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Informal Math

Math in Natural language:

Problem

o, . 5 i & e | = - . S
[ ) I ntu |tlve A calculator is broken so that the only keys that still work are the sin, cos, tan, sin™ ", cos 1, and tan ! buttons. The display initially

shows 0. Given any positive rational number g, show that pressing some finite sequence of buttons will yield g. Assume that the calculator
does real number calculations with infinite precision. All functions are in terms of radians.

[ ] Readable Solution

We will prove the following, stronger statement : If 7 and n are relatively prime nonnegative integers such that n > 0, then the some finite

[ ] FleXi ble sequence of buttons will yield y/m /n.

To prove this statement, we induct strongly on m + n. For our base case, m + n = 1, we have n = 1and m = 0, and m/n = 0, which is

initially shown on the screen. For the inductive step, we consider separately the cases m = 0,0 < m < n,andn < m.

If m = 0, then n = 1, and we have the base case.

If 0 < m < n, then by inductive hypothesis, 1/ (n — m)/m can be obtained in finitely many steps; then so can

costan™'y/(n —m)/m = \/rr%

If n < m, then by the previous case, y/n/m can be obtained in finitely many steps. Since cos tan ™! y/n/m = sintan™! y/m/n, it follows

that
tan sin~! cos tan™" w/n/m =4/m/n

can be obtained in finitely many steps. Thus the induction is complete. B
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Informal Math

Math in Natural language:

Intuitive
Readable

Flexible

Ambiguous

Hard to verify

Is p(z) a function or a value?
In E, [ f(x)], p(x) is treated as a distribution

1 (x— t‘)l"J .
But in p(x) = e a7, p(x) is a value

V2mo?
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Formal Math

Math as Source Code 1 L 1 — 2
e Verbose

ave "1 + 1 = Suc (0 + 1)" by simp

P . also have "“... = Suc 1" by simp
® recise proof _ ,x.(" have "... = 2" by simp

o g y show ?thesis by simp
e \Verifiable

e Automatable

Lean Isabelle CoQg
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Formal Math & Fields Medalist

1. The challenge
I want to propose a challenge: Formalize the proof of the following theorem.

Theorem 1.1 (Clausen-S.) Let ) < p’ < p < 1be real numbers, let S be a profinite set,
and let / be a p-Banach space. Let M, (.S) be the space of p'-measures on S. Then

Extgonaan) (Mp(S), V) =0
fori > 1.
— with this theorem, the hope that the condensed formalism can be fruitfully applied to

real functional analysis stands or falls. I think the theorem is of utmost foundational
importance, so being 99.9% sure is not enough.

Liquid Tensor Experiment posted by
Peter Scholze (December 2020)

Terence Tao

@tao@mathstodon.xyz

Finished formalizing in #Lean4 the proof of an actual new theorem
(Theorem 1.3) in my recent paper (

Terence Tao's Lean formalization project (October 2023)
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Formal Math & ML
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Solving (some) formal
math olympiad problems

OpenAl

OpenAl (2022)

RRRRRRRR

Al achieves silver-medal standard
solving International Mathematical
Olympiad problems

AlphaProof and AlphaGeometry teams

@ DeepMind

AlphaProof (2024)
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Benchmarking Gap

Highschool competitions
(AMC / AIME / IMO)

D

0 DeepMind  OpenAl

[T

Theorem to prove
theorem imo_1964_p1 2 (n : N) : =7 12~ n + 1

e Self-contained
e Uses basic math techniques
e Limited domain (algebra,

number theory)

Real projects

New lemmas & definitions 7 -

/== The real-valued version of a measure. Maps infinite measure sets to zero. Use as “w.real s*. -/ .
protected def Measure.real (s : Set @) : R := (p s).toReal
—

lemma IsUniform.measureReal_preimage_sub_zero (Uunif : IsUniform A U) (Umeas : Measurable U)
(Vunif : IsUniform B V) (Vmeas : Measurable V) (h_indep : IndepFun U V) : _
(P : Measure 0).real ((U - V) -*' {0}) =__ = =
= Nat.card (A n B : Set G) / (Nat.card A * Nat.card B) := by =
“Tenma sum_mul_log_div_leq {ab : U~ R} (ha:V1€s, 0=al) (hb:Vi€Es, 0=b1) -
(habs : ¥i€s,bi=0~ai=0):

