GridMix: Exploring Spatial Modulation
for Neural Fields in PDE Modeling
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[ Continuous data representation

How to represent multiple samples?
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[0 Multi-sample representation via modulation latent codes

[ Continuous data representation

Latent mapping
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How to obtain modulations?

[0 Feature-wise Linear Modulation (FiLM)

Lxer (fHa,qbai» ai)
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Modulation ¢y, Za,

— forward

— backward

[0 Auto-Decoding: optimize latent code to minimize the reconstruction loss

2
f@a,gbai(x) — a;(x) ”

|2] Perez el al.,, AAAI 2018. Film: Visual reasoning with a general conditioning layer.
|3] Park et al., CVPR 2019. Deepsdf: Learning continuous signed distance functions for shape representation.

thr (fea»¢ai’ ai) — Lx~Xer
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Advantages of Neural Fields

[0 Reconstruct data from sparse observation

Training: observe a; on X,

[0 Generalize to unseen spatial locations

Testing: observe a; on unseen X,
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0 Global Modulation [ Spatial Modulation
@ N C - -=-0
@ s ,/ - -o/ P
/7 - I - p
'f'/, _ ___—__—¢’ _ p
Ni+1(x) = sin(wo(Win;(x) + b; + ¢;)) Ni+1(x) = sin(wo(Win;(x) + b; + ¢;(x)))
* Alllocations x share the same ¢; * Each location x learns an independent ¢; (x)

|4] Lee el al., ICLR 2024. Coordinate-aware modulation for neural fields.



Enhancing Neural Fields with Spatial Modulation
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[0 Global Modulation

Sparse Input Ground Truth Reconstructlon Absolute Error

__:- i |

N ’ ’
-.J -

: ) .;'rl__ .,:"

||._Ii. "

:'-I-l.

* Limited in capturing fine local details
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[ Spatial Modulation

Sparse Input Ground Truth
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* Struggles to reconstruct global structure

due to overfitting to the training grids




“\\\\\\\\“
L ] \ *,,g’é ‘".'
£ 2 Q)
A G %
7 %
» Z .
g 4
A2
0%, )=
~‘l

Represent Spatial Modulation as Mixtures of Grids

0 GridMix Sample-specific
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Represent Spatial Modulation as Mixtures of Grids

0 Global Modulation O GridMix

Sparse Input Ground Truth Reconstruction | Absolute Error Sparse Input Ground Truth Reconstruction | Absolute Error
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[ Spatial Modulation

Sparse Input Ground Truth
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* Accurately captures fine-grained local features
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Key Insights Behind GridMix

0 GridMix
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Key Insights Behind GridMix

0 GridMix
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Key Insights Behind GridMix 444 (&

0 GridMix
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Training

[0 Two-stage training strategy

) Encoding @ Decoding

* Representation: Encode data as latent codes  Input Space'ﬂ \ / ﬁutfzt Sp:ce ur
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Meta-learning for Neural Fields and Modulations
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[0 Alternatively update neural fields parameters 8, and latent code a;

* The encoding process (the inner loop) can be done in K = 3 steps

Input: a; € A, 6, Outer loop

Update z,, Init: ZC(lO) — () Inner lOOp

— | ) — |
-:T fork={1 K}dO
, . Kk k—1 k—1
\ - - = ﬁN XE ¥o Modulation ¢ai Zq; Zc(li) — Zc(li ) _ aVL(fHa (Xtr: Zc(li )) , ai (X))
—— backward

end

— forward

Oc — 02 — BYL(fo, (Xerr250)  ai(x))
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Spatial Domain Augmentation

[0 Simulate domain variations in training to improve generalization

Input: a; € A, 0, X e 2 X4 Outer loop
Update z, [nit: Zc(l(i)) =0, X;, O X, Inner loop
-:]‘TT> fork ={1..K}do
N N P &N cey, Modulationgg Za, Zg:) = zc(lli{_l) —aVL(fg, (X out) Zc(ll:_l)) ,a;(x))
——— backward end

— forward

Ha N Ha o ﬁVL(fea (xin: ZC(lIi{)) ) Aj (x))



% 4%

Experiments

[0 Dynamics Modeling

* Sparse grid » Temporal exploration

CORAL

MARBLE (Ours)

2.44e-2 -

- 1.96e-2

dataset — Navier-Stokes Shallow-Water
Xtr J« Xte
In-t Out-t In-t Out-t
DeepONet 4.72e-2 £ 2.84e-2 9.58e-2 £ 1.83e-2 6.54e-3 =4.94e-4 8.93e-3 £ 9.42¢-5
FNO 5.68¢-4 £ 7.62e-5 8.95e-3 4+ 1.50e-3 3.20e-5 £ 2.51e-5 1.17e-4 & 3.01e-5
m = 100% MP-PDE 4.39¢e-4 + 8.78¢-5 4.46e-3 &= 1.28e-3 9.37e-5 £ 5.56e-6 1.53e-3 + 2.62¢-4
regular grid DINo 1.27e-3 = 2.22e-5 1.11e-2 +=2.28e-3 4.48e-5 + 2.74e-6 2.63e-3 = 1.36¢e-4

CORAL 1.02e-3 - 4.82e-4 £ 5.16e-5
MARBLE (Ours) S5.04e-4 - 1.42e-4 £+ 7.07e-6
DeepONet 8.37e-1 4+ 2.07e-2 7.80e-1 £ 2.36e-2 1.05e-2 £ 5.0le-4 1.09e-2 & 6.16e-4
FNO + lin. int.  3.97e-3 £ 8.03e-4 9.92¢-3 4 2.36¢-3 n.a. n.a.
m = 20% MP-PDE 3,98e-2 + 1,69¢e-2 1,31e-1 £ 5,34e-2 5.28e-3 £ 5.25¢-4 2.56e-2 & 8.23e-3
irregular grid DINo 9.99¢-4 + 6.71e-3 8.27e-3 4 5.61e-3  2.20e-3 £ 1.06e-4 4.94e-3 + 1.92¢-4

- 1.78e-2

1.43e-3 -

- 5.66e-4

- 1.33e-3

8.77e-3 -

5.92e-3 -

CORAL 2.18e-3 + 6.88¢e-4 6.67e-3 +2.0le-3 1.41e-3 - 2.11e-3 £+ 5.58e-5
13X lower| marBLE (Ours) 1.62e-4 + 2.42¢-5 9.27e-4 + 1.4d4e-4 7.06e-4 - 8.45e-4 + 3.01e-5
DeepONet 7.86e-1 4= 5.48e-2 7.48e-1 £2.76e-2 1.11e-2 4 6.94e-4 1.12e-2 £ 7.79e-4

FNO + lin. 1int. 3.87e-2 + 1.44e-2 5.19e-2 £+ 1.10e-2 n.a. n.a.
™= 5% MP-PDE 1.92e-1 =9.27e-2 4.73e-1 £ 2.17e-1 1.10e-2 +=4.23e-3 4.94¢e-2 4 2.36e-2
irregular grid DINo 8.65¢-2 + 1.16e-2 9.36e-2 £ 9.34e-3  1.22e-3 + 2.05e-4 1.52¢-2 4 3.74e-4

- 1.92e-3

- 3.51e-4

20



Experiments

TELE

[ Visualization results on Shallow-Water with m = 20% irregular grid

CORAL Reference

Ours

21



Experiments %1%

[d Geometric Prediction

Model NACA-Euler Elasticity Pipe

FNO 3.85e-2 £+ 3.15e-3 4.95e-2 +1.21e-3 1.53e-2 + 8.19¢-3

UNet 5.05e-2 + 1.25e-3 5.34e-2 +2.89e-4 2.98e-2 + 1.08e-2
Geo-FNO 1.58e-2 +1.77e-3 3.41e-2 +1.93e-2 6.59e-3 + 4.67¢-4
Factorized-FNO  6.20e-3 4= 3.00e-4 1.96e-2 £+ 2.00e-2 7.33e-3 + 4.66e-4
CORAL 5.90e-3 +1.00e-4 1.67e-2 +=4.18¢-4 1.20e-2 + 8.74e-4
MARBLE (Ours) 5.79e-3 + 9.67e-5 1.12e-2 +9.43e-5 1.03e-2 + 2.62e-4

[ Visualization results on Elasticity

Reference Reference
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Thank for your attention!




