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Self-supervised inverse problems

Problem setup Let 𝒙 ∈ 𝒳︀ ⊊ ℝ𝑛, 𝑨 ∈ ℝ𝑚×𝑛 and 𝜺 ∼ 𝒩︀(0, 𝜎2𝑰𝑚)

𝒚 = 𝑨𝒙+ 𝜺

Goal find 𝑓(𝒚,𝑨) ≈ 𝒙 Challenge use only (𝒚𝑖)𝑖∈𝐼

Unavailable Available

Ground Truth MeasurementsMeasurement Device
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Key ingredient: invariances of image distributions

Assumption invariance of 𝑝(𝒙) to transformations

𝑝(𝑻𝑔𝒙) = 𝑝(𝒙) ∀𝒙, 𝑔 (1)
Virtual operators

𝒚 = 𝑨𝒙 = 𝑨𝑻𝑔𝑻−1
𝑔 𝒙⏟
𝒙′∈𝒳︀

= 𝑨𝑔𝒙′ (2)

𝒙 𝑻𝑔𝒙
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Equivariant Splitting

Measurement splitting

𝒚 = (𝒚⊤1 , 𝒚⊤2 )
⊤ = (𝑨⊤

1 ,𝑨⊤
2 )

⊤𝒙 (3)

Equivariant splitting loss (ES)

ℒ︀ES(𝒚,𝑨, 𝑓) ≜ 𝔼𝑔{𝔼𝒚1,𝑨1 | 𝒚,𝑨𝑻𝑔
{‖𝑨𝑻𝑔𝑓(𝒚1,𝑨1𝑻𝑔) − 𝒚‖2}} (4)

𝑨 𝑻𝑔 𝑨𝑻𝑔

𝒚
Splitting

𝑨1𝑻𝑔

𝒚1

𝑓(𝒚1,𝑨1𝑻𝑔)

𝑻𝑔

𝑨MSE

ℒ︀ES(𝒚,𝑨, 𝑓) ES additions
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Efficient loss evaluation

Theorem (Efficient loss evaluation)

If 𝑓(𝒚,𝑨) is an equivariant reconstructor

𝑓(𝒚,𝑨𝑻𝑔) = 𝑻−1
𝑔 𝑓(𝒚,𝑨), ∀𝒚,𝑨, 𝒈 (5)

then the ES loss reduces to

ℒ︀ES(𝒚,𝑨, 𝑓) = 𝔼𝒚1,𝑨1 | 𝒚,𝑨{‖𝑨𝑓(𝒚1,𝑨1) − 𝒚‖2} (6)
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Equivariant reconstructors

Examples of equivariant reconstructors

• Reynolds averaging for any reconstructor 𝑟(𝒚,𝑨)

𝑓(𝒚,𝑨) = 1
|𝒢︀|

∑
𝑔∈𝒢︀

𝑻𝑔𝑟(𝒚,𝑨𝑻𝑔) (7)

• Artifact removal and unrolled networks for an equivariant denoiser 𝜙(𝒙)

{

𝑓(𝒚,𝑨) = 𝒙𝐿
𝒙𝑘+1 = 𝜙(𝒙𝑘 − 𝛾∇𝒙𝑘

𝑑(𝑨𝒙𝑘, 𝒚))
𝒙0 = 𝟎

(8)

• MAP and MMSE estimators for an invariant distribution 𝑝(𝒙)
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Results

Reconstructions for inpainting and MRI

Measurement EI ES (Ours) Supervised Ground Truth
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Conclusion

Equivariant Splitting DeepInverse
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