(yi€s,ai)*xlog((i€s,ai)/ (3 i€s,bi))=ji€s,aixlog(ai/bi):=by

Theorem to prove
/-- The polynomial Freiman-Ruzsa (PFR) conjecture: if ‘A’ is a subset of an elementary abelian
2-group of doubling constant at most 'K, then ‘A’ can be covered by at most ‘2 x K ~ 12" cosets of
a subgroup of cardinality at most “|A| . -/
PFR_conjecture (hoA : A.Nonempty) (hA : Nat.card (A + A) s K * Nat.card A) :
3 (H : Submodule (ZMod 2) G) (c : Set G),

Nat.card ¢ < 2 x K ~ 12 A Nat.card H s Nat.card A A A S ¢ + H := by

e Partof aproject
e Uses unseen lemmas
e Various domains

Carnegie
Mellon
University



Benchmarking Gap

Highschool competitions
(AMC / AIME / IMO)
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Theorem to prove
theorem imo_1964_p1 2 (n : N) : =7 12~ n + 1

e Self-contained
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number theory)

Real projects

New lemmas & definitions

/== The real-valued version of a measure. Maps infinite measure sets to zero. Use as “w.real s*. -/ .
protected def Measure.real (s : Set @) : R := (p s).toReal
—

lemma IsUniform.measureReal_preimage_sub_zero (Uunif : IsUniform A U) (Umeas : Measurable U)
(Vunif : IsUniform B V) (Vmeas : Measurable V) (h_indep : IndepFun U V) :
(P : Measure 0).real ((U - V) -** {8}) z_.
= Nat.card (A n B : Set G) / (Nat.card A * Nat.card B) := by =
“Tenma sum_mul_log_div_leq {ab : U~ R} (ha:V1€s, 0=al) (hb:Vi€Es, 0=b1) -
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(yi€s,ai)*xlog((i€s,ai)/ (3 i€s,bi))=ji€s,aixlog(ai/bi):=by

Theorem to prove

/== The polynomial Freiman-Ruzsa (PFR) conjecture: if ‘A’ is a subsi
2-group of doubling constant at most "K', then "A" can be covered b

et of an elementary abelian
y at most ‘2 * K ~ 12" cosets of

a subgroup of cardinality at most “|A|". -/
theorem PFR_conjecture (hoA : A.Nonempty) (hA : Nat.card (A + A) s K % Nat.card A) :
3 (H : Submodule (ZMod 2) G) (c : Set G),

Nat.card ¢ < 2 % K ~ 12 A Nat.card H s Nat.card AA A S c +H :=

by

e Partof aproject
e Uses unseen lemmas
e Various domains
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Highschool competitions
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Real projects

New lemmas & definitions

/== The real-valued version of a measure. Maps infinite measure sets to zero. Use as “w.real s*. -/ .
protected def Measure.real (s : Set @) : R := (p s).toReal
—

lemma IsUniform.measureReal_preimage_sub_zero (Uunif : IsUniform A U) (Umeas : Measurable U)
(Vunif : IsUniform B V) (Vmeas : Measurable V) (h_indep : IndepFun U V) :
(P : Measure 0).real ((U - V) -** {8}) z_.
= Nat.card (A n B : Set G) / (Nat.card A * Nat.card B) := by =
“Tenma sum_mul_log_div_leq {ab : U~ R} (ha:V1€s, 0=al) (hb:Vi€Es, 0=b1) -
(habs : ¥1i€s,bi=0-ai=0):

(yi€s,ai)*xlog((i€s,ai)/ (3 i€s,bi))=ji€s,aixlog(ai/bi):=by

Theorem to prove

/== The polynomial Freiman-Ruzsa (PFR) conjecture: if ‘A’ is a subsi
2-group of doubling constant at most "K', then "A" can be covered b

et of an elementary abelian
y at most ‘2 * K ~ 12" cosets of

a subgroup of cardinality at most “|A|". -/
theorem PFR_conjecture (hoA : A.Nonempty) (hA : Nat.card (A + A) s K % Nat.card A) :
3 (H : Submodule (ZMod 2) G) (c : Set G),

