Transformers Trained via Gradient Descent Can Provably Learn a Class of Teacher Models
Chenyang Zhang' Qingyue Zhao’ Quanquan Gu? Yuan Cao'

ICLR

Intfernational Conference On
Learning Representations

IThe University of Hong Kong
University of California, Los Angeles

Introduction Main theoretical results Synthetic experiments (continued)

» Transformers achieve remarkable success across NLP, vision, and reinforcement learning. » Training objective and algorithm » Heatmap of attention score matrix S'”)
Recent theoretical works focus on validating their capacities in solve certain tasks. > Considering minimizing the population MSE, defined as Attention score S Attention score §M Attention score §(M
» However, prior works usually study isolated tasks. Moreover, a central observation is that 1 5 02
several statistical tasks considered in prior works share a common bilinear structure, LWy Wiq) = iEX’Y {HY — TF(Z; Wy, Wiko)l[F|.
which makes a unified analysis possible. where Y = f*(X) + &£, and the entries of X, £ follows Gaussian distribution. |
Our goal: establishing a unified learning framework of transformers towards a > Optimize the objective by gradient descent from 0 initialization as
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Problem setups » Parameter recovery, training convergence, and 0.0.D generalization 02
Suppose D > Q(poly(M, K)) and n < O(M~tD~>/?). Then for all
ifi ili 2 . d) ReLU CNN Leaky ReLU CNN f) ReLU GCN
» Unified bilinear teacher model T> T = @( KD 2), the following hold. (_) LU CI (e) Leaky Re (f) Re
f*(X) - (V*Xs*) X c RdXD V>|< c Rde S* c RDXD . 77HV ”F Attention score 5 Attention score ST Attention score S(7)
=0 ) ? ? . 1. Attention recovery — 0.20 075
Each column of S* has K nonzero entries, each equal to 1/K. | 0e | DB/QHV*HF R _9.15 050
> Examples included in the theor S s F= © / ) _0.05 . | fos
1 s |p lutional | ith g i i —— | |
. single convo utiona ayer with average pooling, 2. Value recovery o -
2. single graph convolution layer on a regular graph, Wire - 025
3. sparse token selection, HW<T> — Wi = @(D K) ———e 00
. . V V F T . —-0.15 o5
4. group-sparse linear predictor. V] ~0.20 |
HEEEC e U GO MR I e L0 0 3. Tlght optimization ratj ) (g) Leaky ReLU GCN (h) Sparse token selection (i) Group sparse linear predictor
(a) CNN with average pooling (b) GCN on regular graph (e.g., cycle graph) KD KD o o _ _ _
nput patches (20 grie) R Eyae e c < £(W§/T>; W%) — Lo < o——, 1. Excess training loss exhibits slope approximately —1, in log-log plots, while excess O.0.D.
{1y lf“—‘j M peodeuto N oot for this nod il it loss exhibits approximately O(7~'/?) behavior.
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s mn o g 28] (<] - where Lo, is the !rred.uuble loss 2. Cosine similarity between W‘(/@ and V™ quickly increases and stays high.
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 [15] [16]; | [10] [20] (23] [24] ] S T 3. Learned attention heatmaps match the target softmax structures for all synthetic tasks.
o . For any 0.0.D. pair (X, Y ) with bounded second moments, any small ¢, and T" > T,
11 6local pooling groups O self 4+ neighbors of target node O other nodes )
Each output is the average of patches in a local neighborhood , Each node aggregates information from itself and its neighbors. T T 1 <, < - 2 . 2
‘ (group).tpSt" h:fs block-dgiagonzl structure. : ‘ | S* is sparseg%viti nonzeros only on the node and its neiihbors. ) LOOD(W%/ ), Wé{é) S iE |:HY T f*(X) H%’} —I_ E. Real data experlment. teaCher CN N tralnec' On M N IST
(c) Sparse token selection (average of selected tokens) (d) Group-sparse linear predictor » MNIST setup highlights

Input features (grouped)
Group 1 Group 2 Group ¢ * Group m

Synthetic experiments

average of
selected tokens

> Images are normalized and resized to 27 x 27, then partitioned into D = 81 patches.
dRbel - — L%Z{EQ%J — —— ] —— » Four kinds of teachers: (i) CNN with average pooling, (ii) regular-graph GCN, (iii) > Two-layer CNNs use M = 16 kernels. Kernel and average pooling size d, X' = 3 x 3.

Input tokens (sequence)

X;+ (relevant group)

1 f ]

T Ly Tm ] ] ] ] . . . . . .
selected set g = {2, 5,... } (g| = K) = sparse token selection, and (iv) group-sparse linear predictor. > After pre-training, the first convolution layer with pooling layer serves as the teacher.
[ D) J > CNN teacher: D = 36, K = 4, diagonal block softmax pattern. » Heatmaps of the average-pooling of teacher CNN, and learned attention
Select a small set of target tokens and output their average. I o o relevant avoun 4} determines ithe label. . . . 1=
| §* = %11\'15 (only the target row is nonzero). ‘ g*l};saoﬁe-hzt(::w vlctor:;lectiig!tl]ledr:levant grt:up.lbl > GCN teaCher: CyC|e graph Wlth D — 20’ K — 3' CyChC tr|d|ag0na| SOftmaX pattern' scores
> Sparse token selection / group-sparse predictor teacher: D = 20, with K = 4 and '-_::: '
E Unified form of teachers For all four cases, the teacher can be written as Lf* (.X) =O‘(V*X S*) with structured 5™ and value map | 74 E K — 1 reSpeCtive|y, and rOW—Wise SOftmaX pattern. :::.-. _:-_:-_:- _::_::_:: ’ ol
S | » Training vs. 0.0.D. data: online gradient descent with fresh Gaussian batches for -._::: C T e = "n " ;
» Input with positional encodings training and exponential-distribution inputs for O.0O.D. test-time evaluation. :::_.. iyl Ly by B §
7z 2 = X X0 XD pldD)xD » Excess training loss, excess 0.0.D. test loss , and cosine similarity " " "n"a " e e
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where P = [py,...,pp| € RP*P is an orthogonal positional encoding matrix. B — e
. . o - . x — sTS (j) teacher CNN (k) ReLU result (1) Leaky RelU result (m) Example image
» Simplified Position-only attention models ) i — aae o o |
PTW .. P o i " i 1. Training loss rapidly converges to a small value for both ReLU and Leaky Rel.U.
K gl 5 " os e T : :
TF(Z; Wy, Wgkq) =0 (WVX5< \/_Q )) = o(WyXS). -« I o Loy RaLu o 2. The cosine similarity between transformer value matrix and teacher convolution kernel
D I — matrix rises above (.9.
> This simplification keeps the actively trained blocks while removing empirically T e " T e " T e 3. Ar:ctentlon hea;cm;pskrecove; theMaIlllfgage_pOOhng pattern except near boundary patches
- . - - : that are mostly background in T.
negllglble ones, allgnmg with a line of theoretical works. (a) Excess training loss (log-log) (b) Excess OOD test loss (log-log) (c) Cosine similarity
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