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Problem Setting

Oracle Complexity / Convergence Rate
Oracle Complexity
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• # times an algorithm accesses an oracle to reach an 𝜖-approximate solution

 e.g.,
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Problem Setting

Oracle Complexity / Convergence Rate
Oracle Complexity

• Objective:

• # times an algorithm accesses an oracle to reach an 𝜖-approximate solution

 e.g.,

• First-order Oracle: gradient 

• First-order oracle complexity: # times an algorithm computes gradient

• Oracle complexity of gradient descent for convex and smooth functions:

Convergence Rate

• How fast the approximation error decays with # iterations

• Convergence rate of gradient descent (convex & smooth):
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- Uniformly convex with degree q=3 and parameter σ:

- Second-order smooth / Lipschitz Hessian:

Subproblem of Cubic-regularized Newton Method
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A. Gasnikov, P. Dvurechensky, E. Gorbunov, E. Vorontsova, D. Selikhanovych, CA. Uribe. 
“Optimal tensor methods in smooth convex and uniformly convex optimization." COLT, 2019.

Motivation

Motivating Example

- Uniformly convex with degree q=3 and parameter σ:

- Second-order smooth / Lipschitz Hessian:

- Ideally, solve with optimal second-order methods [Gasnikov et. al., 2019]

Subproblem of Cubic-regularized Newton Method
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- Ideally, solve with optimal second-order methods [Gasnikov et. al., 2019]

- Computing Hessian is expensive:

- Use first-order methods, e.g., (accelerated) gradient descent, instead:
- Order of smoothness limited by order of oracle, e.g., H-smooth (within some domain)

Roulet & d‘Aspremont, “Sharpness, restart and acceleration.” NeurIPS, 2017.
Song et. al., “Unified acceleration of high-order algorithms under general holder continuity.” SIOPT, 2021.

Motivation

Motivating Example

Subproblem of Cubic-regularized Newton Method

[Roulet & d'Aspremont, 2017;
Song et. al. 2021]
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High-Order Hölder Smoothness and Uniform Convexity

Open Question

Uniform Convexity and High-Order Hölder Smoothness

• Uniformly Convexity

• High-order Holder-smoothness

• Question: 

 What’s the pth-order oracle complexity for different combinations of p, q, 𝝂?
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Upper Bounds [Song et. al. 2021]

C. Song, Y. Jiang, and Y. Ma, "Unified acceleration of high-order algorithms under 
general holder continuity." SIAM Journal on Optimization 31.3 (2021): 1797-1826.

Related Work

Upper Bounds

𝑞 = 𝑝 + 𝜈

𝑞 > 𝑝 + 𝜈

𝑞 < 𝑝 + 𝜈
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Upper Bounds [Song et. al. 2021]

Roulet & d‘Aspremont, “Sharpness, restart and acceleration.” NeurIPS, 2017.
Arjevani et. al., “Oracle complexity of second-order methods for smooth convex optimization.” Mathematical Programming, 2019.

Related Work

Upper Bounds

𝑞 = 𝑝 + 𝜈

𝑞 > 𝑝 + 𝜈

𝑞 < 𝑝 + 𝜈

[Gasnikov et. al., 2019]

𝑞 = 2, 𝑝 = 2, 𝜈 = 1 [Arjevani et al., 2019]

𝑝 = 1 [Roulet & d'Aspremont, 2017]
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Upper Bounds [Song et. al. 2021] Lower Bounds [Our Work]

Results

Lower Bounds

𝑞 = 𝑝 + 𝜈

𝑞 > 𝑝 + 𝜈

𝑞 < 𝑝 + 𝜈

[Gasnikov et. al., 2019]

𝑞 = 2, 𝑝 = 2, 𝜈 = 1 [Arjevani et al., 2019]

𝑝 = 1 [Roulet & d'Aspremont, 2017]

Future Work

Tight Lower Bounds under Asymmetric 
High-Order Hölder Smoothness and Uniform Convexity
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Thomsen & Doikov, “Complexity of minimizing regularized convex quadratic functions.” 2024. 
Kornowski & Shamir, “High-order oracle complexity of smooth and strongly convex optimization.” 2020. 

Results

Lower Bounds

Upper Bounds [Song et. al. 2021] Lower Bounds [Our Work]
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Future Work

𝑞 = 2, 𝑝 = 2, 𝜈 = 1 [Arjevani et al., 2019]
𝜈 = 1 [Kornowski & Shamir 2020]

𝑝 = 1 [Thomsen & Doikov, 2024]
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- Start with a sequence of non-smooth functions
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Hard Function Construction for Case 1: q > p + 𝝂
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- Start with a sequence of non-smooth functions
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Ø Generate 𝐱!’s with 𝐹!’s and show oracle access of 𝐹! is identical to 𝐹 in the neighborhood of 𝐱!
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- Start with a sequence of non-smooth functions

Ø Smooth the functions with a smoothing operator, making it pth-order H-smooth

- Add regularization, making it qth-order uniformly convex

Ø Generate 𝐱!’s with 𝐹!’s and show oracle access of 𝐹! is identical to 𝐹 in the neighborhood of 𝐱!