Nat.card ¢ < 2 % K ~ 12 A Nat.card H s Nat.card AA A S c +H :=

by

e Partof aproject
e Uses unseen lemmas
e Various domains
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Testing on Real Projects

How to Prove It

VN

Lean Library Math Projects Math Textbook Physics Scientific Computing
Mathlib 4 Prime Number Theorem, How to Prove It HepLean SciLean

Polynomial Freiman-Ruzsa
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Avoid Data Contamination

We maintain benchmark integrity by using most recent theorems

GPT-40, DeepSeek Future LLMs
2023 training cutoff 2024 training cutoff 2025
Lean theorems [l ] L New Lean theorems J : l [ New Lean theorems :l : >
) miniCTX miniCTX-v2
Previous benchmarks compiled with new compiled with newer
compiled with Lean Lean theorems Lean theorems
theorems ] ]
(Mathlib, miniF2F) Evaluate using Evaluate using
GPT-40, DeepSeek future LLMs
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Problem Formulation

Task: (theorem, context) — proof

In-file context Cross-file context

Preceding code in file File 1 context

Lemmas, definitions, Fiie"2"context
proofs, comments [re-3context

Theorem statement

v

Proof

13
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MiniCTX Benchmark

Data splits:

Prime Number
Theorem +

Polynomial
Freiman-Ruzsa

Mathlib
How to Prove It
High Energy Physics

Scientific Computing

14
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MiniCTX Benchmark

Data splits:

Prime Number
Theorem +

Polynomial
Freiman-Ruzsa

Mathlib
How to Prove It

High Energy Physics

Scientific Computing

Polynomial
Freiman-Rusza:

Valid
e Theorem 1
e Theorem?2

e Theorem 50
Test
e Theorem 1

e Theorem 2

° :I:heorem 50

15
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MiniCTX Benchmark

Data splits: Polynomial

e Prime Number Freiman-Rusza:

Theorem +

. Valid
e Polynomial °

Freiman-Ruzsa (o
e Mathlib

e How to Prove It

Theorem 1
Theorem 2 |

e Theorem 50

Test

e Theorem 1
e Scientific Computing e Theorem 2

e High Energy Physics

° :I:heorem 50

16
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\

In-file context: Cross-file context:

Preceding code

Lemmas &
definitions from
other files

inport Mathlib.Probability.Kernel.Conposition.Comp
import PFR.Mathlib.Probability.Kernel.Disintegration

open Function MeasureTheory Real
open scoped ENNReal NNReal Topology ProbabilityTheory

namespace ProbabilityTheory.Kernel

section
variable {a By 6 € : Typex} {_ : pace a} {_ : pace B}
: S P v P 6} {_ : MeasurableSpace €}

variable {0 S T : Typex} [m : Measurablespace 0]
[Measural blespace S] [Measural blespace T] [Measurablespace y]
{K : Kernel T S} {u : Measure T} {X : 0 = S} {Y : 0 = B}

lenna map_map (k : Kernel a B) {f : B = y} (hf : Measurable f) {g : y = 6} (hg : Measurable g) :
map (map k f) g = map k (g = f) := by
ext x s _
rw [map_apply _ hg, map_apply _ hf, map_apply _ (hg.comp hf), Measure.nap_map hg hfl

@lsimp]

lemma fst_deleteRight (k : Kernel a (B x y x 6)) : fst (deleteRight k) = fst k := by
rw [deleteRight_eq, fst_map_prod, fst_eq
exact measurable_fst.conp measurable_snd

Theorem statement

lemma snd_deleteRight (k : Kernel o (B x y x &)) : snd (deleteRight k) = fst (snd k)

Carnegie

Mellon
University



MiniCTX Benchmark

Data splits:

Prime Number
Theorem +

Polynomial
Freiman-Ruzsa

Mathlib
How to Prove It
High Energy Physics

Scientific Computing

Polynomial
Freiman-Rusza:

Valid
e Theorem 1
(e Theorem 2 ||

e Theorem 50
Test

e Theorem 1

e Theorem 2

° :I:heorem 50
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In-file context:
Preceding code

inport Mathlib.Probability.Kernel.Conposition.Comp
import PFR.Mathlib.Probability.Kernel.Disintegration

open Function MeasureTheory Real
open scoped ENNReal NNReal Topology ProbabilityTheory

namespace ProbabilityTheory.Kernel

section
variable {a By 6 & : Typex} {_ : pace o} {_ : p:
L pace v} {_ : pace 6} {_ : MeasurableSpace €}

variable {0 S T : Typex} [m : Measurablespace 0]
[Measural blespace S] [Measural blespace T] [Measurablespace y]
TS} {u : Measure T} {X : Q= S}{Y : 0 = B}

lenma map_map (x : Kernel a B) {f : B =y} (hf : Measurable f) {g : y = 6} (hg : Measurable g) :

map (map k f) g = map k (g o ) := by
ext x s

rw [map_apply _ hg, map_apply _ hf, map_apply _ (hg.comp hf), Measure.nap_map hg hfl

@lsimp]

lemma fst_deleteRight (k : Kernel a (B x y x 6)) : fst (deleteRight k) = fst k :=

rw [deleteRight_eq, fst_map_prod, fst_eq]
exact measurable_fst.comp measurable_snd

B}

Theorem statement

: Kernel o (B x y x 6))

lemma snd_deleteRight (k

rw [deleteRight_eq, snd_map_prod, snd_eq, fst_eq, map_map _ measurable_snd measurable_fst]

- rfl
+ exact measurable_fst

: snd (deleteRight k) = fst (snd k)

Cross-file context:\

Lemmas &
definitions from
other files
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Does Context Actually Matter?

No context model

lgnore context
Lean proof state

K : Kernel o (B x y x b)
+ snd (deleteRight k) = fst (snd k)

y

Proof step (“tactic”)
rw [deleteRight_eq]

File context model

In-file context

import Mathlib.Probability.Kernel.Composition.Conp
import PFR.Mathlib.Probability.Kernel.Disintegration

open Function MeasureTheory Real
pen scoped ENNReal NNReal Topology ProbabilityTheory

namespace ProbabilityTheory.Kernel

sectio
variable {a By 6 € : Types} {_: pace a} {_ : 53
{_ : Measurablespace v} {_ : 6} {_: blespace £}
variable {0'S T : Typex} [m2 : Measurablespace 0]
pace S [ pace T vl

{x : Kernel T S} {u : Measure T} {X : 0 = S} {Y : 0 = B}
p (K : Kernel a B) {f : B =y} (hf : Measurable f) {g : y = 6} (hg : Measurable g)

e Lean proof state

pply _ hg, map_apply _ hf, map_apply _ (hg.comp hf), Measure.map_map hg hfl

lem

p x f) g =map x (g

K : Kernel a (B x y x &)
+ snd (deleteRight k) = fst (snd k)

v

Proof step (“tactic”)

rw [deleteRight_eq] .
Carnegie

Mellon

University

La (B xyx8)) : fst (deleteRight k) = fst k := by

@lsinp]
lenma fst_deleteRight (K :
rw [deleteRight_eq, fst_m

xact measurable_fst.comp




Does Context Actually Matter?

e Similar standalone competition (miniF2F) performance

o o
EaY )]

Performance (%)
o
[N)

0.0

mmm No context
mm  File context

Standalone
Competition
Problems
(miniF2F)

Real-World
Problems
(miniCTX)
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Does Context Actually Matter?

e Much better real-world (miniCTX) performance

mmm No context
mm  File context

©
o))

©
N

Performance (%)
o
[N)

0.0 .

Standalone Real-World

Competition Problems
Problems (miniCTX)
(miniF2F)
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Does Context Actually Matter?

e Much better real-world (miniCTX) performance

Problem: Problem:
theorem Set.right_not_mem_uloo {a b : R} : theorem Set.right_not_mem_uloo {a b : R} :
b ¢ Set.uIoo a b := by b ¢ Set.uIoo a b := by

Context contains analogous proof

theorem Set.left_not_mem_uloo {a b : R} :

21

a ¢ Set.uIoo a b := by |

rintro (hl1, h2)
exact (left_lt_sup.mp h2) (le_of_not_le (inf_lt_left.mp h1))

No context model: File context model:
rw [Set.uIloo_def] rintro (h1, h2)
x exact (right_lt_sup.mp h2) (le_of_not_le (inf_lt_right.mp h1))
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https://emojipedia.org/cross-mark

Open Challenges

Difficulty of research math

=
u

o
I

Performance (%)
_CD (@]
N w

=
|

=
o

mm GPT-40
mm No context
B File context

miniF2F
(Competition
problems)

mMiniCTX
(PFR Split)
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Open Challenges

e Difficulty of research math
e Harder proofs & more dependencies

Example miniF2F proof:

have hd : d =15 / 2 := by
linarith

have ha : a = =15 := by
linarith [h@, hd]

linarith [ha, hd]

Example miniCTX proof:

In-file notations,
proofs, comments

Cross-file definitions,
lemmas

—

23
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Open Challenges

Difficulty of research math

Harder proofs & more dependencies

Integrating different contexts

In-file notations,
proofs, comments

—

Cross-file definitions,

lemmas
b{)

Context
O(100k) tokens

Model

24
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Automatic Updates

25

e We periodically update miniCTX with newer theorems to stay ahead of LLM training

o We release miniCTX-v2 with theorems after November 2024

e Data is extracted automatically

GPT-40, DeepSeek

Future LLMs
training cutoff

2025

{ )}
I\ New Lean theorems /l

2023 training cutoff 2024
Lean theorems l[ | [ New Lean theorems Jl I
miniCTX

Previous benchmarks
compiled with Lean
theorems
(Mathlib, miniF2F)

compiled with new
Lean theorems

Evaluate using
GPT-40, DeepSeek

miniCTX-v2
compiled with newer
Lean theorems

Evaluate using
future LLMs
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Toolkit & Resources

26

We open-source the miniCTX benchmark, training data, and evaluation and data extraction code

Project page

cmu-I3.github.io/minictx

mMiniCTX benchmark

Datasets: ® miniCTX ©
Text i} json
Dataset card Data Studio

B8 Dataset Viewer

Subset (7)
hep - 122 rows

srcContext

/- Copyright (c) 2624 Joseph Tooby-Smith.
All rights reserved. Released under..

/- Copyright (c) 2624 Joseph Tooby-Smith.
All rights reserved. Released under..

“/-\nCopyright (c) 2024 Joseph Tooby-
smith. ALl rights reserved.\nReleased.

“/-\nCopyright (c) 2024 Joseph Tooby-
smith. All rights resexrved.\nReleased..

“/-\nCopyright (c) 2024 Joseph Tooby-
smith. ALl rights reserved.\nReleased..

“/-\nCopyright (c) 2024 Joseph Tooby-

Files and versions

@ like Following [ L3 Lab

<1K 2408.03350

Community

theorenStatement
g

lemma matrix eq_id_iff : A= 1=V w
Vo (VA kv Wi = (Y, W

lemma det_of_joined {A A’
Lozentz6roup d} (h : Joined A A') :

@[sinp] lemma dual_id : @dual d 1 = 1

lemma SO03ToMatrix_in_LorentzGroup (A :
S0(3)) : S03ToMatrix A € LorentzGrou.

lemma stdBasis_3 : stdBasis 3 = 1[0,
e, 0, 1]

“lenma

% Datasets Rl pandas

Settings

> APL

theorenName
str

minkowskiMetric.matrix_eq_id_
LozentzGroup.det_of_joined
minkowskiMetric.dual_id
LorentzGroup.S03ToMatrix_in_L

SpaceTime.stdBasis_3

Lorent2Group. orthchroMapReal

Evaluation code

& cmu-I3 / minictx-eval Fusic
P oman - | ¥ 1eranch ©0Tags Q cotfie < addtie -

0 ReADME

minictx-eval

This repository contains the evaluation scripts for miniCTX: Neural Theorem Proving with (Long-)Contexts.

Automated data extraction

& cmu-13 / ntp-toolkit Pubic

Q Gotofile © Addfile - [RENSTY

z

¥ main - P 2Branches © 0Tags

) README

ntp-toolkit

The neural theorem proving toolkit transforms Lean repositories into datasets for training and evaluating machine
learning models.

Lean repositories Datasets
g g [ Theorem proving J( Fullpmcfgermra(mn]
— [ A prike
=
== Vi
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