learns a state-dependent diagonal covariance

po(xp_q1lxy) = N(xt—1i Mg, (x¢), diag(Zgz (xt)))

Bao et al. Analytic-dpm: an analytic estimate of the optimal reverse variance in diffusion probabilistic models. ICLR, 2022.
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Related Work

Square Noise DDPM (SN-DDPM)

* SN-DDPM learns a state-dependent diagonal covariance
Po(Xe_1lxe) = N(xt—1i Ho, (x¢), diag(Zgz (xt)))

» diag(Zy, (x.)) has an analytical form under the optimal ELBO
2

1
diag(Z(x,)) = Z—i (—t Eg (x|, [€°] — Vi, log q(x)?)

Bao et al. Analytic-dpm: an analytic estimate of the optimal reverse variance in diffusion probabilistic models. ICLR, 2022.
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Related Work

Square Noise DDPM (SN-DDPM)

« SN-DDPM parametrizes the state-dependent diagonal covariance as

diag(2(x)) = 2 (5-go, () — 53, (x0))

Bao et al. Estimating the Optimal Covariance with Imperfect Mean in Diffusion Probabilistic Models. ICML, 2022.
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Related Work

Square Noise DDPM (SN-DDPM)
« SN-DDPM parametrizes the state-dependent diagonal covariance as
. Z 1
diag(Z(xy)) = Z_tt (E 9o, (Xt) — 351 (x¢))

* go, X = RI*! can be learned via square noise prediction

: 2 2
I%IH IEt,q(xg,xt) | it - 992 (xt) II2
2

€r = (X — aXe—q)/0¢

Bao et al. Estimating the Optimal Covariance with Imperfect Mean in Diffusion Probabilistic Models. ICML, 2022.
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Related Work

Square Noise DDPM (SN-DDPM)

« SN-DDPM parametrizes the state-dependent diagonal covariance as
. o? 1
diag(Z(x))) = 2 (5- go, (x0) = 55, ()

* go, X = RI*! can be learned via square noise prediction

: 2 2
I%III IEt,q(xo,xt) | it - 992 (xt) "2
2

€r = (X — aXe—q)/0¢

&5 State-dependent covariance increases flexibility

-~

&' Quadratic term €7 amplifies the estimation error when t = 0

Bao et al. Estimating the Optimal Covariance with Imperfect Mean in Diffusion Probabilistic Models. ICML, 2022.
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Related Work

Overview of Different Covariance Choices in Diffusion Models

Covariance Type +#Passes Intuition
2 z-independent Isotropic 8 (Ho et al., 2020) 0 Cov. of g(x¢|xi—1)
y= x;-independent Isotropic 5 (Ho et al., 2020) 0 Cov. of q(z¢|xt—1, T0)
S, x¢-independent Isotropic Estimation (Bao et al., 2022b) 0 Estimate from data
6 x¢-dependent Diagonal VLB (Nichol & Dhariwal, 2021) 1 Learn from data
80 z¢-dependent Diagonal NS (Bao et al., 2022a) 1 Learn from data
= x¢-dependent Diagonal OCM (Ours) 1 Learn from score
B x¢-dependent Diagonal Estimation (Zhang et al., 2024b) 2M Estimate from score
S x¢-dependent Diagonal Analytic (Zhang et al., 2024b) D Calculate from score
x¢~dependent Full Analytic (Zhang et al., 2024b) D Calculate from score
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Experiments

Toy Demonstration

0.5

DDPM, GT COV DIAG
DDPM, GT COV FULL | ¢4

—— DDIM, GT COV DIAG
—— DDIM, GT COV FULL

DDPM, B ~~ DDIM
DDPM, B 0.3 —— A-DDIM
I-DDPM —— SN-DDIM

A-DDPM 0.2 OCM-DDIM (Ours)

SN-DPM
OCM-DDPM (QOurs) 0.1

0.04

100 500 1000 2 5 10 20 50 100 500 1000

(@) Training Data and Density (b) DDPM MMD vs. Steps  (C) DDIM MMD v.s. Steps

Our method outperforms baselines and achieves results closer to the optimal covariance.
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Experiments

Improving Image Modelling in the Pixel Space

DDPM-3 = DDPM-B

K=25
10 8

A-DDPM o NPR-DDPM
K=50

FID

E=1 w o = o w0

10

SN-DDPM * OCM-DDPM (Ours)

K=100

FID
[P ST - S S
P !

NLL

8

K=200

FID
2 v @ <

p

NLL

NLL

NLL

CIFAR10: Our method consistently achieves the best trade-off between FID and NLL

METHOD CIFAR10 CELEBA 64xXx64 LSUN BEDROOM IMAGENET 256x256
DDPM 90 (6.12) > 200 130 (6.06) 21 (5.89)
DDIM 30 (5.85) > 100 BEST FID > 6 11 (5.58)
IMPROVED DDPM 45 (5.96) MISSING MODEL 90 (6.02) 22 (6.08)
ANALYTIC-DPM 25 (5.81) 55 (5.98) 100 (6.05) MISSING MODEL
NPR-DPM 1.002x23 (5.76) 1.013x50(6.04) 1.021x90 (6.01) MISSING MODEL
SN-DPM 1.005x17 (5.81) 1.019%x22(5.96) 1.114x92 (6.02) MISSING MODEL

OCM-DPM (ouRSs) 1.003x16 (5.83)

1.015%21 (5.94)

1.112x90 (6.04)

1.007x10 (5.33)

Our method requires fewer sampling steps to achieve an FID around 6
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Experiments

Improving Image Modelling in the Latent Space

454 @ . 0.55 -
—e— DDPM, B
404 501 §
+  |-DDPM 050
35 1 —e— DDIM 0.45 -
301 - —4— OCM-DDPM | _ .
o ] OCM-DDIM | &
- L 035
20 -
0.30
15 A
104 0.25
5 - 0.20
1j5 1.l75 210 3j0 4i0 1j5 1.|?'5 2j0 3j0 4i0
CFG CFG

ImageNet256: Our method improve generation diversity while
maintains high generated image quality

42



Thank you for watching

e Contact: Zijing Ou (z.ou22@imperial.ac.uk) & Mingtian Zhang (m.zhang@cs.ucl.ac.uk)

 Code: https://github.com/J-zin/OCM DPM

e Oral time: 2025/04/24, 11:06am (Oral Session 1C)

e Poster time: 2025/04/24, 3:30pm-5:30pm (Poster Session 2)

LBERHARL KARLS

= CAMBRIDGE wxpwaesmirure () UNIKERDLTAT



https://github.com/J-zin/OCM_DPM​
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