- Lower bound optimality gap

Tight Lower Bounds under Asymmetric 
High-Order Hölder Smoothness and Uniform Convexity

Techniques

Hard Function Construction for Case 1: q > p + 𝝂
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Agarwal & Hazan. "Lower bounds for higher-order convex optimization." COLT, 2018

Techniques

Smoothing
Ø Smooth the functions with a smoothing operator, making it pth-order H = 𝒪(1)-smooth
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Agarwal & Hazan. "Lower bounds for higher-order convex optimization." COLT, 2018

Techniques

Smoothing
Ø Smooth the functions with a smoothing operator, making it pth-order H = 𝒪(1)-smooth

• Uniform smoothing over a unit ℓ! ball: H = 𝒪( 𝑑) ⟹ suboptimal rate [Agarwal & Hazan, 2018]
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Agarwal & Hazan, "Lower bounds for higher-order convex optimization." COLT, 2018
Doikov, “Lower complexity bounds for minimizing regularized functions.” 2022.

Techniques

Smoothing
Ø Smooth the functions with a smoothing operator, making it pth-order H = 𝒪(1)-smooth

• Uniform smoothing over a unit ℓ! ball: H = 𝒪( 𝑑) ⟹ suboptimal rate [Agarwal & Hazan, 2018]
• Moreau smoothing: H = 𝒪 1 [Doikov, 2022], but only 1st-order smooth
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Bullins, “Highly smooth minimization of non-smooth problems.” COLT, 2020
Duchi et. al., “andomized smoothing for stochastic optimization." SIOPT, 2012.

Techniques

Smoothing
Ø Smooth the functions with a smoothing operator, making it pth-order H = 𝒪(1)-smooth

• Uniform smoothing over a unit ℓ! ball: H = 𝒪( 𝑑) ⟹ suboptimal rate [Agarwal & Hazan, 2018]
• Moreau smoothing: H = 𝒪 1 [Doikov, 2022], but only 1st-order smooth
• Softmax smoothing: H = 𝒪 1 , pth-order smooth [Bullins, 2020]

• Gaussian smoothing: H = 𝒪 1 , pth-order smooth after p times [Duchi et. al., 2012]
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Techniques

Smoothing
Ø Smooth the functions with a smoothing operator, making it pth-order H = 𝒪(1)-smooth
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• Gaussian smoothing: H = 𝒪 1 , pth-order smooth after p times

Ø Generate 𝑥!’s with 𝐹!’s and show oracle access of 𝐹! is identical to 𝐹 in the neighborhood of 𝑥!

• The smoothing operator needs to be local, accessing information only within the neighborhood
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Smoothing
Ø Smooth the functions with a smoothing operator, making it pth-order H = 𝒪(1)-smooth
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• Gaussian smoothing and softmax smoothing are global on ℝ)

Ø Truncated Gaussian Smoothing
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Techniques

Smoothing
Ø Smooth the functions with a smoothing operator, making it pth-order H = 𝒪(1)-smooth

• Uniform smoothing over a unit ℓ( ball: H = 𝒪( 𝑑) ⟹ suboptimal rate
• Moreau smoothing: H = 𝒪 1 , but only 1st-order smooth
• Softmax smoothing: H = 𝒪 1 , pth-order smooth
• Gaussian smoothing: H = 𝒪 1 , pth-order smooth after p times

Ø Generate 𝑥!’s with 𝐹!’s and show oracle access of 𝐹! is identical to 𝐹 in the neighborhood of 𝑥!

• The smoothing operator needs to be local, accessing information only within the neighborhood
• Gaussian smoothing and softmax smoothing are global on ℝ)

Ø Truncated Gaussian Smoothing
• Truncated in a unit ℓ! ball: H = 𝒪(𝑝𝑜𝑙𝑦(𝑑))⟹ suboptimal rate
ü Truncated in a unit ℓ# ball: H = 𝒪 1 , pth-order smooth after p times [Ours, Def. 4 & Lemma 1]
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Techniques

Hard Function Construction for Case 2: q < p + 𝝂

[Arjevani et. al., 2019] 𝑞 = 2, 𝑝 = 2, 𝜈 = 1

[Our Work]
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Upper Bounds [Song et. al. 2021] Tight Lower Bounds [Our Work]

𝑞 = 𝑝 + 𝜈

𝑞 > 𝑝 + 𝜈

𝑞 < 𝑝 + 𝜈

[Gasnikov et. al., 2019]

𝑞 = 2, 𝑝 = 2, 𝜈 = 1 [Arjevani et al., 2019]

𝑝 = 1 [Roulet & d'Aspremont, 2017]

Future Work

𝑞 = 2, 𝑝 = 2, 𝜈 = 1 [Arjevani et al., 2019]
𝜈 = 1 [Kornowski & Shamir 2020]

𝑝 = 1 [Thomsen & Doikov, 2024]
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