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Finite Symmetric Groups

The finite symmetric group     :

• Bijections from a set of 𝑛 elements to itself

• Group operation is function composition.
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Learning a Distribution over

Challenges:

• Factorial size;
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• Discrete structure;
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Learning a Distribution over

Challenges:

•

•

• Thus, difficulties in:

• Designing expressive probabilistic modelling;

• Gradient-based learning.
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Learning a Distribution over via Discrete Diffusion

We use discrete diffusion to model over

• Decomposing learning a complicated distribution into a sequence of simpler problems.
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Learning a Distribution over via Discrete Diffusion

•

We propose:

• Shuffling methods as the forward process based on theories of random walks on finite groups;

• Transitions and parameterizations for the reverse process with provable expressiveness.
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Learning a Distribution over via Discrete Diffusion
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Learning a Distribution over via Discrete Diffusion
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The Forward Process

Shuffling methods:

• Random Transpositions

• Random Insertions

• Riffle Shuffles
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Shuffling Methods for the Forward Process

Random Transpositions
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Shuffling Methods for the Forward Process

Random Transpositions
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Random Insertions



• Riffle shuffles: similar to how we shuffle cards in card games

Shuffling Methods for the Forward Process
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Sampling the Forward Process

• DDPM style models: one step                    .

21



Sampling the Forward Process

•

• Not possible for most shuffling methods.

• Run the whole forward Markov chain to obtain the state at time .
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Sampling the Forward Process

•

•

•

• Riffle shuffles do admit efficient sampling at arbitrary time-step.
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Mixing Time and the Cut-off Phenomenon

• Stationary distribution: uniform for all shuffling methods.

• Mixing time: time until the Markov chain is close in TV distance to stationary.
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Mixing Time and the Cut-off Phenomenon

Cut-off phenomenon:

• TV distance to stationary first stays around 1;

• But then abruptly drops to close to 0.
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Mixing Time and the Cut-off Phenomenon

•

•

Reference: Laurent Saloff-Coste. Random Walks on Finite Groups. 

Shuffling Methods Asymptotic Cut-off Time

Random Transposition

Random Insertion

Riffle Shuffle

26



The Reverse Process

Different distribution parameterizations:

• Inverse Card Shuffling: undo the shuffling;

• The PL Distribution;

• The Generalized PL Distribution.
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Previous Work: The Plackett-Luce Distribution

Given scores                            and a permutation             : 

Source: 
R. L. Plackett. The analysis of permutations. Applied Statistics, 24(2):193 – 202, 1975.
R. D. Luce. Individual Choice Behavior. John Wiley, 1959. 
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Previous Work: The Plackett-Luce Distribution

Given scores                            and a permutation             : 

Problem: The PL distribution is not expressive enough, e.g. cannot represent a delta distribution.
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The Generalized PL (GPL) Distribution

PL GPL

We propose:

• Parameterized using       scores                    
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The Generalized PL (GPL) Distribution

PL GPL

We propose:

• Parameterized using       scores                    

• Each slot in the permutation uses different scores. 
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The Generalized PL (GPL) Distribution

•

•

Theorem. The reverse process using GPL can model any data distribution.
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Training Objective

We maximize the ELBO:
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Training Objective

• Not the usual objective in other diffusion models. 

• Since and the KL divergences have no analytical form.

We maximize the ELBO:
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Denoising Schedule via Merging Reverse Steps

For PL and GPL, merge some reverse steps:

• Faster and more memory-efficient sampling.
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Denoising Schedule via Merging Reverse Steps

Denoising schedule: not necessarily consecutive
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Denoising Schedule via Merging Reverse Steps
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Denoising Schedule via Merging Reverse Steps

Intuitions:

• Use the cut-off phenomenon to determine    . 

• Merge steps to keep a moderate “jump distance” in terms of TV distance.
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Sorting 4-Digit MNIST Images

• We have 𝑛 4-digit images, where each 4-digit image is constructed by concatenating 4 

individual images from MNIST.

• Task: Sort the 𝑛 numbers.

Picture adapted from Aditya Grover, Eric Wang, Aaron Zweig, and Stefano Ermon. Stochastic optimization of sorting networks via continuous relaxations. In 
International Conference on Learning Representations, 2018.
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Sorting 4-Digit MNIST Images

•

•
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Jigsaw Puzzle

Chop up an image into patches, and recover the original image.

3x3, random transposition 4x4, riffle shuffle
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Jigsaw Puzzle
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The (Euclidean) Travelling Salesman Problem

• Let                                     . We need to find some              to minimize 

the tour length                                        , where we let                           .
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• Let                                     . We need to find some              to minimize 

the tour length                                        , where we let                           .
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Thank You!